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1. INTRODUCTION

In the last two decades, a mighty advance has been made in obtaining the exact
stationary solutions of stochastically excited non-linear dynamical systems [1}6].
For obtaining the exact stationary solutions of many-degree-of-freedom (M.d.o.f.)
non-linear stochastic systems, it is advantageous to formulate the systems as
stochastically excited and dissipated Hamiltonian systems [7}10]. Recently, it was
shown by Zhu and Yang [11] and Zhu and Huang [12] that the functional form of
the exact stationary solution of an n d.o.f. stochastically excited and dissipated
Hamiltonian system depends upon the number of integrals of motion in involution
and the number of resonant relations in the associated Hamiltonian system. The
functional forms of the exact stationary solutions and the procedures for obtaining
them were proposed for the cases when the associated Hamiltonian systems are
completely non-integrable, partially integrable and completely integrable
respectively. It is also pointed out that the solutions for the stochastic systems with
completely non-integrable associated Hamiltonian systems are of the property
known as equipartion of energy while the solutions for stochastic system with
partially and completely integrable associated Hamiltonian systems are of the
property that the energy distribution among various degrees of freedom is
adjustable by dampings and stochastic excitations.

Almost all the exact stationary solutions obtained to date are those for purely
stochastically excited non-linear systems except those for the averaged equations of
stochastically and harmonically excited quasi-linear systems [13, 14]. In the
present note, the exact stationary solutions for a class of stochastically and
harmonically excited and dissipated integrable Hamiltonian systems are
investigated. Two functional forms of the solutions for the systems with
non-resonant and resonant integrable Hamiltonian systems are proposed and the
procedures for obtaining them are given. Three examples are studied to illustrate
the functional forms and the procedures.
0022-460X/00/080709#12 $35.00/0 ( 2000 Academic Press
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2. COMPLETELY INTEGRABLE HAMILTONIAN SYSTEMS

Consider an n d.o.f. Hamiltonian system governed by the following n pairs of
Hamilton's equations:

qR
i
"

LH
Lp

i

,

pR
i
"!

LH
Lq

i

,

i"1, 2,2, n, (1)

where q
i

and p
i

are generalized displacements and momenta respectively;
H"H(q, p) is a Hamiltonian with continuous "rst order derivatives.
A Hamiltonian system of n d.o.f. governed by equation (1) is termed completely
integrable if there exists a set of action-angle variables, I

i
and h

i
(i"1, 2,2, n) such

that the new Hamilton's equations are of the simplest canonical form

IQ
i
"!

L
Lh

i

H@(I)"0,

hQ
i
"

L
LI

i

H@(I)"u
i
(I),

i"1, 2,2, n (2)

where u
i
are the frequencies of ith d.o.f. and H@"H@(I) is the new Hamiltonian

independent of h
i
. Equation (2) can be trivially integrated to give the solution

I
i
"const.,

h
i
"u

i
(I)t#d

i
,

i"1, 2,2, n, (3)

where I
i
and d

i
are the constants of integration determined by the initial condition.

If the frequencies u
i

of a completely integrable Hamiltonian system are not
rationally related, the system is termed non-resonant. The system is called resonant
if the u

i
are rationally related, i.e.,

ku
i
u

i
"0,

(4)
i"1, 2,2, n, u"1, 2,2, a,
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where ku
i
are integers. It is completely resonant if a"n!1; otherwise, it is partially

resonant.
In the non-resonant case, let I

i
and d

i
"h

i
!u

i
(I)t be a set of independent

variables. Consider one of their function

G"G(I
1
, I

2
,2, I

n
, d

1
, d

2
,2, d

n
) . (5)

It can be shown by using equations (2) that function G satis"es the following
equation:

LG
Lt

#[H@, G]"0, (6)

where

[H@, G]"
LH@
LI

i
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Lh

i

!

LH@
Lh

i

LG
LI

i

(7)

is the Poisson bracket of H@ and G.
Conversely, for a functional G of I

i
, h

i
, and t, if it satis"es equation (6), then it can

be shown that G can be any function of I
i
, i.e., G"G (I

1
, I

2
,2, I

n
, d

1
, d

2
,2, d

n
).

Now consider the resonant case. Suppose that there are a (1)a)n!1)
resonant relations of the form of equation (4). Introduce a combinations of d

i
as

follows:

t
u
"ku

i
d
i
,

(8)
i"1, 2,2, n, u"1, 2,2, a

Now let I
i
, t

u
(u"1,2, a), d

v
(v"a#1,2, n) be independent variables. It can be

shown similarly that for a functional G of I
i
, h

i
and t, if it satis"es equation (6), then

it can be any function of I
i
, t

u
, d

v
, i.e. G"G (I

1
, I

2
,2, I

n
,t

1
,

t
2
,2,ta , da`1

, da`2
,2, d

n
).

The above two conclusions form the basis of constructing the exact stationary
solutions of stochastically and harmonically excited and dissipated completely
integrable Hamiltonian systems.

3. EXACT STATIONARY SOLUTION OF STOCHASTICALLY AND
HARMONICALLY EXCITED AND DISSIPATED INTEGRABLE HAMILTONIAN

SYSTEMS

Consider a class of stochastically and harmonically excited and dissi-
pated Hamiltonian system of n d.o.f. governed by the following equations of
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motion:

QQ
i
"

LH@
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i

,

PQ
i
"!

LH@
LQ

i

!c@
ij
(Q, P)

LH@
LP

j

!g
i
(Q, P, t)#f

ik
(Q, P)=

k
(t), (9)

i, j"1, 2,2, n, k"1, 2,2,m,

where Q
i

and P
i

are generalized displacements and momenta respectively;
H@"H@(Q, P) is twice di!erentiable Hamiltonian; c@

ij
"c@

ij
(Q, P) denote damping

coe$cients; g
i
"g

i
(Q, P, t) represent parametric and (or) external excitations which

are harmonic functions of d
i
"h

i
!u

i
(I)t;=

k
(t) are Gaussian white noises in the

sense of Stratonovich with correlation functions 2D
kl
d(q); f

ik
"f

ik
(Q, P) represent

the amplitudes of parametric and (or) external excitations of Gaussian white noises.
Equation (9) equivalent to the following set of Ito( stochastic di!erential

equations [11, 12]

dQ
i
"

LH
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i

dt ,

dP
i
"C!

LH
LQ

i

!c
ij

LH
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j

!g
i
(Q, P, t)Ddt#f

ik
dB

k
(t),

i, j"1, 2,2, n; k"1, 2,2, m, (10)

where B
k
(t) are the Wiener processes, H is a modi"ed Hamiltonian and

c
ij
"c

ij
(Q, P) are modi"ed damping coe$cients. The FPK equation associated

with Ito( equation (10) is of the form

Lp
Lt
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L

Lp
i
CAcij

LH
Lp

j

#g
iBpD#

1
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where b
ij
"2(fDfT)

ij
are di!usion coe$cients with f"[ f

ik
] and D"[D

kl
]. FPK

equation (11) is solved under the following boundary conditions with respect to q
i

and p
i
or I

i
:
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which imply vanishing probability #ow at the boundary. FPK equation (11) is
also subjected to n periodic conditions with respect to d

i
with period 2n. The

exact stationary solution for the stochastically and harmonically excited integrable
Hamiltonian system (10) is the exact solution of FPK equation (11) together with
boundary conditions in equation (12) and the periodic conditions with respect to d

i
when tPR. The di!erence between the transient and stationary solutions of
FPK equation (11) in this case is that the former must also satisfy the initial
condition while the latter does not have to satisfy the initial condition. In the
following the functional form of the exact stationary solution for stochastically and
harmonically excited integrable Hamiltonian system (10) with non-resonant or
resonant associated Hamiltonian system and the procedures to obtain them are
developed.

3.1. NON-RESONANT CASE

Suppose that the Hamiltonian system with Hamiltonian H is completely
integrable but non-resonant. Then, based on the "rst conclusion in the last section
and exact stationary solution to FPK equation (11) without damping (c

ij
"0) and

excitation (g
i
"f

ik
"0) will be any function of I

i
and d

i
, i.e.,

p"p(I
1
, I

2
,2, I

n
, d

1
, d

2
,2, d

n
). If c

ij
, g

i
and b

ij
in equation (11) do not vanish and

they are functions of I
i
and d

i
, then it can be easily shown that the exact stationary

solution to full FPK equation (11) would be some speci"c function of I
i
and d

i
.

Taking account of non-negativeness of p and the boundary conditions in Eq. (12),
the exact stationary solution to FPK equation (11) in this case is assumed to be of
the form

p(q, p, t)"C exp[!j(I
1
, I

2
,2, I

n
; d

1
, d

2
,2, d

n
)], (13)

where I
i
"I

i
(q, p); d

i
"d

i
(q, p, t), C is a normalization constant and j is a function

to be determined. Substituting solution (13) into FPK equation (11) and taking into
account of the boundary conditions in equation (12) lead to

c
ij

LH
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j
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i
#

1
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Lb
ij

Lp
j

"

1
2

b
ijA
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LI

s

LI
s

Lp
j

#
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Ld

s

Ld
s

Lp
j
B ,

i"1, 2,2, n, j, s"1, 2,2, n. (14)

These are a set of linear partial di!erential equations for j which imply vanishing
potential probability #ows in n directions. Since solution (13) should be periodic
function of d

i
with period 2n, j can be expanded into n-fold Fourier series

j(I, d)"j
0
(I)#

=
+
r/1

+
DR D/r

[jR (I) cos(R, d)#jM R (I) sin(R, d)], (15)
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where

d"[d
1
,2, d

n
]T , I"[I

1
, I

2
,2, I

n
], R"[R

1
,2, R

n
]T, DR D"

n
+
u/1
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u
D ,

(R, d)"
n
+
u/1

R
u
d
u
.

Substituting equation (15) into equation (14), a set of in"nite equations for
Lj

0
/LI

s
, LjR/LI

s
, LjM R/LI

s
, are obtained. If they can be solved to yield Lj

0
/LI

s
,

LjR/LI
s
, LjM R/LI

s
, which satisfy the compatibility conditions

L2j
0
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LI
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"

L2j
0

LI
s2
LI

s1

,
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LI

s1
LI
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"
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,
L2jM R
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s1
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"
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,

s
1
, s

2
"1, 2,2, n, DR D"1,2,R, (16)

then the following solutions for j can be obtained:

j
0
"j0

0
(0)#P

I

0

Lj
0

LI
S

dI
s
,

jR"j0R(0)#P
I

0

LjR

LI
s

dI
s
, jM R"jM 0R (0)#P

I

0

LjM R
LI

s

dI
s
,

DR D"1,2,R, (17)

where the second terms on right-hand side of equation (17) are line integrals and the
integrands are summation over s"1, 2,2, n. The exact stationary solution to
equation (9) is then obtained by substituting equation (17) into equation (15) and
then into equation (13). To obtain Lj

0
/LI

s
, LjR/LI

s
, LjM R/LI

s
from equation (14), g

i
should also be expanded into n-fold Fourier series of the same form of equation (15)
and c

ij
and b

ij
should be functions of I

i
.

3.2. RESONANT CASE

Now suppose that the Hamiltonian system with Hamiltonian H is resonant and
have a resonant relations of the form of equation (4). Based on the second
conclusion in section 2 and a similar reasoning as that in section 3.1, the exact
stationary solution to equation (9) in this case is assumed to be of the form

p (q, p, t)"C exp[!u (I
1
, I

2
,2, I

n
; t

1
, t

2
,2, ta ; da`1

, da`2
,2, d

n
)]. (18)
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Substituting equation (18) into FPK equation (11) leads to

c
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j
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i
#

1
2

Lb
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1
2

b
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s
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s
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#
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j
B ,

i, j, s"1, 2,2, n, u"1,2, a, v"a#1,2, n, (19)

u can be expanded into the following n-fold Fourier series

u (I, W, d)"u
0
(I)#

=
+

r{/1

+
DR@ D/r{

[uR{
(I) cos(R@, W)#u6 R{

(I) sin(R@, W)]

#

=
+

r{{/1

+
DR@@ D/r{

[uRA(I) cos(RA, d)#u6 RA (I) sin(RA, d)], (20)

where

W"[t
1
,2, ta]T, d"[da`1

,2, d
n
]T, R@"[R

1
,2,Ra]T, RA"[Ra`1

,2,R
n
]T,

DR@ D"
a
+
u/1

DR
u
D , DRAD"

n
+

v/a`1

DR
v
D , (R@, W)"

a
+
u/1

R
u
t
u
, (RA, d)"

n
+

v/a`1

R
v
d
v
.

All the Fourier coe$cients in equation (20) may be obtained in a similar way as in
the non-resonant case under certain conditions.

Some remarks are pertinent at this point. (i) The cases of non-resonant
and resonant are classi"ed in the present paper based on the internal resonance
of the Hamiltonian system associated with Ito( equation (10). Since deterministic
excitations g

i
are harmonic functions t with frequencies u

i
which are the same

as the frequencies of the associated Hamiltonian system, system (9) is often
resonant externally. (ii) For non-degenerate (real non-linear) integrable
Hamiltonian systems, the frequencies u

i
vary with action variables I

i
and

all possible values of I
i

should be considered in random vibration. Hence,
internal resonance rarely occurs in non-degenerate integrable Hamiltonian
systems. The resonant case should be considered only for system (9) with linear
associated Hamiltonian systems. (iii) Exact stationary probability density (13)
is usually almost periodic functions of time t, while stationary probability density
(18) may be periodic and may be time independent when the associated
Hamiltonian system is completely resonant. (iv) Exact stationary solutions (13) and
(18) are reduced to those in reference [11] in absence of deterministic excitation
g
i
"0.
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4. EXAMPLES

4.1. EXAMPLE 1

Consider the system governed by the following equations of motion:

XG
1
#

1
u

1

(c
10
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11
I
1
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I
2
)XQ

1
#u2

1
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2
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2
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where
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1
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"
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I
2
"

1
2n Q J2H

2
!2;(X

2
) dX

2
, u

2
"u

2
(I

2
)"dH

2
/dI

2
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2
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X2 dq
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2
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2
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1
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1
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2 A
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2
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2

.

(22)

=
k
(t)(k"1, 2) are independent Gaussian white noises with intensities 2D

k
. Note

that the "rst oscillator in system (21) is externally resonant. Since u
1

is a constant
while u

2
is a function of I

2
which may vary from 0 to R, only non-resonant case

needs to be considered. The exact stationary solution of system (21) is of the form of
equation (13) with

j(I
1
, I

2
, d

1
, d

2
)"j

0
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1
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2
)#j
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1
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1
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2
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2
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Equation (14) in this case is reduced to
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1 2
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provided that the condition

c
12

D
1

"

c
21

D
2

(25)

is satis"ed. The exact stationary solution to system (21) is obtained by solving
equation (24) for j

0
and substituting j

0
, j

10
, j

01
into equation (23) and then into

equation (13):

p(x, x5 , t)"C expC!A
c
10

D
1

I
1
#

c
20

D
2

I
2
#

c
11

2D
1

I2
1
#

c
22

2D
2

I2
2

#

c
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D
1

I
1
I
2
#

c
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D
1

J2u
1
I
1
cos d

1
#

c
23

D
2

I
2
cos d

2BD , (26)

where x"[x
1
, x

2
].

4.2. EXAMPLE 2

Now consider an example of stochastically parametric excitations. The equations
of motion for this example are of the form

XG
1
#(c
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11
I
1
#c

12
JI

1
I
2
)XQ
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1
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2
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2
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2
(t), (27)

where

I
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"
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i
)
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i

u
i

X
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i
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i
!u

i
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g
1
"!c
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JI

1
I
2 C
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1

u
1
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1
!d

2
)#X
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g
2
"!c
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I
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u
2
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1
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2
)!X

2
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1
!d

2
)D. (28)

=
k
(t) (k"1, 2) are independent Gaussian white noises with intensities 2D

k
. The

Hamiltonian system associated with system (27) can be non-resonant and resonant.
In the non-resonant case, the exact stationary solution to system (27) is of the form
of equation (13) with

j(I
1
, I

2
, d

1
, d

2
)"j

0
(I

1
, I

2
)#j

1
(I

1
, I
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) cos (d

1
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2
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Substituting equations (28) and (29) into equation (14), the following equations are
obtained:

Lj
0

LI
1

"

u
1

D
1
I
1
AC10

#

D
1

2u
1

#c
11

I
1
#c

12
JI

1
I
2B ,
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0
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2

"

u
2

D
2
I
2
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20
#

D
2
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2

#c
21

JI
1
I
2
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I
2B ,

j
1
"

2c
13

D
1

JI
1
I
2
"
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23

D
2

JI
1
I
2
. (30)

Equation (30) has the solution of the form of equation (17), provided the following
conditions are satis"ed;

c
12

u
1

D
1

"

c
21

u
2

D
2

,

c
13

D
1

"

c
23

D
2

. (31)

Then the exact stationary solution to system (27) is obtained by substituting the
solution for j

0
and j

1
in equation (30) into equation (29) and then into equation

(13):

p (x, x5 , t)"CI~b1
1

I~b2
2

expC!A
c
11

u
1

D
1

I
1
#

c
22

u
2

D
2

I
2
#

2C
12

D
1

JI
1
I
2

#

2c
13

D
1

JI
1
I
2

cos(d
1
!d

2BD (32)

where I
i

and d
i

are functions of x, x5 as de"ned in equation (28), and
b
i
"1

2
#c

i0
u

i
/D

i
(i"1, 2).

In the special case of fundamental resonance, i.e., u
1
"u

2
, exact stationary

solution (32) is reduced to

p (x, x5 , t)"CI~b1
1

I~b2
2

expC!A
c
11

u
1

D
1

I
1
#

c
22

u
2

D
2

I
2
#
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D
1

JI
1
I
2

#

2c
13

D
1

JI
1
I
2

costBD, (33)

where t"d
1
!d

2
. It is interesting to note that solution (32) is almost periodic with

respect to t while solution (33) is independent of t. Note also that the harmonic
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excitations, g
1

and g
2

in the resonant case are reduced to g
1
"!c

13
I
1
(XQ

2
/u

1
) ,

g
2
"!c

23
I
2
(XQ

1
/u

1
) which are also independent of t.

4.3. EXAMPLE 3

As a "nal example consider a S.d.o.f. linear system of harmonically parametric
and external excitations and stochastically external excitation. The equation of
motion is of the form

XG #
c
0

u
XQ #u2X"g#= (t), (34)

where=(t) is a Gaussian white noise with intensities 2D, and

g"!(c
1
cos 2ut!c

2
sin 2ut)

XQ
u
!(c

2
cos 2ut#c

1
sin 2ut)X!c

3
cosut (35)

A similar derivation as those in Examples 1 and 2 leads to the following exact
stationary solution to system (34):

p (x, xR , t)"C expC!A
c
0

D
I#

c
1

D
I cos 2d#

c
2

D
I sin 2d#

c
3

D
J2uI cos dBD, (36)

where

I"
(XQ 2#u2X2)

2u
, h"sin~1AS

2I
u

XB ; d"h!ut. (37)

5. CONCLUDING REMARKS

In the present note the exact stationary solutions for a class of stochastically and
harmonically excited and dissipated integrable Hamiltonian systems have been
investigated. The harmonic excitations have the same frequencies as those of the
associated integrable Hamiltonian systems. Both stochastic and harmonic
excitations can be external and parametric. Two functional forms of the exact
stationary solutions have been proposed for the systems with non-resonant and
resonant associated Hamiltonian systems respectively. The procedures to obtain
them have also been given and illustrated with three examples. It has been shown
that the exact stationary solutions are usually periodic or almost periodic functions
of time except the solutions for the systems are independent of time. The exact
stationary solutions obtained in the present paper are reduced to those for
stochastically excited and dissipated integrable Hamiltonian systems in absence of
harmonic excitations. In this sense the exact stationary solutions obtained in the
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present paper are the generalization of those for stochastically excited and
dissipated integrable Hamiltonian systems.
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