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An Integral Representation Formulation (IRF) has been developed to solve
some one-dimensional problems: acoustic problems in pipes, longitudinal and
transverse vibrations of pipes, including mean flow effects. The fluid—structure
interaction is analyzed in the case of a straight pipe. The fundamental solutions
and the set of equations governing problems are determined in each case. To
demonstrate the efficiency and the simplicity of the use of the IRF method for
one-dimensional problems, examples are presented.
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1. INTRODUCTION

Various methods have been used for dynamic analysis. Such methods are: the
Modal Method (MM) using the Finite Element Method (FEM), the Transfer
Matrix Method (TMM), the Integral Representation Formulation (IRF).

When the frequency domain analysis contains a large number of modes, the use
of the FEM is not appropriate and the numerical determination of modes contains
many errors.

The Transfer Matrix Method (TMM) is often used for one-dimensional acoustic
problems. For one-dimensional problems of beam structures, the TMM is not
frequently used; since the analytical solutions are complicated.

The IRF is very often used for three-dimensional problems dealing with an
infinite space or half-space: acoustic problems, seismic analysis of underground
structures. In this case, the method requires only the discretization of the surface
of the domain under consideration.

The IRF method is easily used for one-dimensional problems due to the
existence of the fundamental solutions and the fact that the boundary of a domain
is a point and so no discretization is required. In fact the IRF only requires the
discretization of the one-dimensional element under consideration, regardless of
the frequency range of analysis.

In this present work, an integral representation formulation for some
one-dimensional problems is proposed: e an acoustic problem: a comparison will
be made with the transfer matrix method; e« a beam structure problem: a
comparison will be made with the modal method; e a fluid—structure interaction

0022-460X/98/500845 + 16 $30.00/0 © 1998 Academic Press



846 H. HASSIS

problem: considered here is the fluid—structure interaction taking into account the
mean flow effects. Two cases are analysed: the longitudinal motion of a pipe with
a restriction of the flow area and the transverse motion of a pipe with a fluid
characterised by the mean flow velocity and the mean pressure.

For each problem, the system is modelled by using a frequency-domain integral
representation formulation based on the fundamental solutions for each
one-dimensional problem. In such a way, the set of equations governing each
problem is determined. In order to show the simplicity and the efficiency of the
IRF method for one-dimensional problems, examples are carried out and
compared with other available methods.

2. GOVERNING EQUATIONS
2.1. STRUCTURAL EQUATION, INCLUDING MEAN FLOW EFFECTS

In the case of zero mean flow, continuity across the interface between fluid and
structure requires that the positive normal velocity of the fluid equals the
displacement rate of the solid in that same direction. Similarly, equilibrium
necessitates that the fluid pressure is balanced by the normal surface traction on
the contact surface. For flexible pipeline systems the junction coupling (restriction
of the fluid area or elbow . . .) is mostly the predominant type of coupling [1-3].
Only the restriction of the fluid area case is considered here.

For harmonic analysis, the governing lateral and longitudinal vibration
equations of a straight elastic pipe can be written, for localised forces as follows
[1, 2, 4]:

for harmonic analysis and longitudinal motion of the pipe:

°U,

E4, ox?

+ piAdiw* Uy — F(0)d(x — x1) — p(447)0(x — x;) = 0; (la)

for harmonic analysis and lateral motion of the pipe:

0*U. _ 0°U. —. 0U.
El 55 + A(AP + p V) 5 + 204, Vie 5=
—o’(pAi + prA)U: + Fo()d(x — x2) = 0, (1b)
or
rv. | o, .. Lo0U. F. _
e T p et 2iwy x AU+ ElL o(x — x2) =0,
with
B = A(AP + pV) P = p AV 4= 02 (p: A+ prAy)
EI, El, > EI,

where U, (w) and U.(w) are respectively the Fourier transforms of longitudinal and
lateral displacement of the pipe, x is the longitudinal co-ordinate, ( y, z) are the
lateral co-ordinates, w is the frequency, A, is the cross-sectional discharge area,
A, is the cross-sectional pipe wall area, A4, is the local restriction of the
cross-sectional discharge area, E is the Young’s modulus, /, is the y-moment of
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inertia, AP is the pressure drop in the pipe, V is the fluid velocity, p, is the fluid
density, p, is the pipe wall density, x; and x, are respectively the position of the
localised forces F, and F. and finally x; is the position of the restriction of the
cross-sectional discharge area.

2.2. FLUID EQUATIONS, INCLUDING MEAN FLOW EFFECTS

For one-dimensional flow, with velocity ¥ in the x direction, and by introducing
small perturbations into the governing equations (momentum and mass equations
for inviscid and isotropic flow) and by combining the total time derivative of the
momentum equation and the divergence of the mass equation, one obtains the
following Fourier transformed equation [2, 5]:

02
V_76X6Y

~

Z
2

2
< 0 + k; + 2iw

’ps _
ax Ox ) 4, (44)U.0(x — x3) =0, (l¢)

where k, = w/c is the acoustic wave number. In equation (Ic), it is assumed that
the fluid has attained a steady flow characterised by the mean velocity ¥ and speed
of sound squared ¢* along with zero body forces. The field quantities ¥ and ¢* are
assumed to be constant within a given region of the fluid domain. If one permits
the mean flow velocity to vary within a region of space, then an equation formally
similar to (1c) is obtained. However, the expression becomes more cumbersome
[4]. Note that for zero mean flow velocity and in the absence of body forces, this
becomes the classical Helmholtz equation.

3. INTEGRAL REPRESENTATION

The use of the integral formulation for periodic processes in acoustics have a
long history beginning with the work of Helmholtz [6]. For three-dimensional
domain problems, the fundamental solution can be derived by utilising a triple
exponential Fourier transform [7]. For an elastic solid, an integral formulation can
be derived in a manner similar to that utilized for an acoustical fluid (see for
example reference [8]).

For one-dimensional fluid—structure interaction problems, the following
development is proposed.

3.1. FLUID INTEGRAL REPRESENTATION, INCLUDING MEAN FLOW EFFECTS

For equation (Ic), an integral representation can be developed in a
straightforward manner. First multiply (lc) by an arbitrary function G, and
integrate over the length of the pipe. For zero body forces, one obtains:

- 0’ 0 0’
2 v 2 ~
JA,(a o + k; + 2iw 7 ox Ma a)pG,,dx

N\ <~

fop ~
—| a4, (44)U.5(x — x3)G, dx = 0, 2)

0
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where M is the Mach number; M = V/c.
Then after using integration by parts on the various terms in equation (2) to

transfer derivatives from p to G,, the following integral equation is produced:

. ~ _ o~
0°G, ~ . VoG
AN 2 . P

I} <(1—M) = —I—kpG,,—lec2 ax)pdx

op ~ G 7P
+ [(1 - M2)<a§ G, — ax”p> +2io Gppj|

0

(AU ()G () = 0. G
f

By selecting G, to be related to the fundamental solution of the adjoint
convective Helmholtz operator:
oG,
ox?

~ .. VoG
+ kG, — 2i0 5= = —d(x — x0), 4

(1 — M)

equation (3) simplifies to the form:

~[op ~ 0G, .V~ | oy ~
(1 — M) G P20 sGp | A, (449)U.(x3)G,(x3) = p(xo),
0
(5

where x, represents a point on [0, L] and p(x,) is the fluctuated pressure at x = x,.
Equation (5) is applied for x, = 0 (then G, = G)) and x, = L (then G, = G}), one
obtains:

—F,(Gy(0)); {—(1 — MGy (0)}; F(Go(L)); {(1 — MD(G) (L))}
—F,(G2(0)); {—(1 — M(GS(0))}; F,(GO(L)); {(1 — M>(GS(L))}

[ p(0) ]
op(0 2, .
’?T(x) waf (44) U, ()G (x3) )
X - 2 B ’ (6)
p(L) LA 4)U(x)GE (xs) p(L)
p(L) 1
i ox )

where

F,(G,) = {—(1 — M2)<a(§"> + 2iw 2—7 G,,}. (7)
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Using the development of Appendix A, the fundamental function G, is written as:
et1lr = xo)

G‘O(x) ok for (x — x0) =0

Az(\ X0)
Go(x) = for (x — x0) <0, (8)
where
A= —ilk,/1 + M); A =1(k,/1 — M).

3.2. STRUCTURAL INTEGRAL REPRESENTATION, INCLUDING MEAN FLOW EFFECTS

For elastic pipes, an integral formulation can be derived in a manner similar
to that utilized for fluid domain. First multiply equation (la) by an arbitrary
function G, multiply (1b) by an arbitrary function G. and integrate over the length
of the pipe, one obtains:

J [EA, 66202' + pAw*U, — F(0)d(x — x1) — p(4A4,)0(x — x;)}G dx =0, (9a)

4 2
J |:68U + ﬁ2 6 U, 5+ 2iwy? aaU — AU. + l% o(x — M)}GZ dx=0. (9b)
0 Y

Then after using integration by parts on the various terms in equations (9) to
transfer derivatives from displacements to fundamental functions, the following
integral equations are produced:

G, ) aU~ 3G, -
[ o152 otweforacs [2a(Ge - Gu)|

— Fu ()G (x1) — p(x3)(44/)G(x3) = 0, (10a)
e a G . aG
[+ #2230

XU, ~ PG U, 0G.  G.oU\ |
T [( ox3 G: — ox? U: — 0x?* 0Ox t 0x? Ox >:|0

[/32<‘9U %i Uﬂ E%G.(xz) 0. (10b)

By selecting G, and G. to be related to the fundamental solutions of the
corresponding adjoint operator (see Appendix A), equations (10) simplify to the
form:

[EA<86U 2 aai ﬂ — Fi(@)Ge(x1) = p(x:)(44)G.(x3) = Uc(w),  (11a)

0
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[(63U2~ a-*é_,U 0°U. 0G. a%iw)"

ox? G. — ox® 77 6x2ﬁ+ ox> Ox

[/32<‘9U Sy U> + 47 Gty = =S )

o ,\

where x, represents a point on [0, L]. By taking the x, derivative of equation (11b)
(d(eq. (11b)/dx,), one obtains:

U.0G. | 0'G. U.0°G.  0°G.oU.\ |
[<_6x38x+6x4U‘"+ o o T ax axﬂ

0U.0G.  °G. F. oG 1 aU
+[ﬁz<_8x6x+ ox Uﬂ ElL ox )= TEL oy - (12)
0

Note:

0G. _ 0G..  U.(x)] a[U(xn( ).
0x, ox’ 0x,

Equations (11) arLd (12) are apBlied for x, = 0 (then G, = G and G. = G°) and
xo = L (then G, = Gt and G, = Gt), giving

,aaGO (0) = 1: — EA(G0%: — 4, (L EAGHL) | *
OGL = (0); — EA,G(0); —EA, 5GL (L) — 1; EAG-(L) |
0.0 ] (13a)
au, i .
=0 P(x:)44,G(xs) Fu()G(x)
v | T | pa)daGin) | T | F(@)Gh(x)
{IML] + fML} - [q] = [F]. (13b)

Matrices [M,], [M:] and vectors [q], [F] are defined in Appendix B. _
Using the development of Appendix A, the fundamental solution G, for
longitudinal motion is written as

. B eil\,vf,vo\ ) . B
Go=spi /lx—lw\/; (14)
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and the fundamental solution G. for transverse motion is written as:

G 1 e’z1(x = x0) =3ty = x0) c 0
PU2EL| 23— %) s — %) or x — x, <0,

G 1 ef/i_-l(xfxo) ef/l_.3(.\'7.\‘o) . - s
TN R VEREN I R £ or x — x>0, (15)

where

2 S
Ao = i{\/z\//% F P A= —a,

P —
li}:\é\/z\/ﬁé‘—f—/{g—ﬁza 1:4: _;Lz3-

4. NUMERICAL IMPLEMENTATION

The numerical implementation is classical, it uses a multi-pipe part approach.
It consists of writing the difference equations that arise from the assembly of the
elements of the pipe and the natural imposition of the boundary conditions. The
IRF discretization results in matrices that are non-symmetric and complex valued.
To solve efficiently the coupled system of equations arising from the IRF, the
Gauss elimination with partial pivoting can be used without any problem. The
numerical implementation of the IRF is similar to that used by the Transfer Matrix
Method.

5. NUMERICAL APPLICATIONS

The following numerical applications will be used only to demonstrate the high
accuracy, efficiency and the easy use of the IRF for the one-dimensional problems,
especially the fluid—structure problem in pipes.

Three numerical examples are presented in this section to illustrate the use of
the IRF.

5.1. ONE-DIMENSIONAL FLOW IN PIPES

Consider as a first example, a uniform pipe of length L with pressure nodes at
each end, as shown in Figure 1. The pipe is submitted to a Dirac pressure applied
at the pipe’s middle.

Using the IRF method, the modulus of the response function dp/dx(0) versus
the wave number k, is plotted in Figure 2(a), for a Dirac pressure localised at
x = L/2 and for various values of Mach number M. The IRF and the Transfer
Matrix Method (TMM) response are plotted in Figure 2(b). The frequency range
considered contains the first three natural frequencies.
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p = d(x-L/2)

g

L -

Figure 1. Pipe submitted to Dirac pressure.

The IRF Solution is written as follows:
W )= GrLIGL) — GyLIG; (L))
Ox (1 = M)[—G(0)GF (L) + Gp(L)Gr (0]

Figure 2(a) shows the effect of the Mach number on the natural frequencies and
on the response of the pipe. When the Mach number increases the natural
frequencies decrease. The comparison between the IRF and the TMM in

Figure 2(b) shows a very good agreement between the two methods.
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Figure 2. (a) dp/0x(0), for localised Dirac pressure in x = L/2, for various values of Mach number:
—) M=00; ---, M =0-1; ——, M = 0-5. (b) Comparison of the IRF and the Transfer Matrix

, IRF; ——, TMM.

Method (TTM):
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Figure 3. (a) Longitudinal vibration of the pipe. (b) Comparison of the IRF and the Model
Methods (MM): , IRF; ——, Modal.

5.2. LONGITUDINAL VIBRATION OF A PIPE
Consider a pipe of length L and uniform cross-section A4,, as shown in
Figure 3(a). The pipe is stretched by a Dirac longitudinal force applied at x = L/2.
Both ends of the pipe are fixed. Figure 3(b) gives the normal stress resultant N(0),
at x =0, as a function of longitudinal wave number k, = w./p,/E.
The modal solution for N(0) is:

NOY = 3 2(2p +

=0l (@p+ Dr ’ 2 .
e

The IRF Solution is:

~f L
°(3)
DENE)

The comparison of the IRF and the modal method (MM) in Figure 3(b) shows
a very good agreement between the two methods.



(a)

gm MO | g
E 0 (X-L/2) (1)

(b)

1000

M(0)

1000

M(0)

k,= wA [ (PAFPA)
E|y

(d)
1000 .
.ol
100 [—, : i
n 2 £
S "R
S 10
E . ';’I ..‘\
£ e
l...i..'n-..:.?
1 [ \“‘—L’,"
s
0.1 | | ‘
0.0 0.1 0.2 - -

k,=a, [(FATPA)
Ely

Figure 4. (a) Transverse vibration of a pipe. (b) Comparison of the IRF and the model methods;
p=0: , Modal; ——, IRF. (c) Effects of permanent velocity on the pipe response: § = 0-00; —,

IRF; p = 0-20; ——, IRF. (d) Effects of permanent velocity on the pipe response: ——, f = 0-00;
<, f=0-10; -—, =015, ——, = 0-20.
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5.3. TRANSVERSE VIBRATION OF A PIPE INCLUDING MEAN FLOW EFFECTS

Let a pipe of length L and uniform cross-section 4, be as shown in Figure 4(a).
The pipe is stretched by a Dirac transverse force applied at x = L/2. The flow in
the pipe is characterised by a permanent flow parameter . Both ends of the pipe
are fixed.

Using the symmetry of the structure:

dU.(0)

2
UO)_ py SUD)

dx2 s

$U(L)
dx?

&) _

EI, =

El, —EI,

and the boundary conditions:

U.(0) = U.(L) = 0; %ﬁmzdﬁg)

the moment M, (0) can be determined.
Figure 4(b) gives the flexural moment M,(0), at x =0, as a function of the

“transverse wave number”’ k. = co\/ (p. A, + prAy)/EL.

The comparison of the IRF and the MM in Figure 4(b) for f = 0 shows a very
good agreement between the two methods. Figures 4(c) and (d) show the effect
of the mean flow parameter § on the natural frequencies and on the response of
the pipe. When the parameter [ increases the natural frequencies decrease.

6. CONCLUSIONS

The set of equations governing the vibration of the fluid—pipe system was
formulated. An integral formulation was derived and the fundamental solutions
were determined for: an acoustic medium in a pipe, including mean flow effects;
a longitudinal vibration of a bar; a transverse vibration of a pipe, including mean
flow effects; a longitudinal fluid—structure interaction in pipes with a severe
restriction.

The numerical implementation is classical. It uses a multi-pipe approach.
However, with a proper numerical calculation, very precise solutions can be
obtained, as demonstrated in the numerical examples of section 5.

The use of the IRF to solve fluid—pipe problems is characterized by high
accuracy and efficiency and can easily take into account interaction phenomena.

This can be used as the appropriate tool for studying the dynamic behavior of
mechanical systems for one-dimensional problems.
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APPENDIX A: FUNDAMENTAL SOLUTIONS

A.l. ACOUSTIC PROBLEM

For the acoustic problem, the fundamental function G~p 1s the solution of the
following equation:

7 a6,

*G ~ .
A2 I3 2
(1 — M3 e + k,G, — 2iw 7 Oy

= —0(x — Xxo).

The function G, can be written as:
G~p + A4 e’p1(x = xo) + B e’p2x = Xo)_

A and A, are solutions of:
(1= M)+ k2 — 2iw£—fz —o0.

One finds:

k,

: k,
1+ M

1—-M

)vpl El —1 lpz == 1

Using the continuity of G, and the discontinuity of (I — M?) dG,/dx at x = x,,
the fundamental function G, is written as:

- Zp1(x = xo)

Gi(x) = GT for (x — x) = 0
P

~. elllz(vV — Xp)

G‘;,O(X) = T for (X — Xo) < 0
P

A.2. LONGITUDINAL MOTION OF THE PIPE

For equation (la) and for zero localized forces, the characteristic polynomial
is written:

EA N + pA,w* = 0.
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o= iiwfg.

One finds:

The fundamental function G, is the solution of the following equation:

iREA

Ed 5w

+ pA,0°G, = —d(x — xo).

The fundamental solution G, is written:

G.= A, eht—0 for x —x, <0
G, = A, e b= forx —x,=0"

857

Using the continuity of G, and the discontinuity of EA, (0G./dx) at x = xq, the

function G, is written as:

- el = xol

Gx:zEAJ;

A.3. TRANSVERSE MOTION OF THE PIPE

For equation (1b), for zero force f. and by neglecting the damping term, the

characteristic polynomial is written:
M+ pA—0=0
where:

_A(AP + p, )

B . 14 _ *(p A+ prAr)
El, ’ '

%o EI,
One finds:

J

Y —
Ia= TV B A s 2=

2 — A
}“—'3:\4\/2 ﬁ4+)bg—ﬁ23 1:4: _/Lz3-
The fundamental function G. is the solution of the following equation:

0G| G L. G s
6x4+ﬁ 8x2+21wy ax_/IOG"_

1
El,

o(x — Xo).

The transverse fundamental solution G. is:

G.= A, =07 4 gye=07%  for x — x < 0
G. = A, & 4 A 00 for x — xo > 0
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Usmg the continuity of (G., (aG /0x)(6°G./0x%) and the discontinuity of
G./0x* at x = x,, the function G. is written as:

s 1 [ emtew giesti— ) f
O aEn |G eGn ] TSt
s 1 [ eatw et
¢~ [Aﬂ(zfl — ) T I - m} orx = u =0
APPENDIX B
0°G? 1 52G0 an .
<ax ©0) = 573 — 3 O G°(0);
83G0 ZGO

= (L); o (L); — 6G0 (L) GO(L)>

0°GE 0°G- oG* ) 0
<ax3 (0) ax’? (0)7 0 (0) —G (0) 3 (L) EI’
T 1y -2 1y GL(L))
M] = |
84G0 aé ) aZGO GG" 64G0
< ox* (0); ox’ EI’ o2 0); == ox 0); N (L);
8G 2 (L): 86G2 (L): — 6G (L))
< o aaf (0); aan (0); aaG (0); aaf (L):

8GL 1 a2GL aGL
X (L) — EI’ ox® (L); — i (L)>
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(%GO (O — 1: —G0):0: 0: — 2 (1 GH(L: 0 0>
(%GL (O —G4(0):0:0: —°C (1) — 1: GE L o;>
M) = ,
e e N 82G° aGO
< CEOSE 0 - 100 5% @y - )
2Gt oG 26t 8GL .
< ax (0)9 8 (0) O 09 a 2 (L) (L) 19 07 O>>
fal” = [U(O) ‘0 S50 C% 0 v S Sk ) S5 }

[

FI7 — F()G(x2) F(w)G(x))  F(w) 0G(x,) F(w) GGL()a)
= EI, > EI, ° EI, o0x ° EI, 0x

APPENDIX C: NOMENCLATURE

cross-sectional discharge area
speed of sound in the fluid
fundamental solution of the adjoint convective Helmholtz operator
fundamental solution of the transverse motion operator
= w/c acoustic wave number
transverse wave number
M; flexural moment
N normal stress resultant
U, (w) the Fourier transform of the pipe’s longitudinal displacement
mean velocity of fluid
position of the localised force F,
X3 position of the restriction of the cross-sectional discharge area
AP pressure drop in the pipe
fluid density
AA; local restriction of the cross-sectional discharge area
: cross-sectional pipe wall area
Young’s modulus
N fundamental solution of the longitudinal motion operator
the y-moment of inertia
longitudinal wave number
_ length of the pipe
M = V/¢c Mach number
p(x0) fluctuated pressure at x,
U.(w) the Fourier transform of the pipe’s transverse displacement

~

IS A
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Xo a point on [0, L]

X position of the localised force F.

(x,y,z) the longitudinal and the two lateral co-ordinates
W frequency

0 pipe wall density



