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Previous studies of active control systems have shown that the overall
performance could be greatly improved by optimizing the transducer positions.
The robustness of such an optimized control system is investigated here for both
unstructured, i.e., random, changes in the control environment, and for structured
changes, such as those due to the presence of acoustical di!racting objects in an
enclosure, for example. The study concentrates on how to simply describe the
changes which occur in the plant response and disturbance in practice, and
investigates how the cost function used in transducer positioning optimization
techniques can be modi"ed so that the performance is least a!ected by these
changes. Mathematical and numerical analyses are used to help understand the
overall robustness of an active control system to uncertainties in the plant response
and disturbance. It is found that the degradation in performance due to small
random changes in the disturbance is not a!ected by transducer location, whereas
the degradation due to small random changes in the plant response does depend on
transducer location. The e!ects of di!racting objects in an enclosure are analyzed
in terms of the changes in the singular-value matrix of the nominal plant response,
in which the objects are not present. Theoretical analysis showed that transducer
positions with low control e!ort are generally good choices for robust
performance. Several "tness functions were tested for use in the search for the
optimum transducer locations and the results showed that use of the proper "tness
function can e!ectively "lter out the actuator positions with high control e!ort and
can select transducer positions which can perform robustly.

( 2000 Academic Press
1. INTRODUCTION

An important question in the practical application of active control is how to
choose the &&best'' set of positions for the actuators and sensors from a much larger
number of possible locations. The &&best'' can be de"ned as the maximization of
a "tness function which should re#ect the performance achieved by the selected
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transducers in reducing the overall level of the sound or vibration. Many studies of
this problem have been carried out, which often used natural algorithms to "nd
optimal transducer locations, see for example references [1}7]. It has been found
that if they are carefully implemented, both genetic algorithms and simulated
annealing can give near-optional solutions to this problem by searching only a very
small fraction of the total number of possible combinations [5]. The applications of
such techniques to a laboratory experiment [5] and a helicopter [8] showed that
the overall performance of an active control system can be greatly improved by
adjusting the transducer positions and that the correct transducer positioning can
be as important as the control algorithm itself. Although the predicted performance
could be much improved by the careful selection of transducer positions, it was
unclear whether these selected positions would still perform well in practice, when
there are changes in the control environment due for example to changes in
temperature, frequency, etc. The robustness of this achieved performance may be
dependent on the type of uncertainties in the plant response and primary
disturbance. The problem dealt with in this paper is concerned with the e!ect of
such uncertainties on the active control system performance, especially related to
the transducer positioning. Some initial results in this area were presented in
reference [9]. One of the objects of this study is to examine how to simply describe
the changes which occur in the plant response and disturbance in practice, and to
investigate how the "tness function used in the transducer search algorithm can be
modi"ed so that the performance is least a!ected by these changes.

The uncertainty in either the plant or disturbance can be categorized into
structured and unstructured forms. There are two distinct problems for the
modelling of uncertainty in the plant. The "rst is when there is a modelling error in
the plant response estimation and the second is when the estimation of the plant
accurately represents the physical plant in a nominal state but the response of the
physical plant varies from the nominal state. The problem dealt with in this study is
the second case, uncertainty in the physical plant response.

In the unstructured uncertainty case, the variations in each element of the
disturbance vector or plant matrix are assumed to be independent of each other,
which is typical of the unstructured uncertainties associated with measurement
errors, for example. On the other hand, for structured uncertainties, the changes in
the elements of the disturbance vector and plant matrix are dependent upon each
other and so the matrix of changes has a certain structure. Structured uncertainties
in the plant response and the disturbance occur as a result of physical changes in
the system under control, caused, for example, by the presence or absence of
passengers in an actively controlled enclosure. The magnitude of these changes can
be much larger than the unstructured measurement errors discussed above. In this
study, the e!ects of such acoustical di!racting objects are modelled using the
equivalent source method (ESM) [10]. The e!ects of di!racting spheres in the
enclosure are analysed in terms of the changes in the singular-value matrix of the
nominal plant response, in which the spheres are not present. Some measurements
are also made with acoustic di!racting objects inside an experimental enclosure
and when analyzed in the same way, these showed the same structure of uncertainty
as was predicted from the theoretical model. The selection of robust transducer



Figure 1. Block diagram of the active control system.
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positions is also considered for various cases of structured uncertainty in the plant
response and disturbance vector.

Several "tness functions are tested for use in natural algorithms, which can be
used to e$ciently search the huge combinatorial problem of selecting a large
number of transducer positions from a much larger set of possible locations. In this
paper, the simulated annealing algorithm was used to choose the best sets of
positions for the actuators and sensors when there were uncertainties in both the
disturbance and the plant.

2. UNSTRUCTURED UNCERTAINTY IN THE PLANT RESPONSE
AND DISTURBANCE

Figure 1 shows a typical block diagram of a pure tone multichannel feedforward
active noise control system. For a single-frequency excitation with a given set of
actuators and sensors, the complex vector of ¸ steady state error signals e can be
expressed in a vector form as

e"d#Gu, (1)

where G is an (¸]M) plant response matrix, d is a primary disturbance vector and
u is the vector of M complex inputs to the secondary sources. For the
overdetermined case, ¸'M, the optimum input vector signal which minimizes the
sum of squared errors, eHe, is given by

u
015

"![GHG]~1GHd, (2)

where the superscript H denotes the Hermitian, i.e., complex conjugate, transpose
of a vector or matrix.

The minimum residual value of the sum of squared errors is then given by

J
.*/

"dH[I!G[GHG]~1GH]d (3)
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and the resulting dB attenuation in the sum of the mean-square error signals is

Attn"!10 log
10

(eH
.*/

e
.*/

/dHd). (4)

The control e!ort required to achieve this attenuation is de"ned to be the sum of
squared actuator signals which is

E+ort"uH
015

u
015

. (5)

If the cost function being minimized is modi"ed to include a degree of e!ort
weighting, so that it becomes eHe#buHu for example, then the optimum input
vector and minimum cost function have the same form as equations (2) and (3) but
[GHG]~1 is replaced by [GHG#bI]~1.

Transducers in the &&best'' positions for an active noise control system are not
only those which maximize noise reductions, but they must also maintain robust
performance to certain realistic uncertainties in the plant response and the primary
disturbance. We now assume that the response of the physical plant G

p
can vary

from the nominal state G
0
. We can relate the physical plant and nominal state by

G
p
"G

0
#DG, (6)

where DG is the uncertainty in the plant response. The amount of uncertainty in the
plant response is quanti"ed here as being

e
1
"

E[EDGE
F
]

EG
0
E
F

, (7)

where E denotes the expectation over the random variables in DG and EG
0
E
F

is the
Frobenius of Euclidian norm de"ned by

EG
0
E
F
"A

L
+
l/1

M
+

m/1

DG
lm

D2B
1@2

. (8)

Similarly, the uncertainty in the disturbance can be modelled as

d
p
"d

0
#Dd, (9)

where d
p
is the disturbance with uncertainty, d

0
is the nominal disturbance and Dd

is the random uncertainty in the disturbance. The amount of uncertainty in the
disturbance is quanti"ed here as being

e
2
"

E[EDdE
2
]

Ed
0
E
2

. (10)
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The de"nitions given in equations (7) and (10) are used to provide a normalized
measure for both structured and unstructured uncertainties.

2.1. UNSTRUCTURED UNCERTAINTY IN DISTURBANCE

If the uncertainty consists of independent random perturbations in each element
it is said to be unstructured and if it exists only in the disturbance, then

d"d
0
#Dd (11)

and

G"G
0
. (12)

Assume Dd has zero mean,

E[Dd]"0, (13)
so that

E[DdHd
0
]"0 (14)

and
E[DdHAd

0
]"0 (15)

for any A.
The minimum residual error J

.*/
is

J
.*/

"(dH
0
#DdH)[I!G

0
(GH

0
G

0
)~1GH

0
](d

0
#Dd) (16)

which can be written as

J
.*/

"dH
0
Ad

0
#dH

0
ADd#DdHAd

0
#DdHADd, (17)

where
A"I!G

0
(GH

0
G

0
)~1GH

0
(18)

is a positive-de"nite matrix.
The mean value of J

.*/
is thus given by the expectation

E[J
.*/

]"dH
0
Ad

0
#E[DdHADd], (19)

where equation (15) has been used to simplify the expression, which may be
written as

E[J
.*/

]"J
0
#E[DJ], (20)

where
J
0
"dH

0
Ad

0
(21)
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is the minimum cost function if Dd"0, and

DJ"DdHADd (22)

which must be positive since A is positive de"nite. Thus, the average attentuation,
equation (4), is predicted to be consistently less than the attenuation with no
uncertainty. The reduction in attenuation depends on A, and hence on G, and thus
appears to depend on the actuator locations.

The matrix A, which has a size of ¸]¸ if G
0

has a size of ¸]M (¸'M), can be
expressed in terms of a unitary matrix Q and a diagonal matrix of eigenvalues,
K"diag (j

1
, j

2
,2, j

L
), where all eigenvalues are real, so that we can write

A"QKQH. (23)
Let

p"QHDd, (24)
then

E[DJ]"E[pHKp]. (25)

Expressing p as [p
1
, p

2
,2, p

L
]T, E[DJ] can be written as

E[DJ]"
L
+
i/l

j
i
E[Dp

i
D2]. (26)

If the elements of the vector Dd are independent random numbers with variance c,
then the &&covariance'' matrix of Dd is

E [DdDdH]"cI, (27)

where c is the variance of the modulus of each element of Dd, which, from equation
(10), is equal to

c"
1
¸

e2
2
Ed

0
E2
2
. (28)

The covariance matrix for the vector p is also given by

E[ppH]"QHE[DdDdH]Q"cI (29)

since Q is unitary. Thus, the elements of the vector p are also independent random
numbers with the same variance as the elements of Dd. Equation (26) can thus be
written as

E[DJ]"
1
¸

e2
2
Ed

0
E2
2

L
+
i/1

j
i
"

1
¸

e2
2
Ed

0
E2
2
trace (A). (30)
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The eigenvalues j
i
of matrix A, given by equation (18), have a rather special form

which can be established by writing

A"I!C, (31)
where

C"G
0
(GH

0
G

0
)~1GH

0
. (32)

Note that C is Hermitian and of rank M, and so has M non-zero eigenvalues, and
also that

Cn"C (33)

so that eigenvalues of C, j
c
, must have the property of

jn
c
"j

c
, (34)

i.e., they must be either 0 or 1. Thus, C has M non-zero eigenvalues which must all
be equal to unity. The trace of A is thus equal to

trace(A)"trace(I)!trace(C)"¸!M, (35)

since the trace of the (¸]¸) unit matrix I is equal to ¸.
The "nal expression for the average excess mean-square error caused by the

unstructured uncertainties in the disturbance vector takes the remarkably simple
form

E[DJ]"A
¸!M

¸ B e2
2
Ed

0
E2
2
. (36)

This equation implies that (1) for a given number of actuators (M) and sensors (¸),
E[DJ] is independent of the choice of actuators and sensor position; (2) E[DJ] is
proportional to the total variance of Dd; and (3) E[DJ] is zero if the number of
actuators is equal to the number of sensors (¸"M) and increases in proportion to
the relative di!erence between the number of sensors and number of actuators
((¸!M)/¸).

Since E(DJ) is proportional to the variance of Dd, the average attenuation
achieved by the active control system must inevitably decrease when such
perturbations are introduced into the disturbance vector due to the primary source,
as recently observed by Martin and Gronier [11].

Figure 2 shows simulation results for E(DJ) with 32 microphones averaged over
1000 cases of disturbance perturbation with a single set of loudspeakers, and the
predicted value of E (DJ) using equation (36). In general, the simulation results are
in good agreement with the theory except when a small number of loudspeakers are
used. This appears to be due to statistical errors caused by using a "nite number of
samples.



Figure 2. The e!ect of the total number of loudspeakers on E[DJ] when there is 1% of
unstructured uncertainty (i.e., e

2
"0)01) in the disturbance. The simulation results are averaged over

1000 samples with 32 microphones: n}n}n, simulation; s}s}s, theory.
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2.2. UNSTRUCTURED UNCERTAINTY IN PLANT RESPONSE

If the uncertainty exist only in the plant response, then

G"G
0
#DG (37)

and
d"d

0
.(38)

Assume DG has zero mean,

E[DG]"0, (39)
so that

E[DGHG
0
]"0 (40)

and
E[DGHAG

0
]"0 (41)

for any A. Since elements of DG are assumed to be uncorrelated, then

E[DGHDG]"bI, (42)

where, using equations (7) and (8), b is given by

b"
1
M

e2
1
EG

0
E2
F
. (43)



UNCERTAINTIES IN ACTIVE CONTROL SYSTEMS 269
The minimum residual error J
.*/

is

J
.*/

"dH
0

MI!(G
0
#DG) [(G

0
#DG)H(G

0
#DG)]~1(G

0
#DG)HNd

0
. (44)

Further assuming that EDGE
F
(EG

0
E
F

and that G
0

is not ill-conditioned then

E[J
.*/

]"dH
0

MI!G
0
(GH

0
G

0
#bI)~1GH

0

!E[DG[(G
0
#DG)H (G

0
#DG)]~1DGH]Nd

0
, (45)

i.e.,
E[J

.*/
]"Jb!E[DJ

G
] , (46)

where
Jb"dH

0
[I!G

0
[GH

0
G

0
#bI]~1GH

0
]d

0
(47)

is the minimum cost function with an e!ort weighting term, bI, and

E DDJ
G
D"dH

0
E[DG[(G

0
#DG)H (G

0
#DG)]~1DGH] d

0
(48)

which is also positive, but does not appear to have a simple analytic form.
The average attenuation thus will be reduced by the e!ective weighting term and

by a term which depends on G
0

and d
0
. The performance of sets of loudspeakers

which give good attenuation with low control e!ort will be relatively insensitive to
small values of b. This is because the term buHu will be small compared to the term
eHe in the general cost function discussed at the beginning of this section. Thus, it is
these loudspeaker sets for which the performance is likely to be less sensitive to
random variations in the response of the plant.

2.3. SIMULATION RESULTS WITH UNSTRUCTURED UNCERTAINTIES

For the example problem of selecting the best eight loudspeaker positions from
a possible 32 locations to minimize the sum of squared outputs of 32 microphones,
a set of plant responses, G

0
, and disturbances d

0
, was measured at 88 Hz in an

enclosure, which has approximate dimensions of 2)1 m]2)1 m]6)0 m. Exhaustive
search results are shown in Table 1 and are used as a reference, since they have been
obtained without any uncertainties and using the nominal "tness function de"ned
in equation (4). Robust loudspeaker positions are then sought for three cases:
(1) uncertainty in the disturbance only, (2) uncertainty in the plant response only,
and (3) uncertainty in both the disturbance and plant response.

For ensembles of possible disturbances and plant responses with a given set of
actuators and sensors, the "tness function used by the search algorithm, which is
used as a measure of the average performance, is de"ned to be

Attn"!10 log
10 A

I
+
i/1

eH
i
e
iN

I
+
i/1

dH
i
d
iB , (49)



TABLE 1

Rank ordering of exhaustive search results for the best 8 loudspeaker locations from 32
to minimize sum of squared outputs of 32 microphones without uncertainty in the

disturbance and plant response

Loudspeaker position
Rank order Attn. (dB) Control e!ort (1, present; 0, not present)

1 34)00 1)16 11000000000000101010100000010100
2 33)65 1)90 11000000000010100110100000000100
3 33)60 1)30 11001100000000101010000000000100
4 32)97 1)22 11000000000010101010100000000100
5 32)94 1)55 11000000000000100110100000010100
6 32)93 0)39 01010001000000101010000000000101
7 32)84 0)38 01010000000000101010001000000101
8 32)64 0)41 01010000000000101010000010000101
9 32)62 1)59 11000010000001100010100000000100

10 32)61 0)28 01000000000000101010100010000101
11 32)57 1)53 11000000000001100010100000010100
12 32)56 1)59 11000000001001100010100000000100
13 32)56 0)29 01000000100000101010100000000101
14 32)56 1)55 11000000000001100010110000000100
15 32)56 1)58 11000000010001100010100000000100
16 32)55 1)30 11100000000001100010100000000100
17 32)53 1)41 11000000000000100010100000010101
18 32)44 0)61 11100000000000100010100000010100
19 32)35 1)45 11000000000001100011100000000100
20 32)15 0)68 11100000000000100010100100000100

270 K. H. BAEK AND S. J. ELLIOTT
where

eH
i
e
i
"dH

i
[I!G

i
[GH

i
G

i
]~1GH

i
]d

i
. (50)

For the unstructured uncertainty case, six sets of d
i
and G

i
are generated by adding

random variations to d
0

and G
0

and Attn de"ned by equation (49) is used as
a "tness function in a simulated annealing search [5]. Tables 2}4 show the search
results for each of the three cases where the level of uncertainty has been chosen to
give approximately the same attenuation in each case. When the uncertainty is only
in the disturbance (Table 2), the ranking is similar to that with no uncertainty
(Table 1), as predicted in section 2.1. A similar set of actuator locations is chosen
when there are small uncertainties in either the plant (Table 3) or both the plant and
disturbance (Table 4) and these are a subset of those chosen for the nominal plant
and disturbance (Table 1) which have relatively low control e!ort.

Figure 3 shows the probability distribution of the attenuation for the
loudspeaker sets designated cases 1 and 6, with uncertainty in the disturbance only.
Case 1 gives the best performance in the search without any consideration of the
uncertainty (Table 1) and case 6 performs almost as well with no uncertainty, but



TABLE 2

Simulated annealing search results with unstructured uncertainty in the disturbance
with e

2
"0)018

With uncertainty Without uncertainty
Loudspeaker position Rank

Attn. (dB) E!ort (1, present; 0, not present) Attn. (dB) E!ort (Table 1)

32)12 1)15 11000000000000101010100000010100 34)00 1)16 1
31)99 1)86 11000000000010100110100000000100 33)65 1)90 2
31)88 1)29 11001100000000101010000000000100 33)60 1)30 3
31)47 1)21 11000000000010101010100000000100 32)97 1)22 4
31)45 1)50 11000000000000100110100000010100 32)94 1)55 5
31)41 1)61 11000010000001100010100000000100 32)62 1)59 9
31)41 1)53 11000000000001100010100000010100 32)57 1)53 11
31)40 1)33 11100000000001100010100000000100 32)55 1)30 16
31)35 1)60 11000000001001100010100000000100 32)56 1)59 12
31)35 1)60 11000000010001100010100000000100 32)56 1)58 15

TABLE 3

Simulated annealing search results with unstructured uncertainty in the plant response
with e

1
"0)0063

With uncertainty Without uncertainty
Loudspeaker position Rank

Attn. (dB) E!ort (1, present; 0, not present) Attn. (dB) E!ort (Table 1)

32)12 0)39 01010001000000101010000000000101 32)93 0)39 6
32)03 0)39 01010000000000101010001000000101 32)84 0)38 7
32)02 0)28 01000000000000101010100010000101 32)61 0)28 10
32)00 0)29 01000000100000101010100000000101 32)56 0)29 13
31)69 0)41 01010000000000101010000010000101 32)64 0)41 8
31)36 0)30 01000000010000101010100000000101 31)89 0)30 26
31)33 0)50 11100000000000100010100000010100 32)44 0)61 18
31)16 1)00 11000000000000101010100000010100 34)00 1)16 1
31)12 0)20 01100100000000101010000000000101 31)52 0)20 36
31)08 0)15 01100000000000110010000100000110 31)30 0)15 48
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has low control e!ort. As the uncertainty increases, the average attenuation
decreases and the deviation in the attenuation increases. The average performance
of case 1 is better than case 6 for all levels of disturbance uncertainties however, as
predicted in section 2.1. Figure 4 shows the probability distribution of attenuation
for cases 1 and 6 with uncertainty in the plant response. The average performance
of case 6 is now better than case 1 for an uncertainty of e

1
"10~2, so that with this

level of plant uncertainty the loudspeaker set in case 6 will perform better, on



TABLE 4

Simulated annealing search results with unstructured uncertainty in the disturbance
and plant response with e

1
"e

2
"0)0059

With uncertainty Without uncertainty
Loudspeaker position Rank

Attn. (dB) E!ort (1, present; 0, not present) Attn. (dB) E!ort (Table 1)

32)07 0)38 01010001000000101010000000000101 32)93 0)39 6
32)04 0)38 01010000000000101010001000000101 32)84 0)38 7
31)88 0)28 01000000000000101010100010000101 32)61 0)28 10
31)75 0)29 01000000100000101010100000000101 32)56 0)29 13
31)74 0)40 01010000000000101010000010000101 32)64 0)41 8
31)42 1)06 11000000000000101010100000010100 34)00 0)16 1
31)37 0)54 11100000000000100010100000010100 32)44 0)61 18
31)34 0)20 01100100000000101010000000000101 31)52 0)20 36
31)29 0)49 10010000000000101010001000000101 31)89 0)49 25
31)18 0)22 01100100000000100110000000000101 31)48 0)22 37

Figure 3. Probability distribution for attenuation with loudspeaker set case 1 (**) and case
6 (} } } }) with unstructured uncertainty in the disturbance.
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average, than case 1, whereas with no uncertainty case 1 performs better than
case 6. This is a crucial di!erence compared with Figure 3 and it again emphasizes
the importance of choosing loudspeaker positions whose performance is robust
to plant uncertainty, which are generally those which can give good performance
with low control e!ort.



Figure 4. Probability distribution for attenuation with loudspeaker set case 1 (**) and case
6 (} } } }) with unstructured uncertainty in the plant response.
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3. STRUCTURED UNCERTAINTY IN THE PLANT RESPONSE
AND DISTURBANCE

In practical active sound control systems, much larger changes in the plant and
the disturbance than those discussed above can occur as a result of physical
changes in the space under control, caused, for example, by the presence or absence
of passengers. The changes in the elements of the disturbance vector and plant
matrix due to such changes are known to be dependent upon each other and so the
uncertainty has a certain structure. The equivalent source method [10] has been
used to model the e!ect of several acoustic di!racting objects on the plant response
and disturbance vector in an enclosure. The e!ects of di!racting spheres in the
enclosure are analyzed in terms of the changes in the singular-value matrix of the
nominal plant response, in which the spheres are not present. Some measurements
are also made with di!racting objects inside an experimental enclosure and these
were analyzed in the same way. The selection of robust transducer positions was
considered for various cases of structured uncertainty in the plant response and
disturbance vector.

3.1. INTRODUCTION

In practice, some form of adaptive algorithm is used to adjust the inputs to the
secondary sources in active control systems, which generally uses an internal model
of the plant response. We will assume that this internal model is equal to the
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nominal plant response, G
0
, and that the adaptive algorithm can be written in

a generalized form as

u(k#1)"u(k)!MGH
0
e (k), (51)

where e(k) is the measured error at the kth iteration. GH
0
e(k) is the assumed gradient

of eH(k)e(k) with respect to the real and imaginary parts of u, and M is
a positive-de"nite conditioning matrix which could be included to improve the
convergence of the algorithm. M would be equal to (GH

0
G

0
)~1 if an algorithm based

on Newton's method were implemented, for example, and I for a steepest descent
algorithm. The vector of measured error signals is assumed to be equal to

e(k)"d#G
p
u (k), (52)

where G
p

is the response of the physical plant. Substituting equation (52) into
equation (51) gives

u (k#1)"u (k)!M[GH
0
d#GH

0
G

p
u(k)]. (53)

Since the matrix M is positive de"nite, the steady state value of u (k), u
=

, for which
u(k#1)"u (k), must be given by setting the term in square bracket in equation (53)
to zero, so that u

=
must be given by

u
=
"![GH

0
G

p
]~1GH

0
d, (54)

assuming that GH
0
G

p
is positive de"nite and that the algorithm is stable.

Substituting equation (54) into equation (52) gives the steady state error, e
=

, for the
adaptive algorithm in equation (51).

e
=
"[I!G

p
[GH

0
G

p
]~1GH

0
]d. (55)

Two other de"nitions of residual error signals are also used in this study which are

e
0
"[I!G

0
[GH

0
G

0
]~1GH

0
]d, (56)

and
e
p
"[I!G

p
[GH

p
G

p
]~1GH

p
]d. (57)

For each case, the corresponding attenuations are de"ned as Attn
=

, Attn
0

and
Attn

p
. The meaning of Attn

0
and Attn

p
are obvious from equations (55) and (56).

Attn
=

indicates the attenuation achievable with an adaptive algorithm of the form
of equation (51) having an internal model G

0
acting on a physical plant, G

p
, with

uncertainty.
Prior to the discussion of the selection of transducer positions, the e!ects of

internal spheres in a room on the plant response are discussed here. The nominal
plant matrix G

0
can be decomposed into the form of

G
0
"R

0
R
0
QH

0
, (58)
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where R
0

is the matrix of normalized eigenvectors of G
0
GH

0
, and Q

0
is the matrix of

normalized eigenvectors of GH
0
G

0
. The matrix R

0
has the form of

R
0
"

p
1

0 2 0

0 p
2

F

F }

0 2 p
M

0 2 0

F F

0 2 0

, (59)

where p
1
, p

2
,2, p

M
are the real singular values of G

0
. R

0
has a size of ¸]M if

G
0

has a size of ¸]M. If we de"ne R
p

as

R
p
"RH

0
G

p
Q

0
, (60)

G
p

can be expressed as
G

p
"R

0
R

p
QH

0
. (61)

This is a very similar form of equation (58) but, in this case, &
p

will, in general, be
a fully populated matrix. The changes of the singular-value matrix DR due to the
change DG in the plant response can now be de"ned as

DR"R
p
!R

0

"RH
0
G

p
Q

0
!RH

0
G

0
Q

0

"RH
0
DGQ

0
. (62)

The importance of the DR matrix on the stability and performance of active control
systems has been discussed by Omoto and Elliott [12]. Di!erent types of plant
uncertainties can be identi"ed since each type of uncertainty has its own pattern in
the DR matrix. The structure of the DR matrix can also indicate the magnitude of
the changes in the residual errors caused by variations in the plant response.

3.2. SIMULATION RESULTS USING ESM

Theoretical calculations of the plant response matrix and disturbance vector
have been made using the equivalent source method (ESM) [10] for an active
control system laboratory enclosure. The locations of the loudspeakers and
microphones are sketched in Figure 5. For the ESM calculation at 88 Hz, the
boundary conditions on the enclosure is matched using 26 image sources and 110
monopole equivalent sources distributed on the surface of a notional sphere of
100 m in diameter, as shown in Figure 6(a). Zero normal velocity boundary



Figure 5. (a) Loudspeaker and (b) microphone positions in the laboratory enclosure. (The "gures
are not in exact scale and show only approximate positions.)
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conditions are checked at 546 points uniformly distributed on the enclosure surface,
which lie on the grid generated by dividing the X-, >- and Z-axis into 7, 16 and
7 elements each. The secondary loudspeakers, are approximated as point monopole
sources in the ESM calculations.

3.2.1. ¹he e+ect of numbers and size of sphere

The plant response matrix is calculated for "ve cases, with and without a number
of rigid spheres placed inside the enclosure, as shown in Figure 7. All spheres are
modelled to have a diameter of 0)5m except the large one shown in Figure 7(b),
which has a diameter of 0)9m and has approximately the same volume of six small
spheres. The diameter of the small spheres was chosen so that their volume was
approximately the same as a person weighing 65 kg. The schematic drawing for the
modelling of small spheres is shown in Figure 6(b) where 38 monopole equivalent
sources are used to match the boundary conditions on each sphere. The rigid
boundary surface condition for the di!racting spheres, i.e., zero normal velo-
city at the sphere surface, is checked at 52 points on the surface of the di!racting
sphere.

Figure 8(a) shows the vector plot of the elements of the plant response matrix,
assumed to be the nominal plant response G

0
in this study, calculated using ESM

without any spheres inside the enclosure. The elements of the plant response have
complex values and arrows in the horizontal right-hand direction indicate positive
real values and vertical arrows indicate positive imaginary values in all of the vector
plots shown in this paper. Figures 8(b)}8(e) show the DG matrices calculated for the
cases shown in Figure 7, which were scaled up by 10 times compared with the plots
in Figure 8(a). The changes in the plant response are small for the single-sphere
case. When six spheres, or one large sphere with the same total volume, are placed
in the enclosure, the changes in the plant response are similar (Figures 8(c) and 8(d)).



Figure 6. (a) Sketch of ESM modelling for the enclosure and the positions of equivalent sources.
(b) Schematic drawing of the sphere model used in ESM calculation.
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However, when the six spheres are moved to another position in the enclosure,
Figure 8(e), the pattern of the elements in the DG matrix changes signi"cantly. Note
that the form of the DG matrices is entirely dependent on the ordering of the
actuators and sensors assumed in the de"nition of G

0
.



Figure 7. Plan view of internal sphere positions used in the simulation. &&]D 11 Symbol indicates the
approximate position of the primary source.
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Whereas Figure 8 shows the e!ect of the di!racting spheres on the physical plant
response matrix, the DR matrix de"ned by equation (62) may be used directly to
predict the in#uence of the uncertainty in the plant response on the performance
and stability. Figure 9 shows the structure of the DR matrices corresponding to the
cases shown in Figure 7, in exactly the same format as was used for the DG matrices
in Figure 8. Figures 9(b)}9(e) show the vector plots of the DR matrices for the cases
shown in Figures 8(b)}8(e), which are scaled up by 10 or 30 times compared with
the R

0
plot in Figure 9(a). Comparing the cases shown in Figures 9(b) and 9(c), both

of which are for the e!ect of a single sphere but of di!erence size, the absolute
magnitude of DR with a single large sphere is much larger than that with single
small sphere, but it is interesting to notice that the directions of the arrows, i.e., the
ratio of real over imaginary part of each elements in DR, are now very similar.
Figures 9(d) and 9(e) show vector plots of DR where there are six di!racting spheres
present, but in di!erent positions. It is again interesting to note that the two DR
matrices now have a very similar form, in contrast to the DG matrices shown in
Figures 8(d) and 8(e). In general, the e!ects of the di!racting spheres appear in
the top left-hand part of the DR matrix. From the previous work of Omoto and
Elliott [12] this suggests that plant perturbations will have relatively little e!ect on
performance.

The norms of the DR matrices for each case, normalized by the norm of R
0

are
summarized in Table 5 which also shows the achievable attenuations (Attn

p
and

Attn
=

). The norm of the DR matrix for case 1 is the smallest since only one sphere is
present inside the enclosure and the norm for case 2, with the single large sphere, is
largest, about 20% of the nominal value. Compared with Attn

0
, the attenuation

achievable without the di!racting spheres, the attenuation achievable with the
spheres present Attn

p
show only a fraction of a dB di!erence, except case 2. This is



Figure 8. The complex values of the 16]32 elements of the nominal plant response matrix, G
0
, and

the changes in the plant response matrix, DG, calculated using ESM with and without the spheres for
the cases shown in Figure 7. DG plots are scaled up by 10 times compared with the G

0
plot. (a) G

0(without sphere); (b) DG for case 1 (single 0)5 m sphere, Figure 7(a)); (c) DG for case 2 (single 0)9 m
sphere, Figure 7(b)); (d) DG for case 3 (six 0)5 m spheres, Figure 7(c)); (e) DG for case 4 (six 0)5 m
spheres, Figure 7(d)).
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in agreement with Omoto and Elliott [12], who showed that the magnitude of the
elements in the lower right-hand side of the DR matrix, whose norm is shown to be
small in Table 5, will have the greatest e!ect on the residual error. In fact, the



Figure 9. The complex values of the 16]32 elements of the singular value matrix for the nominal
plant, R

0
and the purturbations in the singular value matrix due to plant uncertainty, DR, for the cases

shown in Figure 8. The DR plots are scaled up by 30 times in (b) and 10 times in (c)} (e) compared with
the R

0
plot. (a) R

0
(without sphere); (b) DR for case 1 (single 0)5 m sphere, Figure 7(a)); (c) DR for case

2 (single 0)9 m sphere, Figure 7(b)); (d) DR for case 3 (six 0)5 m spheres, Figure 7(c)); (e) DR for case
4 (six 0)5 m spheres, Figure 7(d)).
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performance with 6 spheres present is slightly better than when no spheres are
present. It is interesting to note that in all cases, the attenuation which could be
achieved in an enclosure with spheres, using a control system whose internal model
was identi"ed without spheres, Attn

=
, was almost the same as the maximum which

could be achieved with an ideal controller in the enclosure with spheres, Attn
p
.



TABLE 5

Comparison of the norms of DR and the attenuations obtained with spheres positioned
inside the enclosure as shown in Figure 7

Case Attn
p

(dB) Attn
=

(dB) EDRE/ER
0
E EsubDRE/ER

0
E

No sphere 43)28 43)28 0)0000 0)00000
1. one 0)5m 43)07 43)07 0)0447 0)00041
2. one 0)9m 40)47 40)46 0)2001 0)00156
3. six 0)5m 43)30 43)30 0)1544 0)00051
4. six 0)5m 44)10 44)10 0)1348 0)00044

TABLE 6

Average norms and average attenuations calculated using ESM over 20 cases of the
plant matrix with 6 and 12 spheres placed randomly in an enclosure

Spheres Attn
0

(dB) Attn
p

(dB) Attn
=

(dB) EDRE/ER
0
E EsubDRE/ER

0
E

6 43)28 41)69 41)67 0)22815 0)00097
12 43)28 40)87 40)84 0)36630 0)00126
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3.2.2. Averaged performance with 6 and 12 spheres

Section 3.2.1 described the simulation results with two cases of 6 spheres which
are placed in a symmetric pattern. This section describes the e!ects of 6 and 12
di!racting spheres, but the sphere positions are now randomly selected from
a possible 24 locations evenly distributed in a horizontal plane.

A total of 20 sets of 6 or 12 sphere positions are selected and the plant responses
were calculated using the ESM for a control system with 32 microphones and 16
loudspeakers. With these 20 sets of G

p
matrices, *R matrices are calculated for each

case and the averaged values of the norms are summarized in Table 6. Whether 6 or
12 spheres are used, most of the variations appeared on the upper part of the DR
matrix, as shown in Figure 10, with larger changes in the left-hand side, around the
main diagonal elements. This is similar to the pattern in the D& matrix caused by
changes in the primary source excitation frequency described in the work of Omoto
and Elliott [12], but is rather di!erent from the variations caused by changes in the
positions of the secondary sources or error sensors observed by these authors. The
DR plots in Figure 10 have strong o!-diagonal terms, however, which were not
observed for changes in excitation frequency. Clearly, the averaged norm of DR,
and that of the bottom right sub-matrix of DR, are increased when 12 spheres are
used compared with those of 6 spheres, which re#ects the fact that more di!racting
spheres generate larger uncertainties. The average reduction in performance,
however, is only about 1)6 dB with 6 spheres and 2)4 dB with 12 spheres. Whether
6 or 12 spheres are used, the value of Attn

=
is only marginally smaller than the

value of Attn
p
.



Figure 10. The complex values of the 16]32 elements of the DR matrices obtained using ESM
calculation with 20 sets of randomly chosen (a) 6 di!racting spheres and (b) 12 di!racting spheres in
the enclosure.
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The average normalized magnitude of DR, which is equal to e
l
in equation (7),

was about 23% for 6 spheres, but this causes only a 1)6 dB loss of performance in
this case. These results can be compared with those of the previous section for
unstructured plant uncertainty, which showed that in that case values of e

1
of only

1% could give rise to reduction of 5 dB in performance. The presence of the spheres
can thus be said to have a smaller e!ect on performance in relation to the sizes of
the changes in the plant matrix than random perturbations in the elements of the
plant matrix, but these changes are still large enough to motivate choosing
loudspeaker locations which are robust to such uncertainties.

3.2.3. Measured results with di+racting objects

In order to verify the predicted e!ects of the di!racting spheres on the DR matrix,
experiments were carried out with six wooden boxes, which had approximately the
same volume as the small spheres modelled above, placed at various positions in an
experimental enclosure before the transfer response matrix from each loudspeaker
to each microphone was measured. With the 32 microphones and 16 loudspeakers
shown in Figure 5, 12 plant responses are measured with the boxes in the enclosure,
while changing the box positions randomly for each measurement. The DR matrices
of the measured results are plotted in Figure 11 which shows that the experimental
results have a similar form to those predicted from the ESM calculations. The
average norm of DR for the measured results is 0)35 which is somewhat larger than
the norm of DR predicted by the ESM calculations, which was about 0)23. This
di!erence may be due to the di!erent shapes and positions for the di!racting
objects, especially in the height within the enclosure. The distance from the centre of



Figure 11. The complex values of the 16]32 elements of 12 DR matrices for the plant responses
measured with 6 boxes (each box has an equivalent volume of a person) randomly placed in 12
di!erent sets of positions in an enclosure.
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the boxes to the #oor used in the experiments was about 1)1m whereas it was
0)75m for the spheres used in the ESM calculations. The temperature in the
enclosure was always around 203C during the course of the measurements, but
small variations in temperature could also have contributed to the measured
changes in the DR matrix.

4. THE EFFECT OF STRUCTURED UNCERTAINTIES IN TRANSDUCER
SELECTION

The optimal transducer positions can be e$ciently found using several natural
algorithms [5] although the selection of loudspeaker positions is signi"cantly
a!ected by the de"nition of the "tness function used in the searching algorithm. In
this section, we investigate the e!ect of structured uncertainty in the plant response
on the selection of loudspeaker positions. The 20 perturbed plant response
matrices, G

p
(32]16), each calculated with six di!racting spheres described in

section 3.2.2 together with another set of 20 plant matrices for 16 di!erent
loudspeaker positions were used to build plant matrices of dimensions 32]32.
A simulated annealing algorithm is then used to select eight optimal loudspeaker
positions from the possible 32. In addition to the selection with the plant matrices
with structured uncertainty, plant matrices using unstructured uncertainty are also
used, which are generated by adding random noise to the nominal plant matrix
G

0
calculated from ESM. Based on these two groups of plant response matrices,
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four di!erent "tness functions are designed and the performance of each "tness
function is compared together in the later part of this section.

4.1. FITNESS FUNCTIONS WITH UNCERTAINTY IN THE PLANT RESPONSE AND
DISTURBANCE

Four di!erent "tness functions are de"ned and tested. As a reference, a "tness
function f

1
using the nominal plant response matrix G

0
without uncertainty is

de"ned as

f
1
"10 log

10
(dH

0
d
0
/eH

0
e
0
), (63)

where e
0

is given by equation (56). This "tness function is for the case where the
plant response is measured for the empty enclosure and the physical plant response
remains unchanged during the control.

The second case is where the plant responses and primary disturbances are
calculated with the di!racting spheres in the enclosure, which generates structured
uncertainty. The matched plant response matrix G

p
and the primary disturbance

vector d
p
calculated with 20 di!erent examples of six di!racting spheres are used in

the "tness function f
2

which is de"ned as

f
2
"10 log

10
(+dH

p
d
p
/+eH

p
e
p
), (64)

where e
p
is given by equation (57) and the sum is taken over all 20 cases. The plant

response matrix G
p
is used here as both the estimated plant response and physical

plant response.
In the third case, plant responses with unstructured uncertainties are used.

A total of 20 plant response matrices were generated by adding random noise to the
nominal plant response G

0
and the "tness function f

3
for this case is de"ned as

f
3
"10 log

10
(20 ) dH

0
d
0
/+eH

p
e
p
). (65)

In the last case, the "tness function uses plant response matrices which have both
structured and unstructured uncertainties. The plant response matrices with
structured uncertainty used in the "tness function f

2
are again used, but random

noise is now added to also give a degree of unstructured uncertainty in the plant
responses. Therefore, the "tness function f

4
is de"ned as

f
4
"10 log

10
(+dH

p
d
p
/+eH

p
e
p
), (66)

where d
p
represents the matched primary disturbance vector without unstructured

uncertainty and e
p

represents the error signal with the plant response matrix
calculated with spheres, together with unstructured uncertainty of e

l
"0)6%.

The results of the selection using the "tness function f
1

indicate that some of the
loudspeaker con"gurations require signi"cantly higher control e!ort than others.
These con"gurations are the cases we would not want to choose. The results of the



TABLE 7

Averaged attenuation and control e+ort (in parentheses) achievable with the
loudspeaker positions found with four simulated annealing searches, each conducted
using a di+erent ,tness function. ¹he ,tness functions are with no uncertainty, f

1
,

with uncertainty due to the presence of spheres in the enclosure, f
2
, with uncertainty

due to random perturbations of the plant matrix, f
3
, and with both types of uncertainty,

f
4
. ¹wenty sets of loudspeaker positions from the results of each search are then used

to evaluate the performance using each of the ,tness functions

Functions used in the evaluation
Fitness function used

in the search f
1

f
2

f
3

f
4

f
1

(nominal) 44'39 35)76 37)41 34)02
(12'21) (6)81) (1)20) (1)29)

f
2

(structured) 41)39 39'06 39)27 37)78
(0)63) (0'65) (0)63) (0)65)

f
3

(0)6% unstructured) 42)56 36)99 40'13 36)18
(0)62) (0)65) (0'61) (0)64)

f
4

(structured# 41)29 38)98 39)41 37'86
0)6% unstructured) (0)57) (0)59) (0)57) (0'59)
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selection using the "tness function f
2
, f

3
and f

4
e!ectively "lter out such

con"gurations, although they also show a di!erent performance in the attenuation
under di!erent conditions. Table 7 shows the average attenuations and control
e!orts when the best 20 sets of loudspeaker positions found with the selection using
each of the four "tness functions are used to calculate the average performance in
each of the four cases. Clearly, the loudspeaker positions found with one "tness
function perform best when they are evaluated in the same way. The positions
found with the "tness function f

1
(nominal) performs the best when evaluated with

f
1

for example, but for all the other "tness functions this is the worst performer in
terms of both of the attenuations and control e!orts.

The next worst case can be seen from the results obtained using f
3

in the search,
which is the case of having purely unstructured uncertainty in the plant response.
The loudspeaker positions found with this "tness function perform fairly well when
they are used in the empty enclosure, without any uncertainties, but the attenuation
drops by about 4 dB when used in the mixed uncertainty environment ( f

4
). The

performance when searching with "tness function f
2
, with structured uncertainties,

was about 2 dB better than when the loudspeaker selection was made assuming
only unstructured uncertainty and 3 dB better than when the loudspeaker selection
was made assuming no uncertainty. This ranking is not a!ected by the presence of
additional unstructured uncertainty in the "tness function ( f

4
).

The control e!ort is relatively low with the loudspeaker positions found using the
"tness function f

2
, f

3
or f

4
, which indicates that the inclusion of any uncertainties in

the "tness function e!ectively prevents the selection of loudspeaker positions which
give rise to ill-conditioned control problems.
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4.2. FITNESS FUNCTIONS WITH SYNTHETIC DR MATRICES

The "tness functions used in section 4.1 required plant responses and
disturbances calculated using the ESM model. The calculations of these plant
responses and disturbances can be very expensive computationally, depending on
the number of di!racting object and shapes, for example. Instead of using such
computationally expensive methods, it may be possible to use the structure of the
DR matrix observed for the ESM simulations to generate an ensemble of candidate
plant responses for the loudspeaker selection from a single nominal plant response
matrix.

It is assumed that the e!ect of structured uncertainty mainly appears on
the upper left part of DR matrix. The magnitude of each element in the DR
matrix with the structured uncertainty is assumed to be inversely proportional
to the distance from the top left element, the largest singular value, but the phase of
the element is assumed to be random. Therefore, if an approximate value of the
largest singular value of the DR matrix is known we can easily generate a synthetic
ensemble of plant response matrices with uncertainties. This technique could also
be used to generate a set of perturbed plant responses from a single measured
response.

Searches for loudspeaker positions were performed using these synthetic plant
responses with four di!erent "tness functions and the average performance of the
loudspeaker sets selected using each "tness function is compared in Table 8. Fitness
function f

1
, de"ned in equation (63), is again used here as a reference. Fitness

function f
a

uses a single plant response generated from the average of 20 DR
matrices obtained using ESM with six di!racting spheres. Fitness function f

b
is very

similar to f
2

de"ned in equation (64) and uses the errors evaluated from plant
matrices calculated using the ESM method, but uses the nominal disturbance
d
0

instead of d
p
. Fitness function f

c
uses the synthetic ensemble of plant response

generated in the way described in this section.
Table 8 shows that the positions found with the "tness function f

1
performs well

when evaluated with f
1
but for all the other "tness functions the performance is very

poor, with control e!orts which are signi"cantly higher than those of all the other
"tness functions. The positions found using "tness function f

a
perform well for the

nominal plant response but have poor performance for the other cases with
considerably high control e!orts. The positions found using "tness function f

b
and

f
c
show very similar performance, with high attenuation and low control e!ort. This

indicates that the synthetically generated plant responses can be used instead of
those generated using a complete simulation to select good loudspeaker positions
whose performance is robust to structured uncertainty.

5. CONCLUSIONS

The e!ects of uncertainty in the plant response and disturbance on the
performance of an active control system have been studied, particularly related to
the placement of transducers. Two cases have been considered, with either
structured or unstructured uncertainty.



TABLE 8

Averaged attenuation and control e+ort (in parentheses) achievable with the
loudspeaker positions found with four simulated annealing searches, each conducted
using a di+erent ,tness function. ¹he ,tness functions are with no uncertainty and the
plant response with no spheres, f

1
, with no uncertainty and the average plant response

with spheres, f
a
, with uncertainty due to the presence of spheres in the enclosure, f

b
,

and with uncertainty due to random numbers in the elements of the DR matrix
whose magnitudes were similar to those due to the presence of spheres. ¹wenty sets
of loudspeaker positions from the results of each search are then used to evaluate

the performance using each of the ,tness functions

Functions used in the evaluation
Fitness function used

in the search f
1

f
a

f
b

f
c

f
1

(nominal) 44'39 19)99 25)58 26)89
(12'21) (1)20) (21)74) (2)67)

f
a
(R

0
#DR ) 36)18 26'56 24)46 25)37

(3)10) (1'42) (8)07) (1)32)
f
b
(6 sphere, ESM) 38)36 17)76 37'28 33)48

(0)55) (0)70) (0'81) (0)57)
f
c
(synthetic) 38)41 17)44 36)06 33'81

(0)57) (0)77) (0)96) (0'61)
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For the unstructured uncertainty in the plant response and disturbance, the
performance could be derived analytically using the assumed statistical property of
the uncertainty. A particularly simple analytic form could be derived for
unstructured uncertainties in the disturbance, which indicates that the resultant
additional residual error is independent of the particular choice of actuator
positions but depends only on the level of uncertainty and the relative numbers of
actuators and sensors. Theoretical analysis of the performance with unstructured
uncertainty in the plant response shows that the loudspeaker positions which give
good attenuation with low control e!ort will generally be robust to such
uncertainty. The performance of practical systems is largely dominated by
uncertainty in the plant response, so that the results with combined uncertainties
are primarily a!ected by the uncertainty in the plant response if both have the same
level of uncertainty. In general, whether the uncertainty is in the plant response or
disturbance or both, the loudspeaker position sets with low control e!ort give
consistently good attenuations. Such positions have been identi"ed using
a simulated annealing search using the "tness function which measures average
performance over several sets of plant responses and disturbances.

The e!ects of structured uncertainty have been analyzed by considering the
changes to the singular-value matrix, DR, of the plant response. The structured
uncertainty in the plant response is assumed to be generated by the presence of
di!racting spheres inside an enclosure. Using the equivalent source method, plant
response matrices have been generated with and without the di!racting spheres.
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Experiments were also performed to measure the plant responses with box-shaped
objects inside an enclosure. The vector plots of the measured DR matrices are
compared with those calculated using the ESM and found to have similar patterns.
The results indicate that this kind of uncertainty has a characteristic pattern in the
vector plots, although it is fairly similar to that caused by changes in the excitation
frequency.

The e!ect of structured uncertainty on the selection of optimal loudspeaker
positions was also studied. Twenty sets of plant response matrices with structured
uncertainty were generated using the ESM in an enclosure with 6 or 12 randomly
positioned spheres present. Several "tness functions are tested using these plant
response matrices with structured and unstructured uncertainties. For each of the
"tness functions, the best 20 sets of 8 loudspeaker positions are selected from
a possible 32 locations and the averaged performance is evaluated for various
situations. In general, the loudspeaker sets chosen using the "tness functions based
on the plant response matrices with structured uncertainty show better
performance than the others, showing fairly consistent performance under a variety
of evaluation conditions. Whether the uncertainty is structured or unstructured, the
loudspeaker positions chosen e!ectively discriminated against loudspeaker
positions sets which required a high control e!ort.
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