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This paper presents modal sensitivity factors, actuation factors and controlled
damping ratio for segmented distributed piezoelectric sensor and actuator layers
laminated on simply supported thick rectangular plates and circular cylindrical
shells made of cross-ply composite laminate. A Flugge-type first order shear
deformation theory (FSDT) has been developed including rotary inertia of the
elastic plies and inertia, stiffness and piezoelectric effects (direct and converse) of the
piezoelectric layers. Plates and shells with any cross-ply lamination scheme
(symmetric/unsymmetric) are considered with the piezoelectric sensor and actuator
layers rectangularly segmented. The Navier-type solution is obtained for the case of
velocity feedback using modal filtering. Analytical expressions for modal
membrane and bending sensitivity factors, membrane and bending actuation
factors and controlled damping ratio are developed for cylindrical shells using
FSDT and classical lamination theory. The contribution of the in-plane
displacement components is included. The results for plates are obtained as
a particular case of the results for circular cylindrical shells.

© 1999 Academic Press

1. INTRODUCTION

Composite plates and shells with piezoelectric layers for sensing and actuation are
being used in smart structures where shape control is important [1-3]. By proper
placement, distributed sensors can be used to sense membrane response or bending
response or both. The sensing and actuation effects of distributed piezoelectric
sensors and actuators depend on their shape, thickness, material properties,
placement, spatial shaping and spatial distribution. There are observability and
controllability deficiencies in monitoring and control of plates and shells when
a single piece fully distributed piezoelectric sensor/actuator is used [3]. Spatial
shaping of distributed sensors and actuators, for example by segmenting them into
a number of smaller pieces, can improve the controllability and observability. The
effectiveness of piezoelectric distributed sensors and actuators, segmented into
rectangular patches, laminated on composite simply supported rectangular thin
plates and circular cylindrical thin shell panels has been investigated by Tzou and
Fu [4,5] and Tzou et al. [6,7]. Classical lamination theory (CLT) has been applied
neglecting shear and rotary inertia.
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The effect of transverse shear is significant for composite thin plates and shells
with fibre-reinforced composite elastic substrate, even for lower modes due to the
small ratio of the transverse shear modulus to the longitudinal Young’s modulus.
Even for the case of isotropic elastic core, the shear deformation and rotary inertia
effects are significant for higher modes. This work presents modal sensitivity and
actuation factors and controlled modal damping ratio for rectangularly segmented
piezoelectric sensor and actuator layers laminated on simply supported rectangular
plates and circular cylindrical shells made of cross-ply composite laminate using
a first order shear deformation theory (FSDT). The FSDT has been developed for
cylindrical shells based on Flugge’s approximations. The rotary inertia of the elastic
plies and inertia, stiffness and piezoelectric effects (direct and converse) of the
piezoelectric layers are included. Analytical expressions for modal membrane and
bending sensitivity factors, membrane and bending actuation factors and
controlled damping ratio are developed for the case of velocity feedback using
Navier-type solution including the contribution of the in-plane displacement
components. The results for plates are obtained as a particular case of the results
for circular cylindrical shells. It has been observed from the numerical results that
the modal sensitivity and actuation factors are overpredicted by CLT in
comparision to FSDT. Hence the amplification factor required for feedback control
based on CLT needs to be suitably modified.

2. GOVERNING EQUATIONS FOR FSDT

Consider a finite, simply supported, composite circular cylindrical shell panel of
span angle  (Figure 1) made up of a cross-ply laminated composite elastic
substrate with surface bonded piezoelectric layers of orthorhombic crystal class
mm2 with poling in the z direction. FSDT is developed based on Flugge’s shell
theory approximations. Let u°, v°, w° be the displacements of the mid-surface in the
cylindrical co-ordinates x, 0, z, and ¥, Y, be the rotations of its normal. The
displacements u, v, w, in FSDT are approximated as

u(x, 0,z,t) = u’(x, 0,t) + 2z (x, 0, 1), v(x,0,z,1)=0°x,0,1) + zy,(x, 0, 1),

w(x, 0, z, t) = wo(x, 0, 1). 1)
The strain—-displacement relations yield the strains as

ee=UN A+ 21y, &g =0+ 220 +WO)/(R+2), =0, 7.0=1y +w,

Yoo =2 + (W — 0 — 2Y2) /(R +2), pe9 = 0% + (S + z2¢1,0)/(R + 2) + 25 ..
(2

For piezoelectric layers, stress g, strain ¢, electric field E and electric displacement
D are related by

¢=Sc+d"E, D =ec+ nE, (3)
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(@) (b)

Figure 1. Geometry of composite shell and plate.

where the superscript T denotes matrix transpose and S, d, e, # are the matrices of
elastic compliance, piezoelectric strain constants, piezoelectric stress constants and
permittivities with

[0 0 0 0 dis 0 0 0 0 €50

0
d={0 0 0 dyy O Of e=dS'=|0 0 0 e, 0 0,
_d31 d32 d33 0 0 0 €31 €32 €33 0 0 0

(710 0
n=[0 10 > 4)
_0 0 733

Let E, = E¢ + E°, where E¢, and E? are the electric fields due to the direct
piezoelectric effect and due to applied actuation potentials. In the constitutive
equation for D,, obtained from equation (3),

D, = [e316, + €326p + N33E] + 033 ES, (3)

the bracketted expression is equated to zero as its value is very small compared to
the last term [6]. Hence

E! = —[e316. + €32891 /1133, E. = E% — [e316. + €3280]1/133. (6)

Assuming ¢, ~ 0, neglecting E4, E¢ compared to E%, E4 [6] and using equation (6)
in equation (3) yield

oy D 0 0 &y e a

_ Q—ll Q_12 A 31 a Toz | Quayo: — €24Ef
o9 | = | Q12 02 0 & | — | es2| EZ, . = Qss7.r — €15 E°
Teo 0 0 Q66 Vxe 0 zX 55/zx 1548x

(7)
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with

Qup = Qup + €32€35/M33, Qaa =023, Qss =931, Qo6 =12,

011 =Y /(1 =viava1), Q2 =viaYy/(1 = viava1), Q2= Y5 /(1 —vyipvay),

e31=011d31 + Q12d3s, €32=012d31 + Q22d3, €24=0u44dr4, €15=0Qs5d;s,

where Y; are Young’s moduli, v;; the Poisson ratios and g;; the shear moduli.
For the mid-surface, the six force (N, Ny, Ny, Nox, O, Qp) and four moment

(M., My, My, My, resultants per unit length, and the distributed load consisting of

three forces (py, ps, p-) and two moments (m,, my) per unit area, are defined in terms
of stresses by

n2
[ Nas No, Nag, Nox } j [ }[ox(l 4+ 2/R), 0, Tl + 2/R), 101 dz,

M., My, My, My, —h2 | 2
[Qx} _ r/z [rxz(l + z/R)} 0 @
Qo —h/2 Toz
(pxa Do pz) = [(1 + Z/R)(sz, Tz05 Uz)] |’ﬂ%z/2: (mxo mﬂ) = [(1 + Z/R)Z(sza ng)] |h—/%l/2’
©)

Using expressions (2) and (7) in equation (8), approximating (1 + z/R)™' ~
1 — z/R + z?/R?, and retaining terms upto order z2/R? in the integrands yield the
following relations between the resultants and displacements:
N, = (Ay1 + B11/R)u’ + A12(% + w°)/R + (Byy + D11 /R4
+ Biayz0/R + N§,
Ny = A1,u’ + (A22 — By2/R + D23 /R*)(v% + w°)/R + Biayy
+ (B2z — D33/R)Y5.4/R + Nj.
Ny = Ae6u%/R + (Ags + Bes/R)v% + BecW1.0/R + (Bes + Deo/R)Y2 s,
Nox = (A6 — Bos/R + Dg6/R?)uly/R + Agev’ + (Bos — Des/R)Y1.0/R
+ BesV/2. x-
M, = (Bi1 + Dy1/R)u’ + B15(0% + w°)/R + D111« + D122 0/R + M,

My = B;,u’ + (B3 — D33/R) (0% + w°)/R + Dy2y1 « + Dashs o/R + Mj.
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M.y = Bosti%/R + (Bss + D6 /R)0°% + DosW1,0/R + DoV,

My = (Bss — D6/R)ul%/R + B0’ + De1,0/R + Des¥a, -
Q. = (Ass + Bss/R)Wy + w’) + 0%,
Qo = (A4a — B4a/R + Dyy/R*)[Y2 + (W% — v°)/R] + Qp (10

with

N3 hj2 |:€31Eg:| |:N5:| Jh/z |:e32E‘§}
— | a+zr dz, |0 |=— L dz (11
|:M?c:| J—h/z( / ) zes E7 M, —h/2 zes  E7 (1)
|:Q?c:| _ jh/z |:k55(1 + Z/R)e15E?c} dz
Q6 —h/2 kasersEq ’

Aij By DU} J "z |:Qi }
_ Y = k| =Y |[1 z z22]dz, 12
|:Al] Blj Dlj —h/2 ! Ql] [ ] ( )

and k;; = 1 except for ky4, kss. As in reference [8], the shear correction factors are
taken as kqq = kss = (5/6)1/% = 0-91287.

Defining [ poh p1h* poh*] = [[1z z*]1p(1 + z/R)dz, the equations of motion of
the panel:

Nyx + Nox.o/R + px = pohii® + pih? 1,

(Qs + No.o)/R + Nyg.x + po = pohi® + pih*s,

Qs.x + (Qo.0 — No)/R + p. = pohiv®,

M.« + My o/R — Oy + my = p,h%i® + p,h3,,

Myo/R + My x — Qg + my = p1h*i® + p2h*ir,, (13)

yield the following equations of motion in terms of displacements, using relations
(10):

(A11 + BT1)ulx + (Ass — Bés + Do) ulo/R* + (A12 + Age)00/R + A12w% /R
+ (Bi1 + D11 /R)W1 1x + (Bés — Dis)W1.00/R + (BY2 + Bés)Waxo + Pi

= pohii® + p h*y ;.
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(Ay, + A66)uf)x9/R + (Aes + Bée)0%x + (A, — B%, + 5?2)0,009/132

+ (Bis — DIy — A4a)0°/R?* 4 (Asa — Bis + Dis + Azy — B3, + D35)wS/R?
+ (BT2 + Bg6)V1.x0 + (Bos + D6 /R xx + (B3, — D32)Y2.00/R
— (B — D¥y — A4a)Y2/R + Py = poht® + pih*y,.

A u% /R + (Ags — Bis + Dis + Azs — B3, + D35)05 /R — (Ass + Bis)wls,
+ (Biy — Dis — Asq)WSe/R* + (435 — B%, + D3,)w°/R?
+ (B, — B35 — Ass)Y1.« + (B3y + Bis — A4y — D35 — Dis)Y26/R + Ps

= pohiv®
(By: + D 1/R)ul + (Bés — Dés)uSe/R + (BT, + Bie)v%o + (Bf, — Bis — Ass)w

+ D11 xx + DéeW1.00 — (Ass + Bis)y + (D12 + Deg) ¥z xo/R + Py

= p1h%i® + pohy,,
(BT2 + Bés)u’xo + (Bss + D6 /R)0’x + (B32 — D32)v%/R

— (Bf4 — D¥4 — A44)0°/R + (B3, + By, — Ays — D3, — Di,)w%/R

+ (D12 + De6)¥1.x0/R + (Bis — Dis — Aaa)hs + Ps = p h%° + pohy,, (14)
with

Py =pe+ NSy, Pa=po+(Q5+ Nio)/R, P3=p.+ 0%+ [060— Nil/R,

Py=m,— Q%+ ML, Ps=my— Q4+ Mj,/R, (15)

E:’; = Eij/R, 15:'; = D_ij/R2 B?} = B;j/R, D?} = Dij/RZ. (16)
The boundary conditions at the simply supported ends are taken as
atx=0,a: N.,=0, v°=w"=0, M,=0, y,=0.

at 0 = 0, lp: uO = WO = 0, Ng = O, lpl = 0, Mg =0. (17)
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The Navier-type solutions of equations (14) satisfying equations (17) are
expanded as

0
Z (uO, lpla Qx> Dx» mx)mn(t) COs 1mx sin ﬁea
1 n=1

(uO, k//1: Qx: Px> mx) =

ﬁMS

(UO, l102, Q0> Do mO) = (UO: lpZa Q0> Do m())mn(t) Sin mx cos ﬁe,

ﬁMS
M8

1 n=1

o0

(Woa Nx7 NOa an MO: pz) Z (Woa Nx: Nﬂa an MG: pz)mn(t) Sin mx Sin ﬁ@,
n=1

Il
ﬁMs

(Nx()a Nf)xa Mx(‘)a Mﬂx) =

?Ms

Z (Nan N«‘)x: Mx0> M()x)mn(t) COS 11X COS ﬁe: (18)
n=1

1

with m = mn/a and i1 = nx/y. Similar expansions are used for Q%, Qg, N§, N§, M§,
Mj. Substitution of expansions (18) into equation (14) yields discretized equations:

MU + KU = H, (19)
where M, K are the inertia and stiffness matrices and U, H are the displacement and
load vectors for the (m, n)th Fourier component. The non-zero elements of the 5 x 5
symmetric matrices M, K and vectors U, H are given by
My = My = M3z = poh, Muy = Mss = pyh®, My = Mys = p,h?,

Kiy = (A1 + BY)m? 4+ (Ags — Bis + Di6)*/R?, Ky = (413 + Age)mii/R,

K3 = — AR,

Ky = (B + 511/R)”’7l2 + (Bés — D&g)? /R, Ky3 = — (Agq — B3y + Dis + Az
— B3, + D3,)i/R?,

K35 = (Ags + Bés)m® + (A2, — B3, + D3,)i*/R* — (Bi4 — D34 — Asa)/R?,

Kis = (BT, + Bgs)mi,

K4 = (Bf; + Bés)mii, K,s = (Bgs + Dss/R)i*> + (B3, — D3,)i*/R
+ (Bis — DIy — A44)/R,

K33 = (Ass + BEs)m® — (Biy — DIy — Auya)P®/R* + (A5, — B3, + D3,)/R?,

K45 = (D12 + Dee)mit/R,
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Kss = — (BS, + B¥y — Ags — D% — DE)i/R, Kuy = Dyyiii® + DEgii> + Ass + BEs,
Ks, = — (B¥y, — BEs — Ass)i, Kss = Dggiii> + D3,i% — Biy + Diy + Ay,
U=[u0®w ¢y ¥olmm, Hi=m(Np + P,

H, =(Q6 + AN§)m/R + po,,, Hz=p., —mOs — 105+ N§)m/R,

Hy=my, +m(M)p, — 0%,,. Hs=my, —Qf,, + n(Mg)um/R. (20)

For undamped, free, synchronous vibrations at natural frequency , with
U = X cos wt, equation (19) yields KX = w*M X. The five natural frequencies and
mode shapes for FSDT correspond to two in-plane, two thickness-shear and one
bending mode of vibration. Let X” be the bending mode, with natural frequency o,
normalized with respect to the inertia matrix M: XM X? = 1. For this (m, n)th
bending mode of vibration, let U(t) = {(t)X°. The governing equation of motion
for this mode can be derived from equation (19) as

¢+ 28wl + w* =F, (21)

where F = X® H, and passive damping has been included in terms of the modal
damping ratio ¢.

3. MODAL SENSITIVITY AND ACTUATION FACTORS
FOR SHELLS USING FSDT

Consider that the piezoelectric sensor layer on the inside and the piezoelectric
actuator layer on the outside are divided into equal patches with p segments in the
x-direction and ¢ segments in the 6 direction (Figure 1). Let their thicknesses be A,
h, and the z-co-ordinate of their mid-surfaces be z;, z, respectively. The electrodes
are set up over each patch separately. The interfaces of the piezoelectric sensor and
actuator layers with the elastic substrate are earthed.

Using equation (6) with E¢ = 0 and integrating E, = — ¢_, across the sensor
thickness, the potential ¢ at the inside of the sensor layer is obtained as

¢ = J‘ E.dz= —J (e318x + €3280)133 dz. (22)
hy hy

The contribution ¢3 to the averaged sensed potential 3\ for the (m, n)th bending
mode U (t) = {(t) X", due to an electrode over a sensor patch [ of area 4} extending
from x;, to x;, and 0,, to 0,,, is obtained from equation (22) using expansions (18)
and strain-displacement relations (2):

1
o _ 1 f J [iess (X} + 2X5) + exs (A(XY + 2X8) — X3/
hy

mn; T S
Al A7

X (R + z)]n35 dz {sinmixsin i dA
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with d4 = dx R; d0, where R, is the radius of the sensing surface. The integral is
evaluated exactly and the resulting logarithmic term In[(R + z, + hy/2)/
(R + z;, — hy/2)] is expanded as [hy/(R + z,)][1 + hZ/12(R + z,)*] to yield

SO = {(Sm, + Sh,)(cosnix;, — cosixy,)(cos i), — cosqf;,)aRy/A]  (23)
with
Smn = hy[mes; X5 + e32(nX5 — X5){1 + hi/12(R 4 z)*} /(R + z,)1/(n*mnn33),
(24)

Szm = hs [mzse.’ale- + ﬁeSZ{Zs(R + Zs) - Rhsz/lz(R + Zs)3}X}§]/(7T2mm733)- (25)

where S™,, S?, are the membrane and bending modal sensitivities for the (m, n)th
bending mode. S%,, S?,, are independent of time and location of the sensor patch.
The total modal sensitivity S, due to the direct elastic-piezoelectric effect for this
mode is given by S%, = Sm, + Sb,.. The term {(t) represents the time effect and
(cosmix;, — cosmx,,)(cosl;, — cosnb,,)aR /A represents the spatial effect of the
area and location of the electrode patch. The sensor signal depends on the modal
sensitivity, modal participation factor and spatial distribution. Hence, the total
modal signal for the (m, n)th bending mode is obtained as ¢35 = Y71 @50,

Consider the case of damped free vibration, i.e., p, = p, = p. =0, m, =m, = 0.
Let a constant actuation potential ¢' be applied to an electrode over the actuator
patch [ of area Aj extending from x; to x;, 6, to 0. The potential ¢* is
approximated to vary linearly through the thickness of the actuator. Hence, for
Zqg — ha/2 SZ< Zg + ha/z’

¢* = [(z = 2o + ha/2)[h ' Tulx — x1,) — ulx — x;,)][u(0 — 0,,) — u(@ — 0,,)],
ES=—[(z = za + ha/2) /01" [3(x — x1,) — 0(x — x;,)][u(0 — 0,,) — u(0 — 6,,)],
Ej=—[(z = za + ha/2)/h ] Tulx — x1,) — u(x — x;,)]

x[0(0 —0,,) —0o(0 — 0,,)]/(R + 2),
Ef = ¢'Tu(x — x;,) — ulx — x;,)1[u(0 — 0,,) — u(0 — 0,,)1/h,. (26)

where u(x) is the unit step function and o(x) is the Dirac-delta function. Using
equations (26), equations (11), (12) and (18) yield the following Fourier components
of the force resultants due to actuation

[N?ca g]mn =

o [Les1(1 + z,/R), e3, ] P (cos rix;, — cosnix,,)(cos il — cosil},),

4
[Mgc, g]mn = W [831 {Za(l + Za/R) + hf/lZR},zaen]d)’(cos mxll — COS mxlz)

x (cosnb;, — cosnb,,),
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Qgcm,, = w_kssh €151+ h,/6R + Za/R](b (Cosmxl — cosmxy, )
X (cos b, — cosnb,,),
a 2 ha h; h3 L _
Qb = = g "4 [R + 2 6(R+z) 2R +z) }“d’ (cosiix;, — cosriixi,)
X (cosnt; — cosnb,)).
(cosnb, 0:,) (27)

Using equation (20) for Q and equation (27), the contribution F; of the actuator
patch [ to the modal load F = X""H =Y F,, for the (m, n)th bending mode, is
given by

F, = — Al ¢'(cosmx; — cosnix,,)(cos i, — cosif,,) (28)

with

A:nn = Aﬁn + Agnna

m 4 b 1 ha hg
Amn = T 4Ry |:Re31 1+ 2z, /R)X7/n + {‘332 k44e24{R +z, 6(R+z,)
bt L eyt
12(R —I—Za)s 2/M — €3z A3/mn |,
ar =y el RO+ hyJ6R + z,/R)fi + ik 1L ___h
mn — aRlﬂ > a 55€15 a Zg 44€24 R+Za 6(R+Za)2
M Ul et 4 2 R) + h2/12R)
12(R n Za)?’ m 3 €31\Z, Zg a

=+ %hak55315(1 + ha/6R + Za/R)}XZ_R/ﬁ

1 1 h h2 )
+ {Zae:;z + Ehak44ez4R {R n z — 6(R n Za) 12(R e ) }}Xs/m:|(29)

AL, 1s the total (m, n)th modal actuation factor which is independent of time and
spatial distribution. It has been divided into the membrane actuation factor A},
and the bending actuation factor A%, respectively, representing the membrane and
bending control actions. The modal control force depends on the the spatial
distribution, the modal actuation factor and the voltages applied to the actuator
patches.



SEGMENTED SENSORS AND ACTUATORS, I 749

4. MODAL SENSITIVITY AND ACTUATION FACTORS
FOR SHELLS USING CLT

In the classical lamination theory (CLT) of thin shells, we assume that the
transverse shear strains y., = y,, = 0, 1.e., ¥y = — w%, ¥, = (0° — w%)R and terms
involving ph, p,h* are neglected. The equations of motion for the CLT are
Nx,x + NOx,O/R + Px = Pohuoa NG,O/R + Nxﬂ,x + MH,H/RZ + MxG,x/R + mG/R

+ Do = pOhb()’ Mx,xx + (MGx + Mx()),x@/R + MG,OO/RZ - NG/R + mx,x

+ myo/R + p. = pohiv®. (30)

Proceeding as in FSDT, these can be expressed in terms of displacements, u®, v°, w°,
as

(A1 + BY1)ulsx + (Ass — Bés + Die)ule/R* + (A12 + A + Bi2 + Bis)v'/R
— (B11 +D11/R)Wisx — (2Bé6 — D6 + Bi2)W'ipo/R + A12w’ /R + Py = pohii®,
(A12 + Ags + BTz + Bis)ulo/R + (As + 3Bis + 3D6) 0’ + (422 + B35)15%/R?
— (BY2 + 2Bés + DT5 + 3D6)Woixo — B32w%eo/R? + A2,w%/R* + Py = poht®,
(Bi1 + Dy 1/R)ulsx + (2BEs — Do + BY2)ulps/R — A1,u’c/R + (B, + 2B%s
+ D2 4 3D%6)0 %0 + B320%00/R> — A220%/R* — D1 1wlinnx
—2(DT2 + 2DE6)Woxoo — D22Wlhopo/R* + 2BT2 W'y 4+ 2(B32 — D35)why/R?
— (422 — B3, + D32)w/R? + Py = pohi®, (31)

with
Py =p.+ N%., P,=ps+my/R+ Njo/R+ M§,/R?,

Py =p. — N§/R + M§9/R*> + M§ c + My + Mg o/R. (32)
The boundary conditions at the simply supported ends are taken as
atx=0,a: N, =0, 1°=w’=0, M.=0; at0=0,y:u’=w"=0,
Ny=0, M,=0. (33)

Using the expansions (18), the equations of motion (32) reduce to the discretized
form of equations (19). The non-zero elements of the 3 x 3 symmetric matrices M,



750 G.P. DUBE ET AL.

K and vectors U, H for CST are given by
My = My, = M3y = poh, Ki3=—(By; + Dy1/R)m’
— (2B3s — Dis + Biz)min?/R — Ao/R,
K1 =(Ay; + B )m® + (Ades — Bés + Dis)*/R?,
K> =(A1; + Ags + BT, + Bés)mi/R.
K3 = (Aes + 3Bés + 3D36)* + (A2 + B3,)a*/R?, U = [u® v° w1,
Ky3 = — (BYs + 2B&s + Di, + 3D&s)m?*in — B3,n*/R* — A5,1/R?,
K33 = Dyym* + 2(DY, + 2D¢s)m?in* + D,,n*/R* + 2BY,m? + 2(B%, — D%,)in?/R?
+ (A;, — B3, + D3,)/R?,
Hy = m(NQwn + P, Ha=[AMG/R?* + ANG/R + po + mg/R T,
Hy =[p. — N§j/R — i?M§M§/R*> — > M — rim,, — iing /R ] (34)
The three natural frequencies and mode shapes for classical theory predominantly
correspond to two in-plane and one bending mode of vibration.
Proceeding as in FSDT, the modal sensitivity and actuation factors are obtained

as

S, =hs[mes1 X5 + e3,0X5/R — ez, {1 + hi/12(R+ z,)*} X5 /(R + z,)]/(m*mnn33),
(35)

Shi = hy[ — m?z3e3; X5 + nPesy {2 /12(R + z,)* — z/R(R + z)} X5 1/(n*mnns3),

(36)
Apn = — W [(1 + z/R)(e31 RXG /i1 + e3, X5 /) — e3, X% mi], (37)
Ab = % [{z.(1 + z,/R) + hZ/12R}es  Rin/ii + z,e3,01/Rin] X 5. (38)

5. MODAL SENSITIVITY AND ACTUATION FACTORS FOR PLATES

Consider a simply supported, composite rectangular plate of sides a, b and
thickness h (Figure 1(b)) with the co-ordinates x, y spanning its mid-plane. The
results for composite plates are obtained as particular cases of those for shells using
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FSDT and CLT, by replacing 0, , in with y/R, b/R, iR, respectively, where /i = nn/b
and taking the limit as R — co. Thus, we obtain for FSDT

SO = {(Sm, + Sh,)(cosmx;, — cosnix;,)(cos Ay, — cos iy, )ab/A], (39)

where

Son = hs(rfle31Xl{ +ﬁe32X’§)/(n2mnn33), Sbmn = ths(WleMXli +ﬁe32X’§)/(n2mm733),

(40)
and for CLT
Son = hs(”_lelei +ﬁe32X’§)/(n’2mnn33), Si')nn = —hszs(m2e31 +ﬁze32)Xb3/(7T2mm733)-
(41)

The total modal force due to actuation for the (m, n)th bending mode of plates is
expressed, using FSDT, as

rq
F= > F, with F,=— A,,¢'(cosnx,; — cosimix;,)(cos iy, — cosiy;,), (42)
1=1
and

4 . _
Ainn = Anm1n + AZma Amn = - % [631Xli/n + e32Xl§/m],

4 —_ A A —_ A
A, = — E[%ha(kssmew/n + kyaflers /M) X5 + (z4e31 + shokssers) X5 /A

+ (z4€32 + 3hokasess) X5 /m]. (43)

The actuation factors for the case of CLT are obtained as

4 4
Apn = — b [es1 X5/ + e3, X5 /m], Ab, = b (zoe31M/1 + z,e3,0/m) X5, (44)

The membrane actuation factor is the same as in FSDT.

6. CLOSED-LOOP VELOCITY FEEDBACK CONTROL

In the closed-loop velocity feedback control, the top piezoelectric layer serves as
an actuator and the bottom one serves as a sensor. These are segmented into the
same rectangular pattern such that each actuator patch has a corresponding sensor
patch. Each sensor signal is processed and fed back to the corresponding collacated
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distributed actuator patch. The output signal of the /th sensor patch is contributed
by the direct piezoelectric effect. In the velocity feedback (derivative feedback)
control, the /th actuator voltage is proportional to the derivative of the collocated
sensor signal. Imposing modal filters to isolate the (m, n)th bending mode signal,
the modal feedback voltage is given by

b1 =G'Pin, (45)
where G’ is the velocity feedback gain. Let G be the signal amplification factor, i.e.,
G = (amplitude of feedback voltage)/(amplitude of sensing signal voltage).

It follows from equation (45) that the true modal velocity gain factor G' = G/w
where o is the natural frequency in radians per second for that mode. The resultant
modal control force from all actuator patches for the shell is obtained using
equations (23), (34) and (45):

. g
F(t) = — {(t) AbuStnG’ Y. (costiix;, — cos nix;,)*(cos nl;, — cosiil;,)*aR Y/ Aj,
1=1

F(t) = = {(t) ApuSiunG' 4 (46)
with
prq
A=Y (cosmx; — cosmixy,)*(cos il — cosil,)*aR\/A;. (47)

=1

A denotes the spatial effect of the segmented actuator. Similarly, for the plate, F(t) is
given by equation (46) with

Pq
A =Y (cosmx; — cosmxy,)*(cos iy, — coshiy;,)*ab/A;. (48)
1=1
The equation of motion (21) for the (m, n)th bending mode becomes

{+ 280 + A4S G AL + 0 = F™, (49)

where F™ is the mechanical load for this mode. The increase &¢ in the modal
damping ratio is given by

& = ASmGA20° = (An, + Ann)(Si + Shn) GA/200°. (50)

7. CONCLUSIONS

The effect of transverse shear is significant for composite thin and thick plates
and shells with fibre-reinforced composite elastic substrate, especially for higher
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modes due to the small ratio of the transverse shear modulus to the in-plane
longitudinal Young’s modulus. A Flugge-type first order shear deformation theory
(FSDT) has been developed including the rotary inertia of the elastic plies and the
inertia, stiffness and piezoelectric effects (direct and converse) of the piezoelectric
layers. Plates and shells with any cross-ply lamination scheme (symmetric/
unsymmetric) are considered. Analytical expressions for modal membrane and
bending sensitivity factors, membrane and bending actuation factors and
controlled damping ratio are developed for cylindrical shells and plates using
FSDT and classical lamination theory. The contribution of the in-plane
displacement components is included. These results are used in the second part of
this study to illustrate the effect of the thickness parameter on the sensitivity factors,
actuation factors, and controlled damping ratio.
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