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1. INTRODUCTION

Analytical dynamic modelling of universal multi-mesh geared rotor systems is still
quite scarce, even though the theory of single-mesh cylindrical gear pair vibration
is extensively studied and well established. Most of these models depend on the
basic lumped parameter vectorial formulation to represent the macro behavior of
gear mesh kinematics. The method is quite reliable as evident from recent
comprehensive literature reviews conducted by Ozguven and Houser [1], and
Blankenship and Singh [2]. To address the lack of multi-mesh gear dynamic
analytical work, this communication is concerned with the development of a
generic n-mesh counter-shaft geared rotor system model.

Some of the original attempts to investigate the multi-mesh geared rotor system
dynamic problem were by lida et al. [3-5]. They analyzed the effects of
translational and torsional motions of counter-shafts in dual-mesh systems.
However, their analytical formulation is limited to spur gears and only the
torsional degrees of freedom (DOF) of the input and output gears are modelled.
Lim and Houser [6] also developed a dual-mesh counter-shaft model using a gear
representation of 3 orthogonal translational displacements and a single torsional
co-ordinate. A more rigorous rigid body gear model with 6 DOF was used by
Kahraman [7] to analyze dual-mesh idler gear systems that do not contain a
counter-shaft component. The most detailed dual-mesh model yet was established
by Vinayak et al. [8, 9] to examine geared systems containing a single counter-shaft
or idler gear. It incorporates a spatially distributed mesh stiffness formulation
proposed by Blankenship and Singh in an earlier paper [10]. Other related studies
of single counter-shaft problems include applications of the Ritz-based finite
element technique by Velex and Saada [11], and a modal synthesis approach by
Choy et al. [12]. Published experimental study involving counter-shaft
transmission is even much scarcer. The most elaborate known was conducted by
Umezawa et al. [13], which consists of numerous experiments to evaluate the
effects of shaft length, input torque, and tooth mesh phase leg on dynamic

0022-460X/99/050905 + 15 $30.00/0 © 1999 Academic Press



906 LETTERS TO THE EDITOR

response. Some of the relevant experimental data is used here to validate our
proposed theory.

As previous research efforts were confined to either the single or dual-mesh
geared rotor system, it is the aim of this note to propose a set of generic analytical
equations to describe the dynamics of a generalized multi-mesh geared system that
consists of precisely n-sets of gear pairs and n — 1 counter-shafts. This model
incorporates the complete set of 3 translational and 3 rotational co-ordinates of
each rigid gear structure with compliant mesh. The resulting linearized lumped
parameter model is not only comprehensive, but also computationally efficient. It
is applied as a suitable vibration analysis tool for evaluating preliminary design
concepts, and computing the effects of assorted layouts and structural
modifications on gear dynamic response. Our theory is validated by direct
comparison to published experimental data [13] and numerical results of a finite
element model for a specific » =2 case. In addition, a system with n=3
configuration is also analyzed to illustrate the effectiveness of this model.

2. FORMULATION

Consider a generic n-mesh flexible or quasi-rigid counter-shaft transmission
system as illustrated in Figure 1. The pinion and gear of the second and higher
mesh may assume an oblique orientation relative to a fixed inertial frame defined
by the X, Y and Z axes. The X-axis is parallel to the mean rotational vector while
the Y-axis passes through the geometric centers of the pinion and gear of the first
mesh. Each gear pair could be either spur or helical type, and is completely defined

First gear pair

Ie byp.1 Second gear pair

nth gear pair
bxp,1 byg 2
byp,n

Engine k

bzp n

Figure 1. Elements of a n-mesh counter-shaft geared rotor system.
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Figure 2. Mesh force and response vector in local (prime) and global (fixed) co-ordinate systems:
(a) gear mesh orientation angles, (b) pinion (driver) component, (c) gear (driven) component.

by a generalized displacement vector of dimension 6 that comprises 3 translational
and 3 rotational co-ordinates. Thus, an entire n-mesh system contains a total of
12n 4+ 2 co-ordinates.

Since each gear pair and counter-shaft assembly possesses similar features it can
be formulated generically by considering a local prime co-ordinate system defined
by X/, Y/ and Z/ for the ith mesh, as shown in Figure 2. Here X/ is parallel to
X, Y/ is perpendicular to Z/, and Z/ is the projection of F,,; onto the Y—Z plane.
The specific orientation of F,; is determined by the pressure angle ¢, relative
position angle f5; of pinion and gear, and mean rotational direction of the ith pair.
To ensure that our derivation is general, the following sign convention is adopted:
(1) ¢: > 0, regardless of rotational direction; (2) helix angle /;, of driving pinion
is positive if it is right-handed type, and negative if it is left-handed one; (3) . is
positive when it is measured from the common tangent line to the Z-axis in the
clockwise sense; (4) fi = 0.

Furthermore, a new set of geometrical and design angles are defined for
convenience as

d)r,i = tan~' <m¢l>s 0< d)r,i < ga (la)

cos ;
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T

V.. = sin~' (cos ¢, sin ;), _7 <Y, < %, (1b)

(Ic)

i

_ jm+ Bi+ ¢, clockwise rotation of pinion 07,
B — dus counter-clockwise rotation of pinion 0,

where ¢,; is typically called the transverse pressure angle, Y, is similar to a helix
angle except it is measured in an oblique plane defined by ¢,;, and «; is the gear
mesh orientation angle used to relate the prime system to the fixed inertia frame.

The multi-dimensional undamped equations of motion of an arbitrarily
positioned ith gear pair structure for both clockwise and counter-clockwise
rotating pinions with respect to the displacement vectors w,; = {tw., Ui, Usni,
Ovwis 0,05, 0,7, v =p or g (as shown in Figure 2), are given by

My il — €Pikni0i SIN Wy + Ky ity = 0, (2a)
My ity + €K i0i COS Wy sin oy + Ky ithy; = 0, (2b)
My ilzy; — €Ki i0; COS W,y COS O + Kpopith; = 0, (2¢)

Loi0wi 4 piteikini0; cOS W, cos ¢, = 0, (2d)
IJ‘L.,,O;,,,I» — Ytk SIn Y, sin f; = 0, (2e)
L0 + piroik,:0; sin . cos fi = 0, (2f)

=t et e

or in matrix form, [M,){U.} + [K){U} = {F,}, where i = 1,2, ..., n refers to the
mesh number and {U;} = {u,,, u;,}". In equation (2), r,; and r,, are the pitch circle
radii of the pinion and gear, respectively, k,; is the averaged mesh stiffness, k,
terms refer to the effective bearing stiffnesses, and y; is the rotational coefficient.
For a clockwise rotating pinion, y, = 1, while for a counter-clockwise rotating
pinion, y;, = — 1. Therefore, formulating vy, into the above equations generalizes the
theory because it can be used to describe the motions of successive meshes whose
pinion rotation alternates from one direction to another consecutively, model
asymmetric multi-mesh system, and simulate forward and reverse drive and coast
operating conditions. The orthogonal projections of u,; and u,; onto the line of
action normal to the tooth surface lead to the elastic deformation o; given as

0 = Tos — 1,5 + ei(2), (3a)

Tpi = (Yilkpi + Yi7i0,p; sIn B — 7i1,,0.,; cos f;) sin y,;
+ (=t SIN 0 + Uz COS 0 — Pi7710,,, COS Pri) COS Yy, (3b)

Toi = (Yillsgi — ViTqi0gi SIN Bi 4 irei0.0: COS f;) sin

+ (— g SIN 0 + Ug; COS O + ViFei01gi COS Dri) COS Y, (3¢)
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From equation (3) above, J;, can also be interpreted as the dynamic part of
transmission error response. Hence, the dynamic mesh force is F,,; = k,.0;.

It follows that the universal multi-mesh geared rotor system model, expressed
as the classical second-order proportionally damped differential equation in matrix
form

[MI{U} + [CH{U} + [KJ(U) = {F} for {U} = {0 {UJ" {U}" -~ {U}T 0},

is obtained by combining equations (2) and (3) of each gear pair with the
dynamical expression of engine, load and counter-shaft components using a matrix
superposition method. The governing equations for the engine with inertia /r and
load with inertia 7, are I.0.;+ ko ,(0.x— 0,1) =0 and 1.0, + ko, (0., —
0....) = 0, respectively. For compliant counter-shaft, the Timoshenko beam theory
[14] is used to formulate the stiffness matrix [K};] of two-noded shaft elements,
i=1,2,...,n— 1. Note that [K];] and related forms are well studied [14-17]. A
survey of these models indicated that the one developed by Przemieniecki [14] is
most suitable for our analysis. The shaft mass and inertia terms are divided equally
between adjacent gear centroids to limit the total number of system co-ordinates.
The resulting mass [M"], stiffness [K*] and forcing {F"} terms assuming flexible
shaft (superscript F) are

[MT] = [M¢] + [M], [K1=[Ks]+[K], {F}={Fs},
where the first set of matrix terms on the right hand side of equation (4) denoted
by subscript G contains contribution from gear pair, engine and load components.
They are explicitly given by

(4a—)

[Ms] = [Diag(lx [M\] [M:] (M.] L), (5a)
F k(’\».E {KF}T |
Ke} K]
[K]
[Kq] = L (5b)
K]
[K.] (K.}
{(K.}" ko, (1214 2) x (120 + 2)
Fop =1{0 (R} (F) (£ 0fn. (5¢)

On the other hand, [M!] and [K'] define the cumulative mass and stiffness

characteristics of the counter-shafts:

[£:.1]
[Is.n - l]

[M]] = [Diag({0} 7 [1m.4]

[ms.n —1 ]

[m.1]

[£:1]

[m,,]

[£:2]  [myo]

{0}1 X 7)](12)1 +2) x (12n 4 2)»

[£:2]

(6a)
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[0]7 x7
(K]

(K]

[K(] = ; (6b)

[Kf(n —1 )]

[0]7><7 (12n+2) x (12n + 2)

where [m,;] and [[,;] correspond to the mass and inertia of a counter-shaft
half-length.

For a counter-shaft whose bending stiffness is high compared to &,,, a quasi-rigid
body element representation (superscript R) is used to produce a simpler, lower
order system model where the counter-shaft is elastic only in the u, and 0.
directions. This mixed formulation is valid because the effect of cross-axis
sensitivity is negligible. First, a partial system stiffness matrix [K¥] = [Ks] + [Kc]
is obtained by incorporating the axial and torsional matrix [K¢] of counter-shafts
with [K;] of the gear pairs. Similar to equation (6b), [Kc] contains n + 1
sub-matices denoted by [K.,] as the diagonal terms, i =1,2,...,n + I, in which
the first (i = 1) and the last (i = n + 1) ones are null matrices of dimension 7. The
remaining [K..] is of dimension 12 x 12 and in fact quite sparse with non-zero
terms given by K. (1,1) = K..(7,7) = —K..(1,7) = —K..(7, 1) = A,,E,;/L,; and
K.(4,4) = K.(10,10) = —K.,(4,10) = —K.;(10, 4) = G,,J.,/L,;, where A,;, L,
G,., J,;, and E,, are the cross-sectional area, counter-shaft length, torsional rigidity,
polar moment of inertia, and modulus of elasticity, respectively. The transverse
bending effect is modelled by considering the kinematic equations for a rigid
beam-like linkage:

uyg,i = u}n\xi - 9:,&'.1'Lm,ia u_\'p.i+1 = uys,i + ezAv,istAia ng,i = Uppi+1) = 0.\1&',1’5
(7a—c)

u:g,i = Uy, + Q)A\xiL.\'aj’ u:p,iJrl = uz,\'.i - G)n\',iL.\'h.h H:g,i = 02p,(i+ = 9:,\'.!'7
(7d—f)

where L,,; and L, are the distances between the counter-shaft centroid and its two
attached gears. Hence, L, + Ly, = L.

Applying these kinematic constraints in the form of an orthogonalized
transformation matrix [7;] reduces the independent coordinates to 50% by
converting the original gear pair co-ordinates {u;,, u,,,,}" to a new set of
independent  vectors  {UF} = {ugi, Orgis Upsis Ussis Orsiy Ousiy thpiv1, Ogpiii )" for
i=12,...,n—1:

{l-lg;,-, u;j+ |T}T = [T.vj]l2 X 8{ UIR} (8)

The non-zero terms of [7,,] are T.,(2,6) = — L, 1T.,(3,5) = Ly, T.:(8, 6) =
Ly, T,:/(9,5 = —Lg,, and the values of elements (1, 1), (2, 3), (3, 4), (4, 2), (5, 5),
(6, 06), (7,7), (8, 3), (9, 4), (10, 8), (11, 5) and (12, 6) are equal to unity. The overall
transformation matrix [7] has diagonal terms [T},] and converts [K¥] into a new
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system stiffness matrix [K¥] = [T][K*][T] that is compatible with the diagonalized
mass matrix [M*] from the lumped mass concept. Also, the corresponding force
and response vectors are {F*} = [T]"{Fs} and {U*} = {{US}", {UF}", {US}", ...,
{UX}"}T, respectively.

The solution of undamped natural frequencies and associated mode shapes is
computed from the classical eigenvalue problem ([K] — w’[M]){G} = {0} that is
formulated by assuming a harmonic complex solution {u} = {§} exp(iwt). The
system forced response is computable by the direct matrix inversion or modal
expansion method. These solution techniques are based on established principles,
and hence will not be discussed in detail here. However, it is worth noting that
the forcing function {F;} = f(e;) is general since the phasing of each ¢; can be
defined arbitrarily. Our formulation also allows a selective analysis for specific
transmission error excitation. The damping effect is defined in terms of modal
coefficients, which is covenient for the modal forced response calculation method.
Therefore, in the direct matrix inversion scheme [C]= ([Q]") '[diag(O)][Q] ',
where the mode shape matrix [Q] has been normalized with respect to [M] to
ensure compatability of both approaches. These calculations have been
implemented using a general matrix computation program (MATLAB).

3. RESULTS AND VALIDATION

The two specific cases, i.e., n = 2 and 3, which are commonly used in multi-mesh
applications, are analyzed to demonstrate the effectiveness of the proposed model.
In the first case study for » = 2 and unity transmission ratio, our predictions are
compared to the experimental data by Umezawa and his colleagues [13]. Note that
yi=1 (yo=—1) and y,= —1 (y»=1) formulations lead to the same modal
behavior due to the symmetry of this system.

The primary torsional response peak of this system is measured at fr = 2300 Hz,
which is similar to the theoretical torsional mode with out-of-phase mesh

(a) (b) (c)

Figure 3. Critical modes of the dual-mesh counter-shaft geared rotory system: (a) mode A
(f, = 2271 Hz): out-of-phase torsion; (b) mode B (f, = 7180 Hz): counter-shaft pitch; and (c) mode
C (f, = 36-82 kHz): counter-shaft torsion.
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Figure 4. Comparison of predicted and measured frequency sweep forced response functions of
the output gear (r,.0..) for the case of n = 2. Keys: —, prediction; +, measurement (set 1); *,
measurement (set 2).

deflections at 2271 Hz as shown in Figure 3, along with two other critical gear
mesh modes. These results are also confirmed by the finite element calculation.
Figure 4 shows relatively good comparison (except for a spurious peak between

200
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Figure 5. Effect of relative phasing of transmission error @, on vibratory response of output gear
(rg20y.) for counter-shaft length L, = 190 mm: (a) —, 0°; ——, 45% ———, 90°; - - - -~ , 135% (b) —,
180%; ——, 225°% ———, 270°% - - - - - , 315°.
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TABLE 1

Qualitative classification of flexible modes in terms of gear pair location 1, 2 and
3 for n = 3. Note that out-of-phase type motions are given in (), and the others are
assumed in-phase

n F,(Hz) Uy Uy, U 0. 0,,0.
6 277 3) (1), (3)
7 6-06 1,2,3 ()
8 262 1,3 (1), (3)
9 402 1,2,3 (1), (3)
10 1428 ), (3) 2),(3) 2,(3)
11 1642 2), (3) 2),(3) 2), (3)
12 1686 2),3 2),(3) 2),(3)
13 1803 (1 1 (1), (2)
14 1972 2),3 (1),2,03) (1, (2), 3) (1), (), 3
15 2043 2),3) 1,2,(3) (2 1, (2)
16 2128 (1),2,03) 2) (1, (2
17 2193 ), (3) 2),(3)
18 2336 (1), (2),3 2,(3) (1), (3) (1), 2,3)
19 2361 D, (2 D, (2 D, () (D, (2)
20 2428 1), () (1), (@) (1) 1,2
21 2578 3) 3)
22 2578 3) 3)
23 2598 1,2 1,2 () 1, (2
24 3040 ) 2) (1),2
25 3196 (3) (3) (2),3) (2),3)
26 2246 (1) (1)
27 3346 (1 (1)
28 3941 (1) (1) (1) (1)
29 4438 2),(3)
30 5046 (1, (2)

fr/4 and f7/3, and a slight shift of the fr/2 peak) of predicted and measured
frequency sweep forced response functions of the output gear in terms of |ry0.,.|
due to exact in-phase transmission error excitations. These minor discrepancies are
probably attributed to non-linearity in the system and effect of damping on f7,
which are not directly considered here and beyond the scope of this study. The
models of e; and e, are semi-empirical and consist of seven significant mesh
harmonics expressed as ¢, = X, _, e exp(jkwt + @) for i = 1, 2 to adequately fill
the operating speed and frequency ranges. Since each mesh harmonic is assumed
incoherent, the total mean square response is given by

(1o ={ ) w},

where |0.(w)| = @*U17)|.
The effect of tooth mesh phase lag is analyzed and shown in Figure 5 as it was
also discussed in reference [13]. This is simulated by varying ¢.;, the phase of e,
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relative to e;. Since the system mass and stiffness distributions remain invariant,
the basic modal behavior stays like the baseline result. However, the forced
response varies with @,,, due to a shift in the relative contribution of ¢, and e,.
As @, is varied from 0 to 180° at increments of 45°, the dynamic responses
decrease monotonically. For 180 to 360°, the responses rise steadily back to the
original level. Also, the specific system mode excited by e; is dependent on the
angular quadrant of &,;. For instance, the resonance peak at fr/2 =~ 1180 Hz
disappear for the &,, = 135° case and is displaced by fr/3 =~ 1070 Hz that
corresponds to a different torsional mode at fr. In general, fr is the dominant
natural frequency when @, ranges from —90 to 90°, while f> becomes the primary
resonance when @, is between 90 and 270°.

To further demonstrate the capability of the proposed model, a tri-helical mesh
counter-shaft speed reducer with transmission ratio equal to 2:1 is considered next.
The analytical model assumes quasi-rigid shaft and possesses 30 independent
co-ordinates. The eigenvalue analysis produces five rigid body and 25 flexible
modes. Their natural frequencies are within +3% discrepancy of finite element
calculations. The flexible modes are classified according to their basic
characteristics of relative transverse, torsion and coupled rotation-translation
modal behavior, as described in Table 1. Here, a specific characteristic is
considered significant when its corresponding eigenvector term ¢,; satisfies
Gnj/Gnmar = 0-1, where ... is the highest relative term in {g, }. The dynamic mesh
forced response F,,; per harmonic excitation e; of this » = 3 model for y, = 1 (solid

line) and y, = —1 (dashed line) conditions are shown in Figure 6. The results show
500 500
. (a) = (b)
Z 400 - Z 400 [~ A
Fro
S 300 - S 300 A A\
s s f o
£ 200 [~ £ 200 - J ™
0 1 0 ) S
% N\ / § /‘\ / /
100 — N //mez 100 — F IFm1
m3~ /=~ \_ PR
0 Y o S 0 S
1000 2000 3000 4000 1000 2000 3000 4000
Frequency (Hz) Frequency (Hz)
500
Z 400
S 300
L
£ 200
17
[
2 100

0
1000 2000 3000 4000
Frequency (Hz)

Figure 6. Mesh force response F,; due to fundamental harmonic of ¢; applied individually:
(a) e, (b) e, (¢) es. Keys: —, y1=1; -, = — 1.
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Figure 7. Effect of f; on selected f, for n = 3.

the majority of the resonant peaks occur within the range of 1-4 kHz and are due
to modes with significant torsional and translational coupling as depicted
qualitatively in Table 1. Note the dissimilarities between the responses of different
gear pairs. For example, F, (w)/e; contains the response from modes 13, 19, 20
and 23, and F,,2(w)/e, is controlled by modes 10, 14, 15 and 24, while only modes
11, 12, 18 and 25 are being excited in F,,3(w)/es. Also, the presence of helical gears
create a slight asymmetry. Hence, the response is affected by the operating
conditions related to rotational directions and coast/drive arrangements.

Finally we use the proposed formulation of the » = 3 model to evaluate the
effect of gear pair position angle f on f, and the dynamic response. By varying
f, an assorted number of transmission layouts can be evaluated quickly, which
is equivalent to analyzing a large number of preliminary designs at the conceptual
stage. Figure 7 shows the results of f, when varying f; and keeping 5, = f, = 0.
The lower (f, < 1500 Hz) and higher (f, > 2300 Hz) sets of natural frequencies are
virtually unaffected by f;. However, the modes in the range of 1500-2300 Hz are
found to vary periodically with periodicity of 360°. The amplitude of the variation
Af, is almost up to 50 Hz.

Next, f, and f; are varied systematically from 0 to 360° to study their composite
effects on overall dynamic response. Mapping the effects of f, and f;
simultaneously produces results for all possible configuration of the n = 3 case.
To evaluate the massive amount of calculated data in a compact form, only the
maximum mesh force peak response of FF¥(w) and total mesh power
P,=7%_, [ F,0;df from 1 to 3kHz that encompasses the majority of the
dynamics are examined, as shown in Figures 8 and 9, respectively. The 3-D
topographical curves and the corresponding 2-D contour plots produce highly
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structured dynamic characteristics. The specific regions of local maximum and
minimum in F¥;(f,, f3), Puni(f2, f3) and P,.(P,, B;) are quite similar. Their degree
of steepness (directly proportional to the density of the contour lines) gives an
indication of the sensitivity of a particular configuration. For instance, P, and
F}, are found to be sensitive to slight perturbation in S, for 200° < f, < 300°,
where they are also maximum. In contrast, they are virtually insensitive to f; for
any value of f,. Further examination of the 2-D contour patterns reveals three
types of equi-magnitude lines. One set is aligned with the axes of f§; while another
set makes a 45° angle. The third kind is nearly elliptical in shape with its major
axis oriented approximately at a 45° angle. The first-type of equi-magnitude
horizontal lines appear in F% and P, functions primarily because they are not
affected much by f;. The second type is seen in F;f; and P, ; whose contour lines

350
Z 300 360 3
L.’é 250 IRRRARAN _1 o
O 240 —
()
_ 200 ;5;
% 360 2
® 240 120
?’% 120 =
o 07 \ | |
= 0 120 240 360 0

0 120 240
(a) B, (degrees)
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[*2]
o

B, (degrees)

360 7/ (-7
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Figure 8. Maximum mesh force peak F}¥ topographical and contour plots as a function of 5, and
B: for n = 3: (a) F¥,, (b) F¥,, (c) Fis.
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can be generalized by f, — ff; = constant. This condition reflects the invariant
dynamic behavior of F; and P, ;, as long as the same angular position between
the second and third gear pairs is maintained. The elliptical trend is seen mostly
in F¥,, P,,and P,. These elliptical curves imply that the dynamics of the second
mesh is affected by both f, — f, and f; — f,, while the other two meshes are
influenced only by either f, — S, or f; — S, but not both. Also note that the specific
features of these equi-magnitude lines are somewhat dependent on the choice of
the reference position angle. Suppose f5; is the reference position angle where
f; = 0 instead of f; = 0, the orientations of the straight equi-magnitude lines of
F%., P,.., F¥;and P,; will change. The contour plots (8, versus f3,) of F¥; and P,
is expected to show 45° lines while the ones associated with F};, and P, ; will
produce vertical lines that are parallel to the 8, axis. The contours of F},, P, and
P,, will still remain elliptical. On the other hand, if 8, is used as the reference
(B> = 0), the contours of Fk,, P,., F¥; and P,; will generate equi-magnitude lines
that are perpendicular to the axes of their own position angle. Again, the contours
of Ff,, P,, and P, will depict elliptical trends.

Similarly, other combinations of response variables and design parameters can
be computed easily and evaluated systematically. Even though limited results are
shown here, the proposed formulation is shown to be reasonably accurate and
highly useful for computing the dynamic response of a n-mesh counter-shaft
geared rotor system. It is especially adaptable to study a large number of
geomerical configurations and parametric effects, which are suitable for evaluating
preliminary designs where detailed demensions are still undefined.
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