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Approximate analytical methods for the study of non-linear vibrations of
spatially continuous systems with general quadratic and cubic non-linearities
are discussed. The cases of an external primary resonance of a non-internally
resonant mode and of a sub-harmonically excited two-to-one internal resonance
are investigated. It is shown, in a general fashion, that application of the
method of multiple scales to the original partial-differential equations and
boundary conditions produces the same approximate dynamics as those
obtained by applying the reduction method to the full-basis Galerkin-
discretized system (using the complete set of eigenfunctions of the associated
linear system) or to convenient low-order rectified Galerkin models. As a
corollary, it is shown that, due to the effects of the quadratic non-linearities, all
of the modes from the relevant eigenspectrum, in principle, contribute to the
non-linear motions. Hence, classical low-order Galerkin models may be
inadequate to describe quantitatively and qualitatively the dynamics of the
original continuous system. Although the direct asymptotic and rectified
Galerkin procedures seem to be more ‘“appealing” from a computational
standpoint, the full-basis Galerkin discretization procedure furnishes a
remarkably interesting spectral representation of the non-linear motions.

© 1999 Academic Press

1. INTRODUCTION

Elastic systems such as arches, cables, plates, and shells are usually modelled by
non-linear partial-differential or integral-partial-differential equations with
pertinent boundary conditions. Non-linearities can appear in the governing
partial-differential equations, boundary conditions, or both. Non-linearities can
be strong or weak. Typically, use of analytical perturbation techniques allows
one to construct the approximate dynamics of systems with weak non-linearities
or the local dynamics of systems with strong non-linearities.

Within the framework of analytical techniques, non-linear vibrations of
continuous (distributed-parameter) systems can be studied either by attacking
directly the original partial-differential equations and boundary conditions with
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a reduction method (e.g., the method of multiple scales) or by discretizing the
system, first, and, then, by constructing, via a reduction method, approximations
of the obtained reduced-order systems. With the first approach (direct
treatment), the reduction procedure acts on the temporal dependence of the
system without any a priori assumption of the form of the solution. With space
discretization, the spatial condensation, also referred to as system order
reduction, achieved by means of one of the many versions of the method of
weighted residuals [1], is a crucial step. It is a common practice to project via the
standard or ‘“flat” Galerkin procedure the original infinite-dimensional non-
linear system on to a basis forming a complete set of functions usually consisting
of the eigenfunctions of the associated linearized system when the boundary
conditions are homogeneous. Then, truncation to a finite number of basis
functions generates classical low-order models. Inherent limitations of this
conventional discretization procedure have been highlighted by a number of
works (see references [2—4, 6, 7]).

In the context of buckling problems, Troger and Steindl [2] showed that
discretization procedures such as the Rayleigh—Ritz and Galerkin methods can,
for some examples, lead to qualitatively incorrect bifurcation diagrams. Hence,
these procedures may lead to erroneous conclusions about the structural stability
of a system.

Recently, Lacarbonara et al. [3], while exploring theoretically and
experimentally the response of a fixed—fixed first-mode buckled beam to a
primary resonance of its first mode when no internal resonances were activated,
showed that direct treatment of the integral-partial-differential equation and
associated boundary conditions yielded, for high buckling levels, results in
agreement with the experiments whereas some low-order Galerkin-reduced
models led to qualitatively erroneous results.

Also in the context of internal resonances, Rega et al. [4] showed that a four-
mode Galerkin model of multiple internal resonances involving four modes of a
suspended elastic cable yielded results in disagreement with the outcomes of a
direct treatment of the original system for some classes of motions and their
bifurcations.

Nayfeh [5] developed a scheme for constructing reduced-order models of non-
linear distributed-parameter systems that overcome the shortcomings of low-
order classical Galerkin discretizations. We refer to this method as rectified
Galerkin procedure for non-linear systems. Application of the method of multiple
scales to the constructed rectified models for an Euler—Bernoulli beam resting on
a non-linear elastic foundation and a buckled beam yielded results for the
modulation equations that agree with those obtained by directly attacking the
partial-differential equations and associated boundary conditions. Nayfeh and
Lacarbonara [6] summarized the results obtained by low-order classical Galerkin
or rectified Galerkin discretizations and direct treatment of six continuous
systems.

In studying the non-linear normal modes of a simply supported beam on an
elastic foundation with quadratic and cubic non-linearities when no internal
resonances were activated, Nayfeh er al. [7] showed that approximate results
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obtained with direct treatment of the governing equations agree with results
obtained with a full-basis Galerkin discretization procedure. Later, Pakdemirli
and Boyaci [8] attempted an extension of this result to general self-adjoint
systems with quadratic and cubic non-linearities when no internal resonances
were activated. However, in their analyses, one of the fundamental results was
postulated instead of proved.

In this paper, a class of one-dimensional distributed-parameter systems with
general quadratic and cubic geometric and quadratic inertia non-linearities and
with general homogeneous boundary conditions is considered. The direct
treatment, the full-basis Galerkin discretization, and the rectified Galerkin
procedures are used to obtain a second-order approximate response of the system
to a primary resonance of the nth mode when this mode is not involved in
internal resonances with any other mode. Also constructed, by using these three
procedures, is a first-order approximation of a two-to-one internal resonance
involving two modes excited by an external sub-harmonic resonance of order one-
half of the high-frequency mode. It is shown, in a general fashion, that the three
procedures yield the same results for the approximate dynamics. It is worth noting
that these results may be extended to more general non-self-adjoint systems (e.g.,
moving media) and general bidimensional distributed-parameter systems.

2. A CLASS OF ONE-DIMENSIONAL SYSTEMS

Consider a class of one-dimensional distributed-parameter systems with
quadratic and cubic geometric and quadratic inertia non-linearities. Systems with
initial curvature, by restricting the analysis to the local dynamics around their
initial static equilibrium configurations, belong to this general class. In non-
dimensional form, non-linear motions for these systems are governed by

V+ Lv=No(v,v) +Zo(v,v) + N3(v,v,v) — ¢V + F(s,1), (1)

subject, without loss of generality, to the linear homogeneous boundary
conditions

Biv=0 at s=0 and Byy=0 at s=1, (2)

where s is the co-ordinate along the centerline of the system (non-
dimensionalized with respect to the span); the overdot indicates differentiation
with respect to the non-dimensional time ¢ v(s, ¢) is the dynamic deflection with
respect to the initially straight or curved configuration; the non-dimensional
inertia is assumed to be unitary; £ is a linear and homogeneous, self-adjoint and
positive-definite differential or integral-differential operator of order 2p; A/, and
N3 are quadratic and cubic geometric operators, and Z, is a quadratic inertia
operator; I3; are linear and homogeneous differential boundary operators of
order less than or equal to 2p — 1; ¢ is the linear viscous damping coefficient; and
F(s, t) is the forcing function. In general, it is assumed that the non-linear
operators do not commute, i.e., N »(v, w) # N>(w, v). Because the linear unforced
undamped problem, by virtue of the self-adjoint nature of the linear stiffness
operator with given boundary conditions on the appropriate domain with
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compact support, is self-adjoint, the eigenfunctions ¢,,(s) are mutually
orthogonal and have been normalized as follows

1
J d)m(s)d)n(s) dS = <d)m¢)n> = 5mna <¢m £¢n> = (Diémn, (3)

0

where 0,,, is the Kronecker delta. The eigenvalue problem for the frequencies
and the mode shapes defines the linear operator M as

M[p;0] = (£ — o’ 1), (4)

where [ is the identity operator.
For a beam resting on a non-linear elastic foundation,

Lv="" Nav,v)=—*, Ni3(v,v,v) = —ozV°, (5)

where the prime indicates differentiation with respect to the non-dimensional co-
ordinate s.

For a shallow arch with the given initial shape w(s), subject to the end-load p,
in the pre- or post-buckling condition,

EV —_ v//l/ + PVN . wl/(vllpl% Nz(V, V) —_ V”<V/lpl> _i_%lp//<v/2>7
Ni(v,v,v) = %v"(va),

(6)

where
P=p+iin —y?). )

The static equilibrium configurations y due to the end-load p, in the pre- or
post-buckling range, are solutions of a non-linear ordinary-integral-differential
equation with the associated boundary conditions.

For a suspended homogeneous elastic cable with small sag-to-span ratios [9],
using vector notation,

ul + kb2 W'y 0

Lv=— , (8)
0 ul
')+ 5+ ) LR+ )
No(v,v) = kb , Ni(v,v,v) ==k ,

sy (') iy (U + uz)

9)
cu 0 P (s)cos Qt
Cv = , F(s,1) = , (10)
0 Cally P2(S) COS(QI + ‘L')

where k=FEA/H (EA is the axial rigidity of the cable and H is the initial
static tension), b is the sag-to-span ratio, v' = {u;, u»} denotes the vector of the
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in-plane (vertical) and out-of plane (horizontal) displacement components and
the superscript T indicates the transpose.

3. DIRECT TREATMENT

The method of multiple scales [10, 11] is used to determine a second-order
uniform expansion of the solution of equations (1) and (2) when the system is
subject to a primary resonance of the nth mode and no active internal
resonances engage this mode with any other mode. To this end, the forcing
function is assumed to be a pure tone: F(s, t)= F(s)cos Qt. Moreover, the
damping and forcing are scaled as ¢’c and &’F, respectively. Note that because
resonant terms appear at the third order, the solution does not depend on the
non-linear time scale 7; =e¢t. Hence, a solution of equations (1) and (2) is sought
in the form

v(s, ;) = evi(s, Ty, T) + 82V2(S, Ty, T>) + 83V3(S, To, T2) +---, (11)

where ¢ is a small non-dimensional bookkeeping parameter, Ty =1 is a fast scale,
and T,=¢’t is a slow non-linear time scale. To express the nearness of the
primary resonance, the detuning parameter ¢ is introduced such that
Q=w,+¢&%.

Substituting equation (11) into equations (1) and (2), using the independence
of the time scales, and equating coefficients of like powers of ¢ yields:

Order ¢:
F(v) = DJvi + Lv; =0, (12)

Order &
F(va) = Na(vi,vi) +Za(Dovi, Dovy), (13)
Order &

F(v3) = =2D¢Dyvy — cDovy + Na2(vi,v2) + Na(va, v1)
+ Z>(Dgv1, Dova) + Z2(Dgva, Dovy)
+N3(V1,V1,V1)—l—F(S)COSQTo, (14)

where D, =0/0T,. The boundary conditions at all orders are given by
Bivj=0 at s=0 and B,yy=0 at s=1, for j=1,2, and 3. (15)

Because the nth mode is directly excited and no internal resonances are
activable; moreover, because the system is damped and the interest is in the
steady-state dynamics for this mode, the generating solution at order & is
assumed to be

v = [A,(T2) €70 + A,(T) e 0], (s), (16)

where the overbar indicates the complex conjugate. Substituting equation (16)
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into equations (13) and (15) yields the following inhomogeneous problem at
second order:

F (1) = hin(s) A2 270 4 Iy (5) A, A, + cc, (17)

where cc stands for the complex conjugate of the preceding terms, and
hin(s) = Na(dys $) — 02 Ta (B b1)s (18)
hzn(S) :Nz(d)n’ d)n) +Q)£I2(¢n, (rbn)ﬂ (19)

with boundary conditions (15).
The solution of the second-order problem is easily found as

vy = Wi,(s) 4% 2T 1 Wy, (5) A, A, + co, (20)
where the functions ¥, are solutions of the following boundary-value
differential or integral-differential problems

MW 15 20,] = hin(s), M[¥2,;0] = han(s), (21)

Bi¥,=0 at s=0 and B,¥;, =0 at s=1, for j=1and2. (22)

Substituting the second-order solution, equation (20), into the third-order
problem, equations (14) and (15), terms that produce resonant effects arise
causing the expansion to break down. To render the expansion uniform, a
solvability condition is imposed by multiplying the right-hand side of the third-
order differential equation by the adjoint ¢,(s) exp(—iw, Ty) and integrating the
resulting equation over the normalized space domain [0, 1] (see reference [10]).
The result is a complex-valued modulation equation for the amplitude A4,
governing the slow dynamics of the system; that is,

2iw,(Dr Ay + pAy) = 8wt AL A, + 35 £, €772, (23)

where ¢=2u, the nth-modal projection of the force is f,=(¢,F), and the
effective non-linearity coefficient is given by

1
nm = 5 Snnn 3annn . 24
> 8w, ( + ) (24)

In equation (24), the overall softening effects caused by the quadratic non-
linearities are expressed as

S""" = <¢nN2(¢n’ qlln)> + <¢nN2('Illn’ ¢n)> + 2<¢nN2(¢n’ W2H)>
+2(py N2 (P2n, §)) + 207(, (s Vi) + 203(0y To( 1 ). (25)

The coefficient I',,,,, can be obtained by putting k=/=m=n in

Litmn = Tpkim = <¢nN3(¢k> d)la ¢m)>‘ (26)
Then, using the polar form A, =(1/2)a,expli(cT>—17y,)] gives the real-valued
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modulation equations for the amplitude and phase

1
Dra, = —ua, + = f—"sin Vs (27)
n

2w

Ln

ay(Dyy,) = ayo + oc,mafl + o,

COS7,. (28)

Therefore, the steady-state responses (i.e., the fixed points of equations (27) and
(28) with D»a,=0 and a,(D,y,) = 0) are solutions of the following frequency-

response equation:
2 1/2
2 o 2
o= —0 a,i( —u) . (29)
"=\ dolal

Combining equations (11), (16), and (20), using the polar form for 4,,, and the
resonance detuning condition, one can express the displacement field, to second
order, as

v(s, 1) = ea, cos(Qt — y,)p,(s) + %8261% [cos2(Qt —y,)Vin(s) + P ()] + -+ (30)

Note that the effects of the quadratic non-linearities are twofold: (i) they
produce in the displacement field (30) a drift term— oca?¥,,(s)—and an
overtone term— oca? cos 2(Qt — y,) ¥ 1,(s)—while retaining, as will be shown in
the later analyses, the full spectrum of the eigenmodes of the system in the
functions ¥, and ¥,,; (ii) they are responsible for contributions from all of the
modes of the system, through ¥;, and ¥,,, to the softening effects, expressed by
equation (25), in the effective non-linearity coefficient (24).

Next, a first-order approximate solution of the system is constructed when a
two-to-one internal resonance is excited by a sub-harmonic resonance of order
one-half of the high-frequency mode. To quantify the nearness of the resonances,
the detuning parameters ¢; and g, are introduced such that

w, =20, + 601 and Q= 2w, + 0. (31)

For these resonances, proper scaling of the forcing and damping requires that
the former appear at first order and the latter at second order.
The first-order solution is expressed as

V1(8,8) = Ap(T1)P(s) €270 4 A, (T1) ¢, (5)e T + W, (5)e™?T0 4 cc, (32)
where ¥ ,(s) is the solution of the boundary-value problem
M¥,; Q] = 3 F(s), (33)

with boundary conditions (22).

Substituting equation (32) into equation (13) (where the damping term was
added) and accounting for the resonance detunings (31), elimination of the terms
that produce secular effects at second order leads to the following two coupled
solvability conditions:
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2iwm (DlAm + ,uAm) = SlAn glmeia] T 5 (34)

2iw, (D1 Ay + pA,) = SA2e T 4 S5 4,e2T (35)
where the non-linear interaction coefficients are given by

S| = AT AT Sr, =4 (36)

mmn mnm? nmm >

Sz = <¢nN2(¢n’ lpp» + <¢nN2('P[7’ ¢n)> + an<¢nzz(¢na TP))

+ Q1 (d, Lo(Vp, Pn))s (37)

with
Akilm = Apim + 010 Aiim, (38)
Ak/m = <¢k N2(¢1 ’ (/)m)>! and Aklm = <¢k IZ(d)] ’ d)m)) (39)

Using the polar transformations
Ay = %amel/41(201T1+<72T1—2y1—"/z) and A4, = %anel/ﬁ(ﬂzﬂ 1), (40)
one can express the displacement field, to first order, as

V(s, 1) = &y cos (1 — 95 — 291) ¢, (5) + €a, cOs 3 (Qt — 77) P, (s)
+2eW,(s)cos Qt + - - (41)

where a,,, a,, 71, and 7, are solutions of the modulation equations (34) and (35).
In the next sections, it is shown that the function ¥, embodies modal
contributions, in principle, from the full eigenspectrum. Therefore, the one-half
external sub-harmonic resonance acts to capture, to first order, contributions
from all of the modes to (i) the displacement field (41) and (ii) to the effective
sub-harmonic resonance excitation amplitude Ss, given by equation (37).

4. FULL-BASIS GALERKIN DISCRETIZATION

Taking the set of the eigenfunctions of the associated linear problem as a
complete set for discretizing the system via the Galerkin method, it is postulated
that the solution can be represented as

W) = 3 EDels). (42)
k=1

Hence, using the Galerkin method and employing the ortho-normality of the
eigenfunctions, one obtains an infinite set of non-linearly coupled ordinary-
differential equations for the generalized co-ordinates &;(¢)
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oo o0

ék + wiék = (Ak/mélém + Aklmélém)
1

=1 m=

+ Zzzrklmnélémgn - c&k +fk Ccos Qt: k - 1927 ..., 00, (43)

I=1 m=1 n=1

where Ay, and 4, are given by equations (39), I, is given by equation (26),
and fi = (¢ F).

Using the method of multiple scales to construct a second-order
approximation of the response of system (43) to a primary resonance of the nth
mode, one obtains

$(s, 1) = 6 cOS(Qt = 5,),(s) + 56243 [c0s 2(Q1 = §,) P1a(s) + Paun(s)] + -+ (44)

where
Pul) =Yg and B =D T @)

The modulation equations for the amplitude and phase of the motion, expressed
by equations (44) and (45), are the same as equations (27) and (28) obtained
with the direct treatment once the softening term S, is replaced in the effective
non-linearity coefficient (24) with

o0
I’ZI’ZI’I E

and A,:—?m is given by equation (38).

It is worth noting that a finite-dimensional discretization procedure would
yield finite-order models which can be easily extracted from the infinite-
dimensional solution, equations (44)—(46), by retaining a finite number of
modes.

The effective non-linearity coefficient (24) consists of two terms: one term,
3I,,/8w,, generated by the cubic non-linearity, and one term, S,,./8w, if
calculated with the direct procedure or S‘,mn/Sa)n if calculated with the full-basis
discretization, caused by the quadratic non-linearities. The first term, which is
the same, to second order, if calculated with the full-basis Galerkin discretization
or the direct procedure (or with a low-order Galerkin discretization), can be
shown to be negative; therefore, it produces a hardening behaviour. On the other
hand, the softening term depends evidently on the order (i.e., number of modes)
of the discretization procedure. Because the effective non-linearity coefficient
depends on the relative magnitudes of the hardening (cubic) and softening
(quadratic) terms, there is a possibility of a sign difference in this coefficient
depending on the order of the discretization procedure employed. Consequently,
full-basis and low-order Galerkin discretization procedures, depending on the order

247 A A;
jnn jnn 2 Jnn
nnj + Anjn ( (,sz + (,012 _ 4(0%) + 2’wn<Am’lj + Anjn) (Uj 4(,02 Y (46)
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of the latter, may yield qualitatively different dynamics for primary resonances of a
non-internally resonant mode.

Next, constructing a first-order uniform expansion of equations (43), when a
two-to-one internal resonance is excited by a one-half sub-harmonic resonance
of the high-frequency mode, gives

17(_5', [) = S&m COS% (Q[ - 772 - 2?1)4)111(‘9) + S&n COS% (Q[ - ?Z)an(s)

+2e¥,(s) cos Qt + - -, (47)
where
) = (0 (48)
and
Gr = % a)if—k @ i

The complex-valued modulation equations for the amplitudes A,, and A, of
the interacting modes are the same as equations (34) and (35) once S; is replaced
with

S3 = Z[Annk + Apien + an(Annk + Ankﬂ)]Gk' (50)
k=1

It is clear that due to the external one-half sub-harmonic resonance: (i) the
effects of all modes are embodied in the displacement field (47) through the
function ¥,, given by equation (48), and (ii) the effective sub-harmonic
resonance excitation amplitude (50) also captures contributions from all of the
eigenmodes. In a low-order Galerkin discretization, the function ‘?’p and the
effective sub-harmonic resonance excitation amplitude S; would be expressed by
finite summations with the number of terms being equal to the number of
retained modes or discretizing functions. On the other hand, the non-linear
interaction coefficients S; and S,, by inspection of equation (36), do not depend
on the order of the discretization procedure. Quantitative discrepancies in the
computation of S; may affect the eigenvalue structure of the modulation
equations (34) and (35) for the non-linear modal coupling. Therefore, full-basis
and low-order Galerkin discretizations may produce, even to first order,
qualitatively different dynamics for the sub-harmonically excited two-to-one
internal resonance.

5. LOW-ORDER RECTIFIED GALERKIN PROCEDURE

Using the rectified Galerkin method proposed by Nayfeh [5], one obtains the
following single-mode model for the primary resonance of the nth mode:

i/}n + w,%"n = Annnnfzq + Annnﬁi + fnnnn”]z + Hnnnnrlnf]i - 6'7;],1 + fncos Qt, (51)
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where higher-order terms for a second-order approximation of the primary
resonance were neglected and I',,,,,,, and 11, are given by

Lnnn = Lnpnn + <¢n Nz((bn’ wnn» + <¢n Nz(wnn’ ¢n)> (52)

and

Iy = <¢n N2(Cbnns Xnn)> + <¢n N2(Xnn’ ¢n)>
+ 2<¢n Iz(¢m lpnn - wi%nn» + 2<¢n Iz(wnn - wi%nn’ ¢n)> (53)

The displacement field, to second order, is expressed as

17(59 Z) = nn(t)¢n<s) + [nn(t)zlpnn(s) + ’;]n(t)z}Cnn(S)] +oeee (54)

where the functions ,,, and y,, are solutions of the following coupled two-point
boundary-value problems [5]:

‘C,vbnn - 260,21%;1 + 2('0:11 Ann = N2(¢n> d)n) - Annnd)na (55)

ﬁ%nn + 2lpnn - Zwﬁ}fnn = I2(¢n’ ¢n) - Am’m(bnﬂ (56)

with boundary conditions for ,, and y,, given by equations (22). The
differential equations (55) and (56) can be decoupled by introducing the linear
transformations [5]

1 hnn - 2gnn
wnn = Z (hnn + 2gnn) and Xon = 4—(0% : (57)
The resulting decoupled system is
M[gnn; 20)"] = N2(¢H7 ¢n> - wiIQ((pn’ ¢n) - A;nn(lsnﬂ (58)
M[hnn; O] = 2N2(¢,1, ¢n) + 20)1271'2((]5}1’ (pn) - 2A;nn¢n’ (59)

with boundary conditions for g,, and #,, given by equations (22). Note that in
equation (51) the rectification of the Galerkin method has produced an
additional cubic geometric term— oc(Iymm — ) —and a new cubic inertia
term—oc Il .

Applying the method of multiple scales to equation (51) to produce a second-
order approximate solution gives

Ny = &Ny + 827//;12 +-=eay, COS(QI - ?n)
| _ -
+ 82 602 ai [3/11-;111 - Annn €os Z(Qt - Vn)] +oe (60)
n

where the amplitude @, and the phase 7, are fixed points of the same modulation
equations as equations (27) and (28) obtained with the direct treatment once one
replaces the softening term S, in the effective non-linearity coefficient (24) with
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~ 2 4
Sumn = 5 Aunn 64T — A )Y——A
3w?2 ( )

nnn nnn 3 nnn

A}’l}’l}’l + 3fnnnn - 3Fl1l’ll’m + winnnnn (61)

Hence, making use of some trigonometric identities and of equation (57), one
obtains for the displacement field

P(s, 1) = e, cos(Qt — 7,),(5) +12@2[cos 2(Qt — 5,) P1a(s) + Pau(s)] + -+, (62)

where
Y= — and ¥, = 1 hun +—52 ¢ (63)
1n gnn 36{)% n 2n 2 nn CO% n*

Next, a two-mode rectified Galerkin model is used to construct a first-order
uniform expansion of the two-to-one internal resonance excited by a sub-
harmonic resonance of order one-half of the high-frequency mode.

The displacement field, to first order, is given by

17(5, l) = ’7n1(l)¢m(s) + nn(t)d)n(s) + C(S) cosQr+ -, (64)
where {(s) is the solution of the boundary-value problem
M[C’ ‘Q] = F(S) _f;ﬂd)m(s) _ﬁl(:bn(s)’ (65)

with boundary conditions for { given by equations (22). The generalized co-
ordinates 7, in equation (64) are solutions of the following two-mode rectified
Galerkin model:

i, + o, =Y A + Avitiy)] — o+
7

fl' + Zpij]"//j
J

for r=m and n, (66)

cos 2t — Z q1; sin 1,
J

where higher-order terms for a first-order approximation of the sub-
harmonically excited two-to-one internal resonance were neglected and the
summations are extended to the mth and nth modes involved in the internal
resonance. Furthermore,

Prj = <d)rN2(¢_ja C)> + <¢1 N2(Ca d)/)) and qrj = Q<¢) 1-2((#/7 C)> + ‘Q<¢) Iz(C’ ¢/)>
(67)
It follows from equations (66) that the Galerkin rectification has generated in

each modal equation two additional multiplicative-type excitation components;

namely, (prmnm +prn77n) cos Qt and _(qlmnm + Qi'nﬁn) sin Q1.
Applying the method of multiple scales to equations (66) to construct a first-
order approximation of the two-to-one internal resonance gives

n, =ed.e ¢ (s) +eGe?T 4..., for r=m and n, (68)

where G, is given by equation (49). The complex-valued modulation equations
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for the amplitudes A,, and A, of the interacting modes are the same as equations
(34) and (35) once one replaces S; with

S3 = 2G (A + anAnnn) + G A + Anmn) + @, 2G 1 (Apum + Anmn)
+ %pnn + %wnqnn- (69)

Using the polar transformations (40) and equation (64), one can express the
displacement field as

V(s, 1) = &y cOS T (Q1 — 5 — 271) ¢, (5) + €dy cOS 1 (Qt — 72)h,,(s)
+26¥,(s) cos Qt + - - -, (70)

where

TP(S> = %C(S) =+ Gn1¢}17(s) + GHan(S). (71)

6. EQUIVALENCE BETWEEN DIRECT TREATMENT, FULL-BASIS, AND
LOW-ORDER RECTIFIED GALERKIN DISCRETIZATIONS

In the next two sections, it is shown that the approximate solutions obtained
with the direct treatment, the full-basis Galerkin discretization, and the rectified
Galerkin procedure are equivalent either in the case of no internal resonances or
in the case of a sub-harmonically excited two-to-one internal resonance. To show
that the approximate displacement fields obtained with the three methods are
equivalent, it is shown that the complex-valued amplitude of the only excited
mode or the amplitudes of the interacting modes are the same regardless of the
method employed and the higher-order spatial corrections due to the non-
linearities are the same. It has already been shown that, for both resonances, the
modulation equations governing the slow dynamics of the complex-valued
amplitudes are formally equivalent for each of the method employed. Hence, one
needs to show that the softening term in the effective non-linearity coefficient, in
the case of no internal resonances, or the effective sub-harmonic resonance
excitation amplitude, in the case of a two-to-one internal resonance, are the same
regardless of the procedure used. In addition, one needs to show that the higher-
order spatial corrections obtained with the different procedures are the same.

6.1. THE CASE OF NO INTERNAL RESONANCES
Part 1. It is shown that

P1a(s) = Pral(s) = Prals) (72)
and

P0u(s) = Panl(s) = Pan(s). (73)

To prove equations (72) and (73), it is shown that ¥, and 'i’zn, ¥, and ¥,,
are solutions of the differential boundary-value problems given by equations (21)
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with boundary conditions (22). That is,

M[P1a(5): 200) = hia(s),  M[P2,(5); 0] = hau(s), (74)

/\/l['f’ln(s); 20,] = hin(s), M[g’zn(s); 0] = han(s), (75)

with boundary conditions for 'Pjn and @jn, for j=1, 2, given by equations (22).
Note that ¥, and ¥,, satisfy identically the boundary conditions. Applying
the operator M[¥; 2w,] to ¥, gives

. . — N A; n . _ < Al;nn 2 2
M['Plna an] - 27 [¢k7 2(’0"] - 27 (wk - 4wn)¢k

=1 4o =1 wp — 4o
- Z A/:nnd)k(s)’ (76)

k=1

where use of the fact that M([¢y; 2w,]= (0] —4w?2)d, was made. Expressing
hi1,(s), given by equation (18), in the basis of the eigenfunctions ¢, gives

() = S U Moy b)) — @20 Tolbo o) = > Agbels). (77)
k=1

k=1

Therefore, according to equations (76) and (77), it is concluded that the first
equality of equation (72) is true.

Similarly, noting that, according to equation (19), hy,(s) =3 2,4, ¢i, by
applying the operator M[¥; 0] to ¥, given by equation (45), one obtains

M0 = 300 Migs0) = 3 s = o) (78)
k=1 k

Consequently, the functions W1,(s) and W,(s) are spectral realizations, in the
basis of the eigenfunctions ¢y, of V1,(s) and W,,(s).

Nayfeh et al. [7] used a Fourier-series expansion of ¥, and ¥,, to show the
identities ¥, _'PJ,, in the case of unforced undamped vibrations of a beam
resting on a non-linear elastic foundation with quadratic and cubic non-
linearities.

Next, substituting equations (63) into equations (75), after some mani-
pulations, the resulting equations become

M[gnn;zwn] :N2(¢ns¢) ) w I2(¢na¢ ) nnnd)m (79)

M 0] = 2N (s b) + 207, Ta(bys by) = 245,00 (80)

with boundary conditions for g, and 4, given by equations (22). Equations (79)
and (80) with boundary conditions (22) are identically satisfied in force of
equations (58), (59) and (22).
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Part I1. It is shown that

Snnn = Onnn = ~nnn- (81)

Substituting the identities (72) and (73) and equations (45) into S,,, given by
equation (25) yields

00 AT
Snnn = Z{ﬁ [<¢n N2(¢na ¢k)> + <¢n N2<¢k9 ¢n)>

k=1 n

+ 202 (P L2 (Ppr D1)) + (D Ta(dps D))
F20 (9, N0y 000) + (00 N2 8] (52)

k

Using the definitions (39) for Ay, and A4, it is verified, with some further
algebra, that, according to equations (46) and (82), the first equality of equation
(81) is true.

Next, it is shown that S, = S,.,. Considering the definitions (52) and (53),
equation (61) for the softening term of the single-mode rectified model becomes

~ 2 3 3
Spin = 3—0)%Annn(6/1+ -4 ) - %A Apn

+ 3<d)n Nz((bn’ lpnn)) + 3<¢n Nz(wnna d)n»
+ w121<¢n N2(¢n’ Xnn)) + (Di21<¢n N2(Xnn’ (bn»
+ 2wi<¢n IZ(d)m wnn - wi%nn» + 2w121<d)n I2(wnn - (Drzz}fim’ ¢n)>' (83)

Using equations (57) and (63), one obtains the following intermediate results

1 1 A
Y = 5 (V1o + Yau) + ) <% - A:nn) P (84)
1 1 A;nn
ton = 5 ¥ = 1) =0 (224 47, ) (55)
and
lp}m - wi%nn = qlln + WA;nnqsn (86)

Substituting equations (84)—(86) into equation (83) yields

vannn — <¢n N2(¢n’ lPln)> + <¢n N2(qjlna d)n)>
+ 2<¢n N2(¢n’ lP2n)> + 2<¢n /\/'2(']/2”’ ¢n)>
+ 2wr21<¢n I2<¢n’ lPln)> + 2(’0}21((15/11.2('{/1”7 ¢n)> = S (87)

where use of equation (25) was made.
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6.2. THE CASE OF INTERNAL RESONANCES
Part 1. It is shown that
E?Ip =¥ = lﬁp' (88)
Applying the operator M[¥; Q] to ‘jfp, expressed by equation (48), one

obtains

My 0) =3 ST Mig0) (89

k=1 W —

Because M[¢y; Q)= (w; — Q%) dx, then, equation (89) can be rewritten as

Similarly, applying the operator M[¥; Q] to 'f’p expressed by equation (71), one
obtains, after some manipulations,

MG Q) = F(s) = [, (s) = fau(s)- o1
This equation, in force of equation (65), is identically satisfied.
Part I1. 1t is shown that
S;=5;=35;. (92)

Using the identity ¥, = ‘1’,,, expressed by equation (88), and substituting the
spectral counterpart of ¥,, equation (48), into equation (37), the effective sub-
harmonic resonance excitation amplitude becomes

1 < '
$1=33 o2t Gl Nl 800 + (0, o6, 6.)

+ Qwi(d, Lo(by 1)) + Qo Lo(dss ¢0))]- (93)

Using the definitions (39) for A, and A, one can rewrite equation (93) as

00

S3 = E[Ankn + Ak + an (Ankn + Annk)]Gk = S3> (94)
k=1

where equation (50) was used.
Next, it is shown that S3=S5. To this end, from equation (71),

{=2%, —2Gup,, —2G,,. (95)
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Then, using the definitions (67) and the identity @p: ¥, , expressed by equation
(88), appropriate manipulations of equation (69) lead to

‘§3 = <¢nN2(¢n’ IPP» + <¢/1N2('PP’ ¢n)> + an<¢n Iz(d)n’ 'PP)>
+ Qy(¢p, Lo(Pp, ¢,)) = Ss. (96)

where use of equation (37) was made.

7. CONCLUSIONS

A class of one-dimensional distributed-parameter systems with general
quadratic and cubic geometric and quadratic inertia non-linearities has been the
object of the analyses presented in this paper. Approximate results obtained for
these systems, either for a primary resonance of a non-internally resonant mode
or for a sub-harmonically excited two-to-one internal resonance, have been
summarized. The results have been obtained with direct application of the
method of multiple scales to the original governing equations, to the infinite-
dimensional Galerkin-discretized system, and to low-order rectified Galerkin
models. It is established, in a general fashion, the equivalence between the three
procedures cither in the case of no internal resonances or in the case of the two-
to-one internal resonance. Here, the fact is emphasized that this equivalence can
be shown to hold for more general resonance conditions, including multiple
resonances. Interestingly, the rectified Galerkin discretization procedure, though
producing low-dimensional models (the dimension being dependent on the
internal resonance conditions), is capable of capturing and condensing correctly
all of the modal contributions to the non-linear motions. Also, it is noted that
this procedure is suitable for the analytical construction of non-linear normal
modes of continuous systems with or without internal resonances.

From a computational standpoint, the direct and rectified Galerkin procedures
seem to be more effective compared to the full-basis Galerkin discretization
procedure. In fact, the latter requires an infinite-dimensional projection with
subsequent solution of an infinite set of ordinary-differential equations at second
order which is traded with solving, with less computational effort, some
boundary-value problems in the direct and rectified Galerkin procedures.
However, the full-basis Galerkin procedure furnishes a remarkably interesting
spectral realization of the non-linear motions which can shed light on to the
system behaviour.

Incidentally, it was shown that the peculiar effect of the quadratic non-
linearities is to produce second-order contributions from all of the eigenmodes of
the system to the non-linear motions. It was concluded that classical low-order
Galerkin models may be inadequate to describe qualitatively the correct
dynamics of the original system.

These results may be extended to more general non-linear non-self adjoint
systems and general bidimensional distributed-parameter systems. In addition, it
is suggested that these results be used as a baseline for convergence studies of
low-dimensional discretized models of non-linear continuous systems.



866 W. LACARBONARA
ACKNOWLEDGMENTS

The author would like to acknowledge helpful discussions with Professor Ali
H. Nayfeh at Virginia Polytechnic Institute and State University and with
Professor Giuseppe Rega at the University of Rome La Sapienza.

REFERENCES

1. B. A. FINLAYSON 1972 The Method of Weighted Residuals and Variational
Principles. New York: Academic Press.

2. H. TROGER and A. STEINDL 1991 Nonlinear Stability and Bifurcation Theory.
Wien: Springer-Verlag.

3. W. LACARBONARA, A. H. NAYFEH and W. KREIDER 1998 Nonlinear Dynamics 17,
95-117. Experimental validation of reduction methods for weakly nonlinear
distributed-parameter systems: analysis of a buckled beam.

4. G. REGA, W. LACARBONARA, A. H. NAYFEH and C.-M. CHIN 1999 International
Journal of Non-Linear Mechanics, in press. Multiple resonances in suspended
cables: Direct versus reduced-order models.

5. A. H. NAYFEH 1998 Nonlinear Dynamics 16, 105. Reduced-order models of weakly
nonlinear spatially continuous systems.

6. A. H. NAYFEH and W. LACARBONARA 1998 JSME International Journal 41,
510-531. On the discretization of spatially continuous systems with quadratic and
cubic nonlinearities.

7. A. H. NAYFEH, S. A. NAYFEH and M. PAKDEMIRLI 1995 in Nonlinear Dynamics
and Stochastic Mechanics (W. Kliemann and N. Sri Namachchivaya, editors)
175-200. On the discretization of weakly nonlinear spatially continuous systems.

8. M. PakDEMIRLI and H. BovAct 1995 Journal of Sound and Vibration 186,
837-845. Comparison of direct-perturbation methods with discretization-perturba-
tion methods for non-linear vibrations.

9. F. BENEDETTINI, G. REGA and R. ALAGGIO 1995 Journal of Sound and Vibration
182, 775. Non-linear oscillations of a four-degree-of-freedom model of a suspended
cable under multiple internal resonance conditions.

10. A. H. NAYFEH 1981 Introduction to Perturbation Techniques. New York: Wiley-
Interscience.

11. A. H. NAYFEH and D. T. Mook 1979 Nonlinear Oscillations. New York:
Wiley-Interscience.



	INTRODUCTION
	A CLASS OF ONE-DIMENSIONAL SYSTEMS
	DIRECT TREATMENT
	FULL-BASIS GALERKIN DISCRETIZATION
	LOW-ORDER RECTIFIED GALERKIN PROCEDURE
	EQUIVALENCE BETWEEN DIRECT TREATMENT, FULL-BASIS, AND LOW-ORDER RECTIFIED GALERKIN DISCRETIZATIONS
	CONCLUSIONS
	ACKNOWLEDGMENTS
	REFERENCES

