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This paper presents an analytical method for evaluating the linear free vibration
of a circular cylindrical shell filled with bounded compressible fluid. The analytical
method was developed by means of the finite Fourier series expansion method.
The motion of compressible fluid coupled with the shell was determined by means
of the linearized velocity potential flow theory. To clarify the validity of the
analytical method, the coupled natural frequencies of a water-filled circular
cylindrical shell with a clamped–clamped boundary condition were obtained by
the analytical method and finite element analysis. Excellent agreement on the
natural frequencies of the liquid-coupled shell structure was found. The results
show that the natural frequencies decrease with an increase in fluid
compressibility. However, the compressibility effect on the lower circumferential
mode frequencies was found to be relatively significant. Additionally, it was found
that the rigid bounding of fluid at the ends of the shell decreases the natural
frequencies for the lower circumferential modes when compared with the sloshing
fluid case.
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1. INTRODUCTION

This paper contains the modal analysis of a thin, circular cylindrical shell filled
with compressible fluid, bounded by top and bottom rigid plates. The work arises
as part of a project investigating the vibration of compressed gas storage tanks
and pressurized water reactors filled with coolant. The fluid coupled shell systems
have no free surface of fluid within the cylindrical tank. Many researchers have
studied similar problems, both theoretically and experimentally. They treated the
liquid contained within the shell as a sloshing fluid with a free surface instead of
a bounded fluid. Stillman [1] approached the problem using the classical
Rayleigh–Ritz method for a cantilevered cylindrical shell partially filled with an
inviscid and incompressible liquid. Yamaki et al. [2] and Gonçalves and Ramos
[3] developed an analytical method for the free vibration of a clamped cylindrical
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shell partially filled with an ideal fluid using the Galerkin procedure. Numerical
solutions were produced by Lakis and Sinno [4] and Mikami and Yoshimura [5].
Han and Liu [6] considered tanks with axial non-uniformity in the thickness when
studying the same problem. Jeong and Lee [7] studied the problem using a series
expansion method. In addition, Gupta and Hutchinson [8], Zhu [9] and Huang
[10] investigated the fluid-coupled shells using a continuum-based procedure and
variational principle. Chen and Rosenberg [11] carried out a study of two
concentrically located circular cylindrical shells containing incompressible fluids.
However, the boundary conditions at the end of the fluid columns were not
defined. Therefore, the fluid coupled with shells could flow out in an axial
direction. All the above works assumed an incompressible, ideal fluid. An
experimental study was carried out and verified with FEM by Mazuch et al. [12].
Application of the sloshing fluid boundary condition to the dynamic analysis of
a cylindrical shell filled with bounded compressible fluid can produce some errors.

This paper extended the analytical approach developed by Jeong and Lee [7] by
taking the compressibility and bounded boundary condition of the fluid into
account. Therefore, it was not necessary to consider the fluid sloshing effect in the
analysis. An example of applying the theoretical method to predict the coupled
natural frequencies of a cylindrical shell filled with an inviscid compressible
bounded fluid was provided and a finite element analysis was also conducted in
order to verify the theoretical method. The effects of compressibility and the
bounding of a fluid on the coupled natural frequencies were investigated.

2. THEORETICAL BACKGROUND

2.1.         

Consider a circular cylindrical shell containing compressible fluid covered by
rigid end plates, as illustrated in Figure 1. The circular cylindrical shell has a mean
radius R, height H, and wall thickness h. The Sanders’ shell equations coupled
with a fluid effect can be written as:

R2u,zz +
(1− m)

2 01+
k
41u,uu +R6(1+ m)

2
−
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R6(1+ m)
2

−
3(1− m)

8
k7u,zu +(1+ k)v,uu +

(1− m)
2

R201+
9k
4 1v,zz

−
(3− m)

2
R2kw,zzu +w,u − kw,uuu = g2v,tt , (1b)



h

u

w v

z

R

r

H

Compressible
fluid

    199

(1− m)
2

Rku,zuu + mRu,z −
(3− m)

2
R2kv,zzu + v,u +w+ k(R4w,zzzz +2R2w,zzuu

+w,uuuu − v,uuu )=−g2w,tt +
R2p
D

, (1c)

where the comma (,) denotes a partial derivative. The symbols used in the
equations are listed in Appendix D.

When the shell is clamped at both ends, the boundary conditions are:

u= v=w=w,z =0 at z=0 and z=H. (2)

The other classical boundary conditions applicable to the cylindrical shell can be
defined as equations (27) and (29).

The relationship between the forces acting on a section of a circular cylindrical
shell and the displacement is given as:

Nz =D$u,z +
m

R
v,u +

m

R
w%, (3a)

Nzu =
D(1− m)

2 $1
R

(1− 3
4k)u,u +(1+ 9

4k)v,z −3kw,zu%, (3b)

Qz =K$−(1− m)
2R3 u,uu +

(3− m)
2R2 v,zu −

(2− m)
R2 w,zuu −w,zzz%, (3c)

Mz =K$ m

R2 (v,u −w,uu )−w,zz%, (3d)

Figure 1. A circular cylindrical shell containing a bounded compressible fluid.
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where D=Eh/(1− m2), K=Eh3/12(1− m2) and Nz, Nzu, Qz, Mz denote the
membrane tensile force, effective membrane shear force, effective transverse shear
force and bending moment per unit length, respectively.

2.2.  

A general relation for the dynamic displacements in any mode of free vibration
can be written in the following form for any circumferential mode number n:

u(z, u, t)= u(z) cos nu exp(ivt), v(z, u, t)= v(z) sin nu exp(ivt),

w(z, u, t)=w(z) cos nu exp(ivt). (4a–c)

Here u(z), v(z), and w(z) are modal functions of the shell corresponding to the
axial, tangential, and radial displacements, respectively. These modal functions
along the axial direction can be written as a set of Fourier series [7, 13] that
preserves the orthogonal properties.

u(z)= s
a

m=1

Amn sin 0mpz
H 1, v(z)=Bon + s

a

m=1

Bmn cos 0mpz
H 1,

w(z)=Con + s
a

m=1

Cmn cos 0mpz
H 1. (5a–c)

Here Amn , Bon , Bmn , Con and Cmn denote the unspecified Fourier coefficients which
define the mode shapes of the shell. The modal function set of the Fourier series
does not satisfy any particular boundary conditions at this time. However, the
simple form of the series designated as the ‘‘SCC’’ set by Chung [13] can be
appropriate for dealing with a general solution. The derivatives of modal functions
can be obtained by the finite Fourier transform [14] or Stokes’ transform [13]. The
successive derivatives of the modal function series obtained by the transforms are
listed in Appendix A. The derivatives for the sine and cosine series are used in the
direct solution procedure of the shell equations. Additionally, the modal functions
and their derivatives are coincident with the motion of the contained fluid.

2.3.     

The contained fluid does not maintain a free surface since it is bounded by the
rigid end plates at both ends of the shell. The inviscid, irrotational and
compressible fluid motion due to the shell vibration is described by the general
velocity potential F:

F,rr +
1
r

F,r +
1
r2 F,uu +F,zz =

1
c2 F,tt , (6)
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where c is the speed of sound in the fluid medium, which is equal to zB/ro . B
is the bulk modulus of the elasticity of fluid, and ro stands for the density of fluid.
It is possible to separate the function F with respect to z by observing that the
rigid plates attached to both ends of the shell prevent the fluid from moving to
the z direction. Thus:

F(z, r, u, t)= ivf(r, u, z) exp(ivt)= ivf(r, u)f(z) exp(ivt), i=z−1, (7)

where v is the coupled natural frequency of the shell. Substitution of equation (7)
into the partial differential equation (6) gives

$f(r, u),rr +
1
r

f(r, u),r +
1
r2 f(r, u),uu +0vc1

2

f(r, u)%
f(r, u)

=−
f(z),zz

f(z)
=0mp

H 1
2

. (8)

When one considers the requirement that the velocity potential at r=0 should be
finite, it is possible to solve the partial differential equation (8) by the separation
of variables technique:

f(r, z, u)=$Don Jn0vc r1+ s
a

m=1

Dmn In (amnr) cos 0mpz
H 1% sin nu,

for
mp

H
ev

c
(9a)

and

f(r, z, u)=$Don Jn0vc r1+ s
a

m=1

Dmn Jn (amnr) cos 0mpz
H 1% sin nu,

for
mp

H
Qv

c
, (9b)

where Jn ( ) is the Bessel function of the first kind of order n, and In ( ) is the
modified Bessel function of the first kind of order n. f represents the spatial
velocity potential for the contained fluid. amn is related to the speed of sound in
the fluid:

amn =Xb0mp

H 1
2

−0vc1
2

b. (10)

The boundary condition of impermeable rigid surfaces on the top and bottom of
the shell will give zero fluid velocity in the axial direction, so:

f,z =z=0 =f,z =z=H =0, 0E rER. (11)
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In addition, when the thickness of the shell is negligible compared to the diameter
of the shell, the boundary condition assures the contact between the wall surface
of the shell and the fluid. The requirement is given as:

f,r =r=R =−w(z, u), 0E zEH. (12)

From equation (12), the unspecified Fourier coefficients Don and Dmn in equation
(9), associated with the fluid motion, can be described in terms of the Fourier
coefficients Con and Cmn associated with the radial displacement of the shell.
Further, the hydrodynamic pressure exerted by the fluid on the wetted shell surface
can be given as:

p(z, u, t)= rov
2f(R, z, u) exp(ivt). (13)

Now, the normalized force due to the hydrodynamic pressure on the wetted shell
surface, namely, R2p(z, u, t)/D in equation (1c), can be reduced in terms of the
Fourier coefficients, Con and Cmn associated with the radial displacement of the
cylindrical shell:

R2p(z, u, t)
D

=$Y1 Con + s
a

m=1

Zm Cmn cos 0mpz
H 1% sin nu exp(ivt), (14)

where

Y1 =−0 c
v1$ro

rh%G
G

G

K

k

Jn0vR
c 1

J'n0vR
c 1

G
G

G

L

l

V, V=
rR2(1− m2)

E
v2 (15)

Zm =−0 1
amn1$ro

rh%$In (amnR)
I'n (amnR)%V, for

mp

H
ev

c
(16a)

and

Zm =−0 1
amn1$ro

rh%$Jn (amnR)
J'n (amnR)%V, for

mp

H
Qv

c
. (16b)

2.4.  

Substitution of the displacements, their derivatives described by the Fourier
series in the open range 0Q zQH with corresponding boundary values at the
ends, and the hydrodynamic force of equation (14) into equation (1), leads to an
explicit relation for the Fourier coefficients Bon , Con and a set of equations of Amn ,
Bmn and Cmn which are coupled together. The solution of these coupled equations



    203

contain the eight unspecified end quantities uO , uH , ṽO , ṽH , w̃O , w̃H , w� O and w� H as
follows:

Bon = z1(uO + uH )+ z2(ṽO + ṽH )+ z3(w̃O + w̃H )+ z4(w� O +w� H ), (17a)

Con = z5(uO + uH )+ z6(ṽO + ṽH )+ z7(w̃O + w̃H )+ z8(w� O +w� H ), (17b)

&a1m2 + a2

−a3m
−a4m

−a3m
a5m2 + a6

a7m2 + a8

−a4m
a7m2 + a8

−a9m4 + a10m2 + a11 −Zm'&Amn

Bmn

Cmn'
−a1m[uO +(−1)muH ]

a3[uO +(−1)muH ]+ a5[ṽO +(−1)mṽH ]+ a7[w̃O +(−1)mw̃H ]
G
G

G

K

k
G
G

G

L

l
= a4[uO +(−1)muH ]+ a7[ṽO +(−1)mṽH ]+ a10[w̃O +(−1)mw̃H ] .

+ a9[w� O +(−1)mw� H −m2w̃O −m2(−1)mw̃H ]
(18)

The end forces Nzu and Qz of the shell can be written in terms of the unspecified
boundary quantities uO , uH , ṽO , ṽH , w̃O , w̃H , w� O and w� H by the substitution of
equation (3).

Nzu(0, u)= [q1uO + q2ṽO + q3w̃O ] sin nu, (19a)

Nzu(H, u)=−[q1uH + q2ṽH + q3w̃H ] sin nu, (19b)

Qz(0, u)= [q4uO + q5ṽO + q6w̃O + q7w� O ] cos nu, (19c)

Qz(H, u)=−[q4uH + q5ṽH + q6w̃H + q7w� H ] cos nu, (19d)

where the coefficient qi (i=1, 2, . . . , 7) derived from equation (3) is specified in
Appendix B. The boundary values of the displacements and their derivatives, ṽO ,
ṽH , w� O and w� H , can be given in combination of the boundary values of u, w̃, Nzu

and Qz by equation (19), as written by the form:

ṽO =[g1uO + g2w̃O + g3NO
zu ], ṽH =[g1uH + g2w̃H + g3NH

zu ], (20a, b)

w� O =[g4uO + g5w̃O + g6NO
zu + g7QO

z ],

w� H =[g4uH + g5w̃H + g6NH
zu + g7QH

z ], (20c, d)

where the derived coefficients gi (i=1, 2, . . . , 7) are also listed in Appendix B.
Substitution of equation (20) into equations (17) and (18) gives equations (21) and
(22), respectively. Finally, the Fourier coefficients can be defined by u, w̃, Nzu and
Qz instead of ṽ and w� .

Bon = b1(uO + uH )+ b2(w̃O + w̃H )+ b3(NO
zu +NH

zu )+ b4(QO
z +QH

z ), (21a)

Con = c1(uO + uH )+ c2(w̃O + w̃H )+ c3(NO
zu +NH

zu )+ c4(QO
z +QH

z ). (21b)

&Amn

Bmn

Cmn'= &fa1

fb1

fc1

fa2

fb2

fc2

fa3

fb3

fc3

fa4

fb4

fc4'GGG
K

k

{uO +(−1)muH}
{w̃O +(−1)mw̃H}
{NO

zu +(−1)mNH
zu}

{QO
z +(−1)mQH

z }

G
G

G

L

l

. (22)
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The geometric boundary conditions that must be satisfied are associated with the
dynamic displacements v and w. Hence, for arbitrary n it follows that:

v(0)=Bon + s
a

m=1

Bmn =0, v(H)=Bon + s
a

m=1

Bmn (−1)m =0, (23a, b)

w(0)=Con + s
a

m=1

Cmn =0, w(H)=Con + s
a

m=1

Cmn (−1)m =0. (23c, d)

The natural boundary conditions that must be zero, are Nz =0 and Mz =0 at both
ends of the shell. Substitution of the displacements set and their derivatives into
these equations yields the following:

0p

H10uO + uH

2 1+0m

R1(n Bon +Con )

+ s
a

m=1 $0p

H1{uO +(−1)muH +m Amn}+0m

R1{n Bmn +Cmn}%=0, (24a)

0p

H10uO + uH

2 1+0m

R1(n Bon +Con )

+ s
a

m=1 $0p

H1{uO +(−1)muH +m Amn}+0m

R1{n Bmn +Cmn}%(−1)m =0, (24b)

−0p

H1
2

0w̃O + w̃H

2 1+0 m

R21n(Bon + n Con )

+ s
a

m=1 $−0p

H1
2

{w̃O +(−1)mw̃H −m2 Cmn}+0 m

R21n{Bmn + n Cmn}%=0, (24c)

−0p

H1
2

0w̃O + w̃H

2 1+0 m

R21n(Bon + n Con)

+ s
a

m=1 $−0p

H1
2

{w̃O +(−1)mw̃H −m2 Cmn}+0 m

R21n{Bmn + n Cmn}%(−1)m =0.

(24d)
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The frequency determinant can now be constructed. Substitution of equations (21)
and (22) for the coefficients Bon , Con , Amn , Bmn and Cmn into the eight constraint
conditions which come from the geometric and natural boundary conditions
written as equations (23) and (24), leads to a homogeneous matrix equation:

e11 e12 e13 e14 e15 e16 e17 e18 uO

e12 e11 e14 e13 e16 e15 e18 e17 uH

e21 e22 e23 e24 e25 e26 e27 e28 w̃O

e22 e21 e24 e23 e26 e25 e28 e27 w̃HG
G

G

G

G

G

G

G

G

K

k

G
G

G

G

G

G

G

G

G

L

l

G
G

G

G

G

G

G

G

G

K

k

G
G

G

G

G

G

G

G

G

L

l

e31 e32 e33 e34 e35 e36 e37 e38 NO
zu

= {0}. (25)

e32 e31 e34 e33 e36 e35 e38 e37 NH
zu

e41 e42 e43 e44 e45 e46 e47 e48 QO
z

e42 e41 e44 e43 e46 e45 e48 e47 QH
z

The elements of the matrix, eij (i=1, 2, . . . , 4, j=1, 2, . . . , 8) obtained from
equation (24) are listed in Appendix C. Each element of the frequency determinant
eij (i=1, 2, . . . , 4 and j=1, 2, . . . , 8) contains an infinite series expansion. For
a non-trivial solution of equation (25), the determinant of the matrix, det [eij ] must
vanish. This requirement gives a characteristic equation whose eigenvalues
correspond to the natural frequencies of the fluid-coupled shell. The corresponding
eigenvectors determine the vibrational mode shapes. From the development of
these equations there exist two restrictions, as depicted by Chung [13]. The first
restriction in this method is s$ 0. When the coefficient s in Appendix B is zero,
the derived coefficients zj ( j=1, 2, . . . , 8) in Appendix B are invalid. However,
the other restriction reported by Chung [13], namely n$ 0, is no longer effective
in this method, because the coefficients zj in Appendix B maintain a non-zero value
for the axisymmetric mode (n=0) shell vibration. Therefore, the natural
frequencies of axisymmetric breathing vibrational mode (n=0) can be obtained
using this method. The second restriction of this method is Dmn $ 0. When the
coefficient Dmn in Appendix B is zero, the derived coefficients aa , ab , ag , bb , bg and
cg in Appendix B are invalid. These two restrictions of the analytical method are
not serious drawbacks, since most fluid-filled cylindrical shells with general
geometric configurations are solvable except for the shells with a particular
geometric configuration where Dmn =0 or s=0.

2.5.  

The requirements needed to satisfy the boundary conditions at both ends of the
shell lead to an 8×8 frequency determinant. From this determinant, one can also
obtain the frequency equation with an order E6 for any specific combination of
boundary conditions among possible cases.

When the shell is clamped at both ends, the associated boundary conditions are
given by equation (2). Among these boundary conditions, the two geometric
boundary conditions, v=0 and w=0 at z=0 and z=H, are not automatically
satisfied by equation (5). Therefore the first, second, third and fourth rows of the
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matrix in equation (25) are enforced and the terms associated with uO , uH , w̃O , and
w̃H are released. The 4×4 frequency determinant is obtained from equation (25)
by retaining the rows and columns associated with NO

zu , NH
zu , QO

z and QH
z :

e15 e16 e17 e18

e16 e15 e18 e17G
G

G

G

G

G
G

G

G

G
e25 e26 e27 e28

=0.
(26)

e26 e25 e28 e27

As a typical case involving the enforcement of geometric boundary conditions
and the release of unwanted natural boundary conditions, consider the simply
supported shell with axial constraints at both ends. The associated boundary
conditions are:

u=0, v=0, w=0, Mz =0, at z=0 and z=H. (27)

The modal functions set of equation (5) automatically satisfies u=0 at z=0 and
z=H but the four geometric boundary conditions v=0 and w=0 at z=0 and
z=H are not automatically satisfied by the modal functions set. In addition, the
natural boundary conditions Mz =0, at z=0 and z=H in equations (24c) and
(24d) must be satisfied. Therefore, the first, second, third, fourth, seventh and
eighth rows of the matrix in equation (25) are enforced at the same time, and the
terms associated with uO and uH are released. The frequency equation can be found
from the geometrical constraint of u=0 at both ends, at the same time, with the
end displacements and forces w̃, Nzu, Qz left unspecified. This is effectively done
in equation (25) by retaining the rows and columns associated with w̃O , NO

zu , QO
z ,

w̃H , NH
zu and QH

z . The frequency determinant reduced from equation (25) leads to
a 6×6 determinant:

e13 e14 e15 e16 e17 e18

e14 e13 e16 e15 e18 e17

e23 e24 e25 e26 e27 e28G
G

G

G

G

G

G

G

G

G
G

G

G

G

G

G

G

G

e24 e23 e26 e25 e28 e27
=0.

(28)

e43 e44 e45 e46 e47 e48

e44 e43 e46 e45 e48 e47

The case of a simply supported–clamped shell involves the enforcement and release
of geometrical and natural boundary conditions. The boundary conditions of the
simply supported–clamped shell are given as:

u=0, v=0, w=0, at z=0, H and Mz =0, at z=0,

w,z =0 at z=H. (29)

Among these boundary conditions, the geometric boundary conditions u=0 at
z=0 and z=H are automatically satisfied by the modal functions set of equation
(5), and the four geometric boundary conditions v=0 and w=0 at z=0 and
z=H are not automatically satisfied by the modal functions set. In addition, the
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natural boundary condition Mz =0 at z=0 in equation (24c) must be satisfied.
Therefore, the first, second, third, fourth and seventh rows of the matrix in
equation (25) are enforced at the same time, and the terms associated with uO , uH

and w̃H are released. The frequency equation can be found from the geometrical
constraints of uO , uH and w̃O , at the same time, with w̃H and the end displacements
and forces, Nzu and Qz , left unspecified. This is effectively done in equation (25)
by retaining the rows and columns associated with NO

zu , QO
z , w̃H , NH

zu and QH
z .

The frequency determinant reduced from equation (25) leads to a 5×5
determinant:

e14 e15 e16 e17 e18

e13 e16 e15 e18 e17

e24 e25 e26 e27 e28 =0. (30)G
G

G

G

G

G

G

G
G

G

G

G

G

G
e23 e26 e25 e28 e27

e44 e45 e46 e47 e48

3. EXAMPLE

3.1.         



On the basis of the preceding analysis, equation (26) is numerically solved for
the clamped–clamped boundary condition in order to find the coupled natural
frequencies of a circular cylindrical shell filled with bounded compressible fluid.
In order to check the validity and accuracy of the results from the theoretical study
and compare them to the FEM results, computation is carried out for the
fluid-coupled system. The cylindrical shell is made of aluminum, having a mean
radius of 100 mm, a length of 300 mm, and a wall thickness of 2 mm. The physical
properties of the material are as follows: Young’s modulus=69·0 GPa, Poisson’s
ratio=0·3, and mass density=2700 kg/m3. Water is used as the contained fluid,
having a density of 1000 kg/m3. The sound speed in water is 1483 m/s, which is
equivalent to the bulk modulus of elasticity of 2·2 GPa. The clamped boundary
condition at both ends of the shell is considered among the possible combinations
of boundary conditions described in equation (25). The frequency equations
derived in the preceding sections involve an infinite series of algebraic terms.
Before exploring the analytical method to obtain the coupled natural frequencies
of the compressible fluid-filled shell, it is necessary to conduct convergence studies
and establish the number of terms which are required in the series expansions
involved. In the numerical calculation, the Fourier expansion term m is set at 100,
which gives an exact enough solution by convergence. In general, the solution
approaches the exact frequency from above as the number of terms included in
the series increases. However, the use of more than 100 terms does not improve
the solutions significantly.

Finite element analyses using a commercial computer code, ANSYS software
(version 5.2) are performed to verify the results of the theoretical study. In order
to obtain exact FEM results which can be used as baseline data, convergence
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studies are conducted, as shown in Table 1, by gradually increasing the mesh size.
In finite elements analyses, two-dimensional axisymmetric models are constructed
with axisymmetric two-dimensional fluid elements (FLUID81) and axisymmetric
shell elements (SHELL61). The fluid region is divided into a number of identical
fluid elements with four nodes. We model the circular cylindrical shell as
deformable shell elements with two nodes. The fluid boundary conditions at the
top and bottom of the shell have zero displacement and rotation. The nodes which
are connected entirely by the fluid elements are free to move arbitrarily in
three-dimensional space, with the exception of those restricted to motion in a
symmetric center line. That is, the radial displacement of the fluid element nodes
at r=0 is constrained, and the bottom and top surfaces of the fluid cavity are
considered to be fixed in the axial direction for the bounded fluid model. The radial
velocity of the fluid nodes along the wetted shell surface coincides to that of the
shell. However, no constraint is applied to the free surface nodes of the fluid
elements for the sloshing fluid model. We investigate the fluid bounding effect on
the natural frequencies by comparing it with the case of the free fluid surface at
the top of the shell. Finally, in the natural frequency calculation, the fluid
compressibility is varied in order to study its effect on the coupled natural
frequencies of the shell filled with bounding fluid.

Table 1 will make it easier to check the convergence of frequencies and compare
the theoretical frequencies with the corresponding FEM ones. As the fluid and
shell meshes are increased, most of the natural frequencies converge to the exact
values. The coupled natural frequencies obtained from the FEM converge rapidly,
except for the higher axial mode numbers. In order to get more accurate results
for the higher axial mode numbers, the mesh size of the two-dimensional FEM
model should be increased. Unfortunately, there still exists the unrefined higher
modes, even though many low mode frequencies converge by increasing the mesh
size. In order to save time, the mesh size is stopped at 12 by 40 elements for the
inner fluid region. Although case 5 of the 480 fluid elements and 40 shell elements
does not provide exact converged values for the high axial modes, the trend of
natural frequencies obtained by the FEM in Table 1 gives insight as to where
exactly the converged values are located. The convergence test for five cases in
Table 1 can be enough to estimate the validity of the theory.

3.2.    

Case 5 of Table 1 demonstrates the results from the FEM model, which has 480
(12×40) fluid elements and 40 shell elements. The largest discrepancies between
the theoretical and the FEM results are 2·21% for n=1 and m'=4 and 2·02%
for n=1 and m'=3. The discrepancy in the table is defined by:

Discr. (Discrepancy, %)=

$theoretical frequency− frequency obtained by FEM (Case 5)
frequency obtained by FEM (Case 5) %×100. (31)
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Judging from the trend of Table 1, we can guess that the discrepancies can be
reduced by using a fine mesh model rather than a coarse mesh model for the high
axial modes. As the coarse mesh of case 1 changes to the fine mesh of case 2 or
case 3, all of the natural frequencies get close to the theoretical results. Finally,
the natural frequencies of the axial higher vibrational modes obtained by the FEM
may approach the theoretical results according to the increase in mesh size. As may
be seen, the present results agree quite well with the FEM solution.

Analytical mode shapes for a particular natural frequency can always be
investigated by substituting the calculated frequency parameter into the frequency
matrix and finding the relative values of unspecified end forces and values, and
finally, evaluating the Fourier coefficients of the assumed modal displacement
functions. Comparison of the mode shapes between the present method and others
was not attempted in this paper.

3.3.  

A free surface at the top side of the incompressible fluid region was assumed
in most of the previous works. In some studies, the free surface boundary
condition of the fluid was sophisticated and in the others, the sloshing of the fluid
during vibration was neglected. However, when a compressible fluid is contained
in a cylindrical shell with rigid top and bottom plates, the free surface may not
exist any more. When the previous methods are pursued in the treatment of this
problem, some errors can be given in the special range of modes. In order to
investigate the bounding effect of compressible fluid, the coupled natural
frequencies for both cases of the bounded fluid and sloshing fluid are acquired by
the finite element method and plotted in Figures 2 and 3 for the cases of
c=1483 m/s (B=2·2 GPa) and c=447 m/s (B=0·2 GPa), respectively. Figure
2 shows a difference in the coupled natural frequencies between the cases of
bounded and unbounded fluid. It can be observed that the natural frequency of
the shell with sloshing fluid is larger than that with bounded fluid, by about 8%
for m'=3 and n=1. As one can see, the bounding fluid effect on the natural
frequencies is significant for the lower circumferential modes. It is significant that
the maximum deviation between the two cases happens at the circumferential
mode number n=1. During the vibration of the shell, the hydrodynamic mass for
the unbounded case with a free surface is smaller than that for the bounded fluid,
because the radial movement of fluid for the bounded fluid is greater than that
for the fluid with a free surface in the case of low circumferential modes. However,
as the circumferential mode number n increases, the radial movement of fluid will
be reduced because a number of circumferential waves of the shell disturbs the long
distance movement of fluid during vibration. Therefore, the bounding effect of
fluid at the low circumferential modes is dominant. Eventually, the hydrodynamic
mass induced by unbounding the top surface of the fluid will increase the natural
frequencies. Figure 3 illustrates the differences between cases of bounded fluid and
unbounded fluid for more compressible fluid, c=447 m/s. Similar results can be
observed. For the case of c=447 m/s, the natural frequencies for n=1 and 2 are
less than those of c=1483 m/s. The bounding effect deceases according to the
increase of the circumferential mode number, regardless of fluid compressibility.
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Figure 2. Effects of fluid bounding on the coupled natural frequencies (Hz): sound velocity in a
fluid medium for c=1483 m/s (dashed line= the case of fluid with a free surface at the top,
continuous line= the case of bounded fluid).

Figure 3. Effects of fluid bounding on the coupled natural frequencies (Hz): sound velocity in a
fluid medium for c=447 m/s (dashed line= the case of fluid with a free surface at the top,
continuous line= the case of bounded fluid).
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Figure 4. Effects of fluid compressibility on the coupled natural frequencies (Hz) of a cylindrical
shell filled with bounded compressible fluid for m'=1. —w—, c=331 m/s; —q—, c=800 m/s;
—W—, c=1483 m/s; —Q—, c=2800 m/s.

Figure 5. Effects of fluid compressibility on the coupled natural frequencies (Hz) of a cylindrical
shell filled with bounded compressible fluid for m'=2. Key as for Figure 4.
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Figure 6. Effects of fluid compressibility on the coupled natural frequencies (Hz) of a cylindrical
shell filled with bounded compressible fluid for m'=3. Key as for Figure 4.

The application of a free surface to the bounded fluid case can cause an
overestimation of natural frequency at the lower circumferential modes.

3.4.  

Figures 4–6 illustrate the changes of coupled natural frequencies according to
the sound velocity in fluid for the axial mode number m'=1, 2 and 3, respectively.
The compressibility effect of the fluid on the natural frequencies is negligible for
the high circumferential mode, n, as shown in Figures 4–6. As the compressibility
of the fluid increases, the frequencies decrease drastically for the circumferential
wave number n=1, regardless of axial mode numbers. It is caused by the
combined effects of added mass and stiffness reduction of the compressible fluid.
In the case of the incompressible fluid (c:a), all the work of the structural
displacements on the fluid–shell interface is transformed into kinetic energy of the
fluid. The incompressible fluid adds the extra inertial properties to the shell, which
is well known as the added mass effect. Similarly, in the case of the compressible
fluid, all the work of the shell displacements on the fluid–structure interface is
transformed into kinetic and potential energies of the fluid. Decrease of the sound
speed in fluid gives a reduction of fluid stiffness due to the diminution of the bulk
modulus of elasticity. The effect of reduced fluid stiffness accelerates the effect of
its increased mass, especially for the low circumferential mode. It will appear as
the decreased coupled frequencies of the system for the low circumferential wave
number. However, for the high circumferential wave number, a number of
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circumferential waves of fluid counteracts its strokes and added mass. Eventually,
the effect of circumferential fluid waves tend to diminish the effect of fluid
compressibility on the coupled natural frequencies.

4. CONCLUSIONS

An analytical method to estimate the natural frequencies of a circular cylindrical
shell filled with a compressible fluid is developed using the series expansion method
based on the finite Fourier transform. To clarify the validity of the analytical
method, an example for a clamped–clamped cylindrical shell is examined using the
analytical method and the finite element method. Excellent agreement is found
between the finite element analysis results and the analytical results, and the
analytical method is verified with good accuracy. Moreover, it is found that the
effects of compressibility and bounding of fluid on the coupled natural frequencies
are significant in the low circumferential vibrational modes. The natural
frequencies for a cylindrical shell filled with a bounded fluid are less than those
for the cylindrical shell filled with unbounded fluid with a free surface. The
decrease of fluid compressibility gives a decrease of natural frequency in the low
circumferential wave number n. This analytical method will be useful to the
dynamic analysis of a circular cylindrical shell containing a bounded compressible
fluid, such as a reactor vessel filled with coolant and a chemical tank filled with
compressed gas.
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APPENDIX A: MODAL DISPLACEMENT FUNCTIONS AND THEIR
DERIVATIVES

u(z, u)=$ s
a

m=1

Amn sin 0mpz
H 1% cos nu, 0Q zQH,

u(0, u)=−0p21uO cos nu, u(H, u)=0p21uH cos nu,

u,z (z, u)=0p

H1$uO + uH

2
+ s

a

m=1

{uO + uH (−1)m +m Amn} cos 0mpz
H 1% cos nu,

0E zEH,

u,zz (z, u)=−0p

H1
2

$ s
a

m=1

{uOm+ uHm(−1)m +m2 Amn} sin 0mpz
H 1% cos nu,

0Q zQH,

u,zz (0, u)=−0 p3

2H21u� O cos nu, u,zz (H, u)=0 p3

2H21u� H cos nu;

v(z, u)=$Bon + s
a

m=1

Bmn cos 0mpz
H 1% sin nu, 0E zEH,

v,z (z, u)=−0p

H1$ s
a

m=1

Bmn m sin 0mpz
H 1% sin nu, 0Q zQH,

v,z (0, u)=−0 p2

2H1ṽO sin nu, v,z (H, u)=0 p2

2H1ṽH sin nu,

v,zz (z, u)=0p

H1
2

$ṽO + ṽH

2
+ s

a

m=1

{ṽO + ṽH (−1)m −m2Bmn} cos 0mpz
H 1% sin nu,
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0E zEH,

w(z, u)=$Con + s
a

m=1

Cmn cos 0mpz
H 1% cos nu, 0E zEH,

w,z (z, u)=−0p

H1$ s
a

m=1

Cmn m sin 0mpz
H 1% cos nu, 0Q zQH,

w,z (0, u)=−0 p2

2H1w̃O cos nu, w,z (H, u)=0 p2

2H1w̃H cos nu,

w,zz (z, u)=0p

H1
2

$w̃O + w̃H

2
+ s

a

m=1

{w̃O + w̃H (−1)m

−m2 Cmn} cos 0mpz
H 1% cos nu, 0E zEH,

w,zzz (z, u)=−0p

H1
3

$ s
a

m=1

{w̃Om+ w̃Hm(−1)m −m3 Cmn} sin 0mpz
H 1% cos nu,

0Q zQH,

w,zzz (0, u)=−0 p4

2H31w� O cos nu, w,zzz (H, u)=0 p4

2H31w� H cos nu,

w,zzzz (z, u)=0p

H1
4

$0w� O +w� H

2 1+ s
a

m=1

{w� O +(−1)mw� H −wOm2 −wHm2(−1)m

+m4Cmn} cos 0mpz
H 1% cos nu, 0E zEH.

APPENDIX B: SYMBOLS USED IN EQUATIONS (15)–(22) AND APPENDIX C

a1 =0pR
H 1

2

, a2 = 1
2(1− m)01+

k
41n2 −V,

a3 =−0pR
H 1$1+ m

2
−

3(1− m)
8

k%n,
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a4 =−0pR
H 1$m−

(1− m)
2

kn2%, a5 = a1$1− m

2 %[1+ 9
4k],

a6 = (1+ k)n2 −V, a7 = 1
2a1(3− m)kn, a8 = (1+ kn2)n,

a9 =−a2
1k, a10 =2a1kn2,

a11 =1+ kn4 −V; Y1 =−0 c
v1$ro

rh%G
G

G

G

G

K

k

Jn0vR
c 1

J'n0vR
c 1

G
G

G

G

G

L

l

V,

Zm =−0 1
amn1$ro

rh%$In (amnR)
I'n (amnR)%V,

V=
rR2(1− m2)v2

E
, z1 =

(a11 −Y1)a3 − a4a8

s
, z2 =

(a11 −Y1)a5 − a7a8

s
,

z3 =
(a11 −Y1)a7 − a10a8

s
, z4 =

−a8a9

s
, z5 =

a6a4 − a3a8

s
,

z6 =
a6a7 − a5a8

s
, z7 =

a6a10 − a7a8

s
, z8 =

a6a9

s
,

s=2{a6(a11 −Y1)− a2
8}, s$ 0;

q1 =
phEn

4(1+ m)R
[1− 3

4k], q2 =
−p2hE

4(1+ m)H
[1+ 9

4k], q3 =−
3p2hEkn

4(1+ m)H
,

q4 =
−ph3En2

48(1+ m)R3, q5 =
(m−3)p2h3En
48(1− m2)HR2, q6 =

(m−2)p2h3En2

24(1− m2)HR2,

q7 =
p4h3E

24(1− m2)H3; g1 =0H
pR104−3k

4+9k1n, g2 =
12kn

4+9k
,

g3 =
−16(1+ m)
p2(4+9k)hE

, g4 =0H
pR1

3

$8−4m−3km

4+9k %n2,

g5 =0H
pR1

2

$8−4m−27km+72k
4+9k %n2, g6 =

−8H3n
p4hER2 $(1+ m)(3− m)

4+9k %,
g7 =

24(1− m2)H3

p4h3E
;

s11 = a1m2 + a2, s12 =−a3m, s13 =−a4m, s22 = a5m2 + a6,

s23 = a7m2 + a8, s33 =−a9m4 + a10m2 + a11 −Zm ,
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aa =
s22s33 − s2

23

Dmn
, ab =

s13s23 − s12s33

Dmn
, ag =

s12s23 − s13s22

Dmn
,

bb =
s11s33 − s2

13

Dmn
, bg =

s12s13 − s11s23

Dmn
, cg =

s11s22 − s2
12

Dmn
,

Dmn = ns11 s12 s13

s12 s22 s23

s13 s23 s33n, Dmn $ 0;

b1 = z1 + z2g1 + z4g4, b2 = z2g2 + z3 + z4g5, b3 = z2g3 + z4g6,

b4 = z4g7, c1 = z5 + z6g1 + z8g4,

c2 = z6g2 + z7 + z8g5, c3 = z6g3 + z8g6,

c4 = z8g7, fa1 =−aama1 + ab (a3 + a5g1)+ ag (a4 + a7g1 + a9g4),

fb1 =−abma1 + bb (a3 + a5g1)+ bg (a4 + a7g1 + a9g4),

fc1 =−agma1 + bg (a3 + a5g1)+ cg (a4 + a7g1 + a9g4),

fa2 = ab (a5g2 + a7)+ ag (a7g2 + a10 + a9g5 − a9m2),

fb2 = bb (a5g2 + a7)+ bg (a7g2 + a10 + a9g5 − a9m2),

fc2 = bg (a5g2 + a7)+ cg (a7g2 + a10 + a9g5 − a9m2),

fa3 = ab (a5g3)+ ag (a7g3 + a9g6), fb3 = bb (a5g3)+ bg (a7g3 + a9g6),

fc3 = bg (a5g3)+ cg (a7g3 + a9g6), fa4 = ag (a9g7), fb4 = bg (a9g7),

fc4 = cg (a9g7).

APPENDIX C: ELEMENTS OF FREQUENCY DETERMINANT

e11 = b1 + s
a

m=1

fb1, e12 = b1 + s
a

m=1

fb1(−1)m, e13 = b2 + s
a

m=1

fb2,

e14 = b2 + s
a

m=1

fb2(−1)m,

e15 = b3 + s
a

m=1

fb3, e16 = b3 + s
a

m=1

fb3(−1)m, e17 = b4 + s
a

m=1

fb4,

e18 = b4 + s
a

m=1

fb4(−1)m;



    219

e21 = c1 + s
a

m=1

fc1, e22 = c1 + s
a

m=1

fc1(−1)m, e23 = c2 + s
a

m=1

fc2,

e24 = c2 + s
a

m=1

fc2(−1)m,

e25 = c3 + s
a

m=1

fc3, e26 = c3 + s
a

m=1

fc3(−1)m, e27 = c4 + s
a

m=1

fc4,

e28 = c4 + s
a

m=1

fc4(−1)m;

e31 =
p

2H
+

m

R
(b1n+ c1)+ s

a

m=1 $p

H
{1+mfa1}+

m

R
{fb1n+ fc1}%,

e32 =
p

2H
+

m

R
(b1n+ c1)+ s

a

m=1 $p

H
{1+mfa1}+

m

R
{fb1n+ fc1}%(−1)m,

e33 =
m

R
(b2n+ c2)+ s

a

m=1 $0mp

H 1 fa2 +
m

R
{fb2n+ fc2}%,

e34 =
m

R
(b2n+ c2)+ s

a

m=1 $0mp

H 1 fa2 +
m

R
{fb2n+ fc2}%(−1)m,

e35 =
m

R
(b3n+ c3)+ s

a

m=1 $0mp

H 1 fa3 +
m

R
{fb3n+ fc3}%,

e36 =
m

R
(b3n+ c3)+ s

a

m=1 $0mp

H 1 fa3 +
m

R
{fb3n+ fc3}%(−1)m,

e37 =
m

R
(b4n+ c4)+ s

a

m=1 $0mp

H 1 fa4 +
m

R
{fb4n+ fc4}%,

e38 =
m

R
(b4n+ c4)+ s

a

m=1 $0mp

H 1 fa4 +
m

R
{fb4n+ fc4}%(−1)m;

e41 =
m

R2 n(b1 + c1n)+ s
a

m=1 $ m

R2 nfb1 +6 m

R2 n2 +0mp

H 1
2

7fc1%,
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e42 =
m

R2 n(b1 + c1n)+ s
a

m=1 $ m

R2 nfb1 +6 m

R2 n2 +0mp

H 1
2

7fc1%(−1)m,

e43 =−
1
2 0p

H1
2

+
mn
R2 (b2 + c2n)+ s

a

m=1 $−0p

H1
2

+
m

R2 nfb2

+6 m

R2 n2 +0mp

H 1
2

7fc2%,
e44 =−

1
2 0p

H1
2

+
mn
R2 (b2 + c2n)+ s

a

m=1 $−0p

H1
2

+
m

R2 nfb2

+6 m

R2 n2 +0mp

H 1
2

7fc2%(−1)m,

e45 =
mn
R2 (b3 + c3n)+ s

a

m=1 $ m

R2 nfb3 +6 m

R2 n2 +0mp

H 1
2

7fc3%,
e46 =

mn
R2 (b3 + c3n)+ s

a

m=1 $ m

R2 nfb3 +6 m

R2 n2 +0mp

H 1
2

7fc3%(−1)m,

e47 =
mn
R2 (b4 + c4n)+ s

a

m=1 $ m

R2 nfb4 +6 m

R2 n2 +0mp

H 1
2

7fc4%,
e48 =

mn
R2 (b4 + c4n)+ s

a

m=1 $ m

R2 nfb4 +6 m

R2 n2 +0mp

H 1
2

7fc4%(−1)m.

APPENDIX D: NOMENCLATURE

Amn , Bon , Con , Bmn , Cmn Fourier coefficients associated with modal displacement
functions of shell

a1, a2, . . . , a11 derivable quantities defined in equation (18)
c sound speed in fluid medium
c1, c2 . . . , c4 derivable quantities defined in equation (21b)
D extensional rigidity, Eh/(1− m2)
Don , Dmn Fourier coefficients associated with fluid motion
e11, e12, . . . , e48 elements of frequency determinant defined in equations

(26) and (28)
g1, g2, . . . , g7 derivable quantities defined in equation (20)
K flexural rigidity, Eh3/12(1− m2)
k h2/12R2
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Mz bending moment per unit length
m Fourier components in axial direction
m' axial mode number
Nzu effective membrane shear force per unit length
Nz membrane tensile force per unit length
n circumferential mode number
p hydrodynamic pressure along the inner wall surface of shell
Qz effective transverse shear force per unit length
q1, q2, . . . , q7 derivable quantities defined in equation (19)
R, H, h, r, m mean radius, height thickness, density and Poisson’s ratio

of shell
t time
u, v, w axial, tangential, and radial dynamic displacements and

modal functions of shell
Y1 quantity associated with hydrodynamic pressure on the

shell surface defined in equation (15)
Zm quantity associated with hydrodynamic pressure on the

shell surface defined in equation (16)
z, u, r axial, tangential, and radial co-ordinates
b1, b2, . . . , b4 derivable quantities defined in equation (21a)
g2 rR2(1− m2)/E
F, f general and spatial velocity potentials of fluid defined in

equations (6) and (7)
faj , fbj , fcj derivable quantities defined in equation (22), where

j=10 4
ro fluid density
z1, z2, . . . , z8 derivable quantities defined in equation (21)
v natural frequency of shell
Subscript or superscript O denotes the value at z=0.
Subscript or superscript H denotes the value at z=H.


