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In this study the characteristics of a mobile crane are obtained by using a
¯exible multibody dynamics approach, for the determination of safe loads to
prevent tipping of a mobile crane. Only the boom of the crane is assumed to be
¯exible since it is the only element that has considerable de¯ections in
applications. The coupled rigid and elastic motions of the crane are formulated
and software is developed in order to carry out the dynamic analysis. The
variation of piston force with respect to boom angular position for di�erent
boom motion times are simulated, load curves are generated and the results are
compared with the experimental results obtained from a 10 t mobile crane.
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1. INTRODUCTION

Cranes as mechanical systems are in general closed-chain mechanisms with
¯exible members. In the problem of determination of safe loads which as a
function of the boom angular position, the solution of the dynamic equations is
necessary.
There are few studies related to the dynamics and control of mobile cranes for

various applications. In almost all of these studies the body ¯exibility is not
taken into consideration. A dynamic model for the control of a ¯exible rotary
crane which carries out three kinds of motion (rotation, load hoisting and boom
hoisting) simultaneously is derived by Sato and Sakawa [1]. Only the joint
between the boom and the jib is assumed to be ¯exible. The goal is to transfer a
load to a desired place in such a way that at the end of the transfer the swing of
the load decays as quickly as possible. The application of a hook load and safe
load indicator and limiter for mobile cranes is presented by Balkan where the
microprocessor-based control system for the determination of current hook load
is based on oil pressure and boom angle [2].
In this paper, mobile crane characteristics are determined by using ¯exible

multibody analysis. Kinematics and equations of motion of the ¯exible
multibody system are derived. Software has been developed to carry out
dynamic analysis of the crane. In the ¯exible dynamic analysis, the coupled rigid
and elastic motion of the system is formulated by using absolute co-ordinates
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and modal variables [3, 4]. Then, joint connections and prescribed motions are
imposed as constraint equations. The ¯exible body is modelled by the ®nite
element method and modal variables are used as the elastic variables by utilizing
modal transformation.
The variations of the piston force with respect to the boom angular positions

are analyzed for different boom motion times to illustrate the effect of ¯exibility
by using the developed software. Load curves are generated for various boom
motion times and compared to those of the manufacturer.

2. MODELLING OF THE CRANE

Since there is experimental work on the tipping load control of a COLES
Mobile 930 crane, for the application of the developed software, the structure of
the above mentioned crane and its parameters are used [5]. However, the method
of analysis can easily be applied to similar types of cranes with simple
modi®cations.
In general, mobile cranes are operated under blocked conditions by the

vertical jacks. The load is attached to the hook and the boom is hoisted. Since
the excessive raising of the load is dangerous, the height of the load is controlled
by lengthening the rope. During hoisting, lowering and transportation of the
load, the crane is not rotated, due to some restrictions such as very huge and/or
heavy loads, space problems, etc.
In every angular position of the boom, there is a maximum load above which

tipping might probably occur. Since the angular position of the boom changes
only during the up and down motion of the load, which is actually a planar
motion, modelling and analysis are carried out in two dimensions.

Figure 1. Schematic representation of the test crane.
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Schematic representation of the test crane is shown in Figure 1 and the

kinematic model of the test crane which can be represented by ®ve bodies is

shown in Figure 2.

Cross-section, material properties and dimensions of each body are obtained

from the technical data sheet and measured directly from the test crane. The

cross-section of Body 1 is a hollow polygon of thickness, t, as shown in Figure 3.

The cross-section dimensions increase from A0 to G and decrease from G to C

linearly, and the dimensions at sections A0, G and C are shown in Figure 3.

Body 2 is a cylindrical rod 25 mm in diameter and Body 3 is a piston 180 mm in
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Figure 2. Kinematic model of the test crane. Dimensions in mm: A0G 2000; GC 17 500; A0A
5823; A0D 5850; AD 565; BD 3455; OB0 2350; OA0 805.
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Figure 3. Cross-section of Body 1. Dimensions in mm.
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diameter with spool thickness of 20 mm. Body 4 is a cylinder with inner
diameter of 230 mm, outer diameter of 246 mm and length of 3440 mm.
Additionally, modulus of elasticity and mass density of the Body 1 are taken as
200 GPa and 5750 kg/m3, respectively. Mass density of other bodies are taken as
7850 kg/m3.
When dimensions (lengths and cross-sections) and elastic properties of the

bodies of the crane are considered, it is suf®cient to take only the Body 1 (the
boom) as ¯exible. In this case, other bodies are assumed to be rigid.
The following assumptions are considered in the analysis of the crane.

1. The mass of the hydraulic oil is included in the mass of the cylinder
(Body 4). Varying mass of the cylinder due to varying amounts of hydraulic oil
inside it is taken into consideration.
2. Hydraulic oil is assumed incompressible.
3. The hook load is considered as a point mass and connected to the end of

the boom with a rope which is taken as a rigid rod. This rope is free for planar
rotation about point C. This assumption is valid as long as the oscillations of the
rod about the vertical position are small and the rod remains in tension. These
conditions are satis®ed for normal operation speeds and hook loads.
4. The structural damping of the boom is taken into account by assuming

Rayleigh damping.
5. The distance between the load and the base is assumed to be kept constant

by varying the length of the rope during the up and down motion of the crane.

3. DYNAMIC EQUATIONS

Let nk represent a body reference frame relative to which the deformation of
Body k is de®ned and n represent a ®xed frame. Let xxxk represent the position of
the origin Q of nk in n, and oook be the angular velocity of Body k.
Using the ®nite element method, the deformation displacement vector uki of an

arbitrary point P in element i of Body k is

uki � fffkiBkiaaak �1�
where fffki is the element shape function matrix transformed to nk, Bki is the
element connectivity Boolean matrix and aaak is the vector of body nodal
variables.
The velocity of P is written as

vki � _xxx
k � Tk~qki �oook � TkfffkiBkiwwwk _ZZZk, �2�

where qki is the position vector from Q to P in nk including deformation, ~qki is
the skew symmetric matrix of qki, Tk is the co-ordinate transformation from nk

to n, �oook � TkiToook, wwwk is modal transformation used to reduce the elastic degrees
of freedom, and ZZZk is the vector of body modal variables. Equation (2) can be
expressed as

vki � nnnkiyk, �3�
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where nnnki � �I Tk~qki TkfffkiBkiwwwk� is the in¯uence coef®cient matrix, and
yk

T � � _xxxk
T

�oookT _ZZZkT � is the vector of generalized speeds of Body k.
The joint connections and prescribed motions in the system of N

interconnected bodies are represented by kinematic constraint equations
expressed at velocity level as

Cy � g, �4�

where y is the system generalized speed vector given by

yT � �y�1�T � � � y�N�
T �: �5�

C is the constraint Jacobian matrix which can be formed by the velocity
in¯uence coef®cient matrices and g indicates the prescribed velocities.
Kane's equations are used to determine the equations of motion of the system

as

M _y� CTlll � Q� Fs � Fd � F: �6�

where lll is the vector of constraint forces, M is the generalized mass matrix, Q,
Fs, Fd and F are vectors of Coriolis forces, elastic forces, damping forces and
applied forces, respectively and

M �
M�1� 0

. .
.

0 M�N�

2664
3775, Q �

Q�1�

..

.

Q�N�

2664
3775, Fs �

Fs�1�

..

.

Fs�N�

2664
3775,

Fd �
Fd�1�

..

.

Fd�N�

2664
3775, F �

F�1�

..

.

F�N�

2664
3775: �7�

The mass matrix Mk and Coriolis vector Qk of Body k are found as

Mk �
XEk

i�1Vki

�
rkinnn

kiTnnnki dV, �8�

and

Qk � ÿ
XEk

i�1Vki

�
rkinnn

kiT� _nnnkiyk� dV, �9�

where Ek is the number of ®nite elements in Body k, Vki is the volume of the
ith element and rki is its mass density.
Fsk and Fdk can be written according to the generalized co-ordinate

partitioning as
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Fsk � ÿ
0
0

wwwk
T

KkwwwkZZZk

24 35, Fdk � ÿ
0
0

wwwk
T

Dkwwwk _ZZZk

24 35, �10�

where Kk is the structural stiffness matrix and Dk is the structural Rayleigh
damping matrix of Body k. In the simulations, the weights of the structural
mass and stiffness matrices used in forming Dk correspond to a 2% damping
ratio.
In a planar system yk reduces to yk

T � � _xxxk
T

_yk _ZZZkT � where _yk is a scalar and nnnki

becomes nnnki � �I Tk
yq

ki TkfffkiBkiwwwk� where Tk
y is the derivative of Tk with respect

to yk.
When the space dependent terms in equations (8) and (9) are separated, a set

of time invariant matrices are obtained [3, 4]. These mass properties are
evaluated once in advance. Equation (6) and the derivative of equation (4)
represent linear equations for the accelerations _y and the constraint forces lll. The
accelerations obtained from these equations are numerically integrated by using
a variable step, variable order predictor±corrector algorithm to obtain the time
history of the generalized speeds and generalized co-ordinates.
The boundary conditions used for the description of the deformation of Body

1 are that for axial deformation A0 is ®xed, and for bending A0 is hinged and A
is ®xed. The ®rst axial mode, the ®rst bending mode of part A0A and the ®rst
two bending modes of part AC of Body 1 are taken as the modal co-ordinates
since the higher modes are observed negligible. Therefore the generalized speed
vector of the system is

yT � � _xxx�1�
T

_y�1� _ZZZ�1�
T _xxx

�2�T _y�2� _xxx
�3�T _y�3� _xxx

�4�T _y�4� _xxx
�5�T _y�5��, �11�

where ZZZ�1�
T � �Z�1�1 Z�1�2 Z�1�3 Z�1�4 � and xxx�k�

T � �x�k�1 x�k�2 �, k=1, . . . , 5.
The joint connection and prescribed motion constraints of equation (4) are:

(1) The double revolute joints at A0 and the revolute joint at B0:

_x�1�1 � 0, _x�1�2 � 0, _x�2�1 � 0, _x�2�2 � 0, _x�4�1 � 0, _x�4�2 � 0: �12�
(2) The sliding joint at point A:

TA
2 � _xxx

�1� � T
�1�
y fffA1B1pe�1� _y�1� � T�1�fffA1www�1� _ZZZ�1� ÿ _xxx

�2� ÿ T
�2�
y rA2 _y�2�� � 0, �13�

0 t2 t3t1
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Figure 4. Velocity pro®le with cycloidal acceleration and deceleration.
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_y�1� � cccA1B1pwww�1� _ZZZ�1� ÿ _y�2� � 0: �14�
Here fffA1 and cccA1 are respectively the deformation displacement and rotation
shape functions of element p (which is the element that contains A1) evaluated at
point A1, e

(1) is the vector of nodal variables of Body 1 including position co-
ordinates of the nodal points, rA2 is the local position vector of point A in frame
n(2), and TA

2 � �ÿ sin�y�2� � g� cos�y�2� � g�� is the second row of the appropriate
transformation matrix.

(3) The revolute joint at point D:

_xxx
�2� � T

�2�
y rD2 _y�2� ÿ _xxx

�3� ÿ T
�3�
y rD3 _y�3� � 0: �15�

(4) The sliding joint at point B:

_y�3� ÿ _y�4� � 0, TB
2 � _xxx

�3� ÿ _xxx
�4� � T

�4�
y rB4 _y�4�� � 0, �16, 17�

Here TB
2 � �ÿ sin y�3� cos y�3�� and rB4 � �a 0�T.

(5) The revolute joint at C:

_xxx
�1� � T

�1�
y fffC1B1qe�1� _y�1� � T�1�fffC1B1qwww�1� _ZZZ�1� ÿ _xxx

�5� � 0, �18�
where fffC1 is the shape function of element q (which contains C1) evaluated at
C1.
(6) The prescribed motion of the piston:

TB
1

_xxx
�3� � v�t�, �19�

where TB
1 � �cos y�3� sin y�3�� and v(t) is the prescribed piston velocity.

The boom is driven by a hydraulic actuator which is controlled by the
operator. In general, throughout the motion, the hydraulic actuator is driven
with constant velocity v0 so that the boom and piston oscillations are kept to a
minimum level. Moreover, to avoid impact loading, the actuator velocity is
increased from zero to v0 at the beginning of the motion and decreased from v0
to zero at the end of the motion which can be assumed cycloidal in time. This
desired velocity pro®le is shown in Figure 4 and can be expressed as follows.

v�t� �

v0
1

t1
tÿ t1

2p
sin

2p
t1

t

� �
for 0EtEt1

v0 for t1 < t < t2

v0 ÿ v0
�t3 ÿ t2� �tÿ t2� ÿ �t3 ÿ t2�

2P
sin

2p�tÿ t2�
�t3 ÿ t2�

� �
for t2EtEt3

8>>>>><>>>>>:
�20�

If the pivots of Bodies 1 and 2 were at different points, the system would be a
structure. The system is moveable owing to the special dimension obtained due
to the concurrency of the pivots. Thus, the constraint equations written for Body
1 and Body 2 are linearly dependent. For this reason, one of the constraint
equations is dropped to remove the linear dependency.
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4. COMPUTER SIMULATION OF THE CRANE CHARACTERISTICS AND
COMPARISON WITH THE EXPERIMENTAL RESULTS

Software has been developed for the analysis of the test crane. In this
software, one can take any number of ®nite elements and modal variables for
Body 1.
Experimental studies have been carried out by Balkan for the working range

of the boom in which the boom was moved in 30 s [2]. This speed was selected in
order to minimize the effect of ¯exibility. In that study, the pressure in the
hydraulic actuator and the angular positions of the boom were measured. The
oscillations in the pressure resulting from the boom oscillations are ®ltered out
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Figure 5. Piston force with respect to boom angular position (32�4 kN hook load and 30 s
boom upward motion).
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Figure 6. Piston force with respect to boom angular position (32�4 kN hook load and 10 s
boom upward motion).
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in the control system, hence they are not seen in the measured data. The test
crane was moved with a 32�4 kN hook load in the upward direction, and the
variations of the pressures in the hydraulic actuator with respect to the boom
angular positions are obtained for the 30 s motion of the boom. Therefore, the
variations of the piston force with respect to the boom angular positions for the
30 s boom upward motion can be calculated for the 32�4 kN hook load.
The variations of the piston force with respect to the boom angular positions

for the 32�4 kN hook load are simulated for the 30 s boom upward motion by
using the computer code and given in Figure 5.
Experimental results for the 30 s motion of the boom are also shown in Figure

5. The data do not include piston acceleration and deceleration intervals.
Moreover, since the boom oscillations are ®ltered out, they are not seen in the

–0.08

0.00

–0.16
20 40 60 80

Boom angular position (degree)

T
ra

n
sv

er
se

 d
ef

le
ct

io
n

 (
m

) Node 3
8

12

Figure 7. Transverse de¯ections of nodes 3, 8 and 13 with respect to boom angular position
(32�4 kN hook load and 30 s boom upward motion).
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(32�4 kN hook load and 10 s boom upward motion).
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®gure. It is seen from the ®gure that simulation and experimental results for the
30 s boom motion are close to each other.
Similarly, the variations of the piston force with respect to the boom angular

positions for the 32�4 kN hook load are simulated for the 10 s boom upward
motion by using the computer code in order to make the effect of ¯exibility
more signi®cant as shown in Figure 6.
In the simulations, the boom is discretized by 12 ®nite elements. Two of them

are taken on A0G where the cross-sectional area is increasing from A0 to G
linearly and ten of them are taken on GC where the cross-sectional area is
decreasing from G to C linearly. Damping is included for Body 1 by using a 2%
damping ratio for the ®rst two modes. It is assumed that the ®rst 1�5 s is used
for the acceleration and the last 1�5 s is used for the deceleration of the boom for
the 30 s boom motion. In the case of 10 s boom motion, acceleration and
deceleration intervals are assumed to be 1 s.
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Figure 9. (a) Time response of transverse de¯ection of node 13. (b) FFT of transverse de¯ec-
tion of node 13.
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The transverse de¯ections of node 3, which is between the points A0 and A of

the boom, node 8, which is between the points A and C of the boom and node

13, corresponding to the tip point of the boom, C, are obtained with respect to

the boom angular positions for both the 30 s and 10 s boom upward motion for

the 32�4 kN hook load and are shown in Figures 7, 8, respectively. Since the

magnitude of transverse de¯ections of node 3 is in the order of 10ÿ5 m, the

de¯ection of this node is not visible in the ®gures.

Figures 5±8 show that both the oscillation amplitudes and the mean values of

the piston force and the transverse de¯ections of the nodes are greater for the

10 s boom motion compared to the 30 s boom motion. Hence, the effect of

¯exibility is seen clearly.

In all of the simulations, when the boom moves upward the piston force

decreases, as expected. During the acceleration period of the piston, the piston

force and the transverse de¯ection magnitudes and their respective oscillation

amplitudes are larger than the values of the constant velocity interval. During

the motion of the piston with constant velocity, the magnitudes of piston force

and transverse de¯ection and their respective amplitudes decrease smoothly.

During the deceleration of the piston, the magnitudes of piston force and

transverse de¯ection decrease and their respective amplitudes increase. However,

in the deceleration period, changes in magnitudes and amplitudes of the piston

force and transverse de¯ection are smaller than the changes in acceleration

period.

It is also seen from the simulations that there are two types of oscillations.

The one with the small period is due to the boom oscillations and the one with

the larger period is due to the load oscillations. The time response of the

transverse vibration of the tip point (node 13) for 10 s boom upward motion and

the 32�4 kN hook load is shown in Figure 9(a). The FFT magnitude plot of the

data in Figure 9(a) is given in Figure 9(b).
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The magnitudes at small frequencies correspond to the trend due to the
excitation of the system. As the boom moves upwards, it goes towards the
vertical position causing the boom transverse de¯ections to decrease. The
frequency due to the load oscillations also falls into this frequency range. The
frequencies over 1�5 Hz are due to the boom oscillations at its natural
frequencies. The variation of the natural frequency with time is a characteristic
of multibody systems and results in a chirp signal as seen in Figure 9(a).

5. SIMULATION OF THE LIFTING CAPACITY ON THE HOOK

Tipping simulation is performed in the blocked condition of the crane to see
when tipping occurs as the boom moves in the upward and downward
directions. When one of the reaction forces coming from the ground to the
vertical jacks becomes zero, tipping occurs. Using the free body diagram of the
crane chassis, shown in Figure 10, equation (21) is written for the tipping case
as

FA � �1=A��ÿFA01A1 ÿ FA02A2 ÿ FB01B1 ÿ FB02B2 � FCC� �21�
where FA01, FA02 and FB01, FB02 are components of the reaction forces exerted by
the boom and the cylinder on the crane chassis; FA and FB are the reaction
forces exerted by the ground to the jacks and FC is the body force of the crane
chassis.
When FA is smaller than or equal to zero, tipping condition occurs. For the

30 s and 10 s boom motions, the boom angular positions where FA becomes zero
are determined by using the developed software for different hook loads. The
simulation results for the test crane are given in Figure 11. The allowable load
speci®ed by the manufacturer of the test crane is also shown in Figure 11 where
radius is de®ned as the horizontal distance from the vertical axis of rotation of
the crane to the tip of the boom at the tipping position, calculated as
R � 19�5 cos y�1� ÿ 1�83 �m�.
It can be seen from Figure 11 that when the boom motion time is decreased,

the allowable load for the same radius decreases. Although there is no
information about the conditions such as boom motion time while the allowable
load data are being obtained, the plot of the allowable load is very similar to
30 s boom motion time simulation. In addition to this, it is noted by the
manufacturer that these allowable load data should be used with a safety factor
of 1�5.

6. CONCLUSION

In this study, the mobile crane characteristics are determined by using ¯exible
multibody analysis. In order to achieve this goal software has been developed
which is capable of carrying out dynamic analysis of the crane.
The coupled rigid and elastic motions of the system are formulated by using

absolute co-ordinates and modal variables [3, 4]. Then, joint connections and
prescribed motions are imposed as constraint equations. The ¯exible body is
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modelled by the ®nite element method and the modal variables are used as the
elastic variables by utilizing modal transformation.
The variations of piston force with respect to the boom angular positions for

32�4 kN hook load are simulated for both 30 s and 10 s boom upward motions
by using the computer code for the velocity pro®le with cycloidal acceleration
and deceleration. 30 s boom motion simulations are compared with the
experimental results. Moreover, transverse de¯ections of node 3, node 8 and
node 13 are obtained with respect to the boom angular positions for both 30 s
and 10 s boom upward motion. Finally, load curves are generated for the 30 s
motion and 10 s motion and compared with those of the manufacturer.
It is seen from the analysis that the boom motion time affects the crane

dynamics considerably. For lower piston speeds (i.e., 30 s motion of the boom),
the effect of ¯exibility is very small. Thus, the boom can be taken as a rigid
body. However, when the piston speed is increased (i.e., 10 s motion of the
boom), the effect of ¯exibility is dominant. The ¯exibility effect is seen in the
simulations of the piston force and the lifting capacity on the hook for the 10 s
boom motion.
It is also noted that the load curves determined here are for a cycloidal piston

velocity pro®le which approximates the motion produced by an experienced
operator. The load curves for other pro®les can also be generated by the
computer code developed. A pro®le that has discontinuities in the piston
acceleration and deceleration would lower the lifting capacity considerably due
to the larger de¯ections and inertia forces.
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