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This paper deals with the control of the dynamic response of cantilevered
thin-walled beams carrying externally mounted stores and exposed to time-depen-
dent external excitations. In this context, and toward this goal, the adaptive
materials technology is used. A feedback control law relating the piezoelectrically
induced bending moment at the beam tip with the angular velocity at the same
point of the structure is considered, and its effects on the closed-loop dynamic
response is investigated. The obtained results reveal that this control methodology
can play a noticeable role toward confining the oscillations of the considered
structure when exposed to blast loadings.
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1. INTRODUCTION

The dynamic response of elastic structures under time-dependent external
excitations is a subject of much interest in the design of aeronautical and aerospace
vehicles. Such time-dependent external excitations may be induced by atmospheric
turbulence, nuclear blast, sonic boom, shock wave, fuel explosion, etc.

Due to the damaging effects upon the structural integrity and operational life of
these vehicles, adequate methods to predict and control their structural dynamic
response have to be devised. This is imperative, as the next generations of
aeronautical and space vehicles are likely to feature increasing structural flexibility
and operate in severe environmental conditions.

Civil and military airplane wings are designed to carry heavy external mounted
stores along their span. Depending on their magnitude and location, drastic
reduction of natural eigenfrequencies and modification of the eigenmodes are
experienced [ 1-3]. These modifications can result in a deterioration of the dynamic
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response to time-dependent excitations and can also precipitate the occurrence of
the flutter instability [4-6].

One of the possible options enabling one to control the dynamic response of
these structures under time-dependent external excitations and eliminate their
damaging effects without weight penalties, consists of the incorporation of adaptive
materials technology.

In a structure featuring adaptive capabilities, the dynamic response
characteristics can be controlled in a known and predictable manner and, as
a result, one can avoid the occurrence of the structural resonance and of any
dynamic instability and enhance the dynamic response to transient loadings [7, 8].

The adaptive capability can be achieved through the converse piezoelectric effect,
which consists of the generation of localized strains in response to an applied
voltage. This induced strain field produces, in turn, a change in the dynamic
response characteristics of the structure. Employment of a control law relating the
applied electric field with one of the kinematical response quantities according to
a prescribed functional relationship, results in a dynamic boundary-value problem
whose solution yields the closed-loop dynamic response characteristics.

Based upon the adaptive materials control technology, in the forthcoming
developments, the control of the dynamic response of cantilevered structures
carrying externally mounted stores and exposed to time-dependent excitations will
be addressed.

In addition to airplane wings, robot manipulator arms operating in space, space
booms and space telescopes are also cantilevered-type structures. These are
required to be lightweight, strong and capable of high precision under the action of
heavy masses located along their span. As a result, the control methodology
considered in this paper extends also to such structures.

2. GENERAL CONSIDERATIONS, BASIC ASSUMPTIONS

The case of cantilevered thin-walled beams of arbitrary closed cross-section is
considered. It is assumed that the beam is symmetrically composed of transversely
isotropic material layers, the surface of isotropy in each material layer being
parallel to the reference surface of the beam structure.

It is further assumed that the beam carries along its span a system of
concentrated stores of mass m; and mass moment of inertia I,; (about their

centroid) located at z =z;, (j=1,...,J), where J denotes the total number of
wing-mounted stores (see Figure 1). It is also postulated that within present analysis
the case of tip-stores is not included.

Two systems of co-ordinates are used in the forthcoming developments, namely:
(1) a global Cartesian system (x, y, z) where (x, y) denote the cross-section beam
co-ordinates while the spanwise z-axis is assumed to coincide with the locus of
symmetrical points of the cross-sections along the wing span, and (2) a local
orthogonal co-ordinate system (n,s,z) where n denotes the thicknesswise
co-ordinate normal to the beam mid-surface and s the tangential co-ordinate along
the contour line of the beam cross-section (see Figure 1).
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Figure 1. Geometry of the cantilever beam carrying one store—three views of it: (a) lateral view,
(b) front view, (c) top view.

The equations governing the motion of cantilever beams are established in the
context of the following assumptions: (1) the cross-sections of the beam do not
deform in their own planes, (2) the effects of transverse shear flexibility featured by
the advanced composite materials are taken into consideration, (3) the hoop stress
resultant N is considered negligible with respect to the remaining ones, and (4) the
centroids of the attached masses are distributed along the z-axis.

As a result of transverse isotropy of the constituent materials and of assumption
(4), an exact decoupling of transverse bending (expressed in terms of variables
vo and 0,), lateral (i.e., chordwise) bending (expressed in terms of u, and 0,) and
twist (©) is obtained. For the problem studied herein only the transverse bending
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will be considered. However, since secondary warping induces transverse bending
[9], this effect will also be incorporated.

We assume that the master structure consists of m layers, and that the actuators
consisting of [ piezoelectric layers are distributed over the entire span of the beam.
As shown in references, [11-15], piezoactuators featuring transverse isotropic
properties (with the plane of isotropy parallel to the mid-surface of the beam),
spread over the entire beam span and bonded symmetrically on the outer and inner
faces of the beam, but activated out-of-phase, generate a bending moment at the
beam tip in response to a thicknesswise electric field &5.

3. GOVERNING SYSTEM

Based upon the previously stipulated assumptions, for a thin-walled beam
carrying stores along its span the equations governing the flexural motion about
the equilibrium position, as derived in references [ 1-3] are

J
a (v”+9;)—[b o + Y mb 5(2—2-):|+p =0,
550 1Yo _;1 jvo J y (1a,b)

J

J
az30% — ass(vo + 0y) — |:(b4 + b1a)0, + Z Ijgxé(z - Zj):| =0,
=1

j=

where z; < L, L being the span of the beam. Herein and in the remaindor, the terms
identified by a dotted line are associated with rotatory inertia effect.

For the beam considered to be clamped at the root and free at the tip, the
associated boundary conditions are

v1o=0,=0 atz=0 (2a,b)
and

ass(vo + 0y) =0,
N = L.
a,,0. = N.. at z (3a,b)

Herein vy(z, t) and 0.(z, t) denote the transverse deflection and rotation about the
x-axis, respectively, 6(-) denotes the Dirac’s distribution, and a3 3 and ass denote the
bending and transverse shear stiffness, respectively. These are defined as

_ _ [dx\? dy\? dx\?
ass =3€ [Kuyz + Ky <d_> :|d5, dss =3€ |:A66 <d—y> + Asa <—> :|dS,
c s c s ds

(

where
Ky, =A11—A%2/A11, I=<11 = Dq,4, (5a,b)
while

N nw o
(Aip Dij) = 3. J Cii’(1, n*)dn ©)

k=1 Nk —1)
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denote the stretching and bending stiffness quantities, respectively, and N denotes
the number of constituent layers.

In equations (6), C;; denote the reduced elastic coefficients, that, for the present
type of anisotropy, are expressed in terms of the engineering constants as

~ ~ E ~ Ev
Cll - C22 - 1 _ vza - 1 _ VZ’ (7a—d)

Cos = G(= E/2(1 +v)), Caa=Cs5=G".

In these expressions, E and v denote Young’s modulus and Poisson’s ratio in the
plane of isotropy, respectively, while G’ and G denote the transverse shear and the
in-plane shear modulus, respectively.

In addition,

) dx |?
(b1, bs) = @ mo(1, y7)ds, bia =@ my|— | ds (8a,b)
c c dS
stand for the mass terms, where
N hay
o) = ¥ | iyt ydn o)
k=1 Jhu-y

p denotes the mass density of the constituent materials, and p, (= p,(z, t)) is the
distributed lateral load per unit span of the beam.

The primes denote derivatives with respect to the spanwise z-co-ordinate while
the superposed dots denote derivatives with respect to time ¢, §¢(-)ds denotes the
integral around the circumference of the mid-line contour of the beam.

In the boundary condition (36), M, denotes the piezoelectrically induced bending
moment which, for already mentioned reasons (see references [7, 8, 10, 11, 13-15]),
appears only in the boundary conditions at z = L.

4. SPECIAL CASE OF GOVERNING EQUATIONS

The Bernoulli-Euler counterpart of the governing equations (1) and boundary
conditions, equations (2) and (3) are obtained through the elimination of
ass(vy + 6) in equations (1) and (3), this operation followed by consideration
of 0, = —vp. In such a way, the equation governing the transverse bending
of thin-walled beams carrying concentrated masses are reduced to

J
61331)6” _ (b4 + b14)U6 + Z IJU65(Z — Zj):| (10)
j=1

[ J

+ bli)'o + mji505(z—zj):| =py7
L ji=1

while the boundary conditions to be prescribed are

vo=0p=0 atz=0 (11a,b)
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and
Cl33U£)N = 0
~ tz=1L 12a,b
azsvo = M, as ’ (122,5)
It should be remarked that both the shearable and the classical non-shearable
thin-walled beam models provide fourth order governing equation systems.

5. TIME-DEPENDENT LOADS ASSOCIATED WITH BLAST AND SONIC BOOM

Various time-dependent loads will be considered in the analysis of the dynamic
response. Among these, explosive blast and sonic-boom pulses will be included.

For the case of blast loadings, various analytical expressions have been proposed
and discussed [ 17, 18]. As it was clearly established, the blast wave reaches the peak
value in such a short time that the structure can be assumed to be loaded instantly.
Based on the experimental evidence, it may also be assumed that the pressure is
uniformly distributed over the beam. This fact is also assumed in the case of
sonic-boom pulses. In accordance with the above-mentioned references, the
overpressure associated with the blast pulses can be described in terms of the
modified Friedlander exponential decay equation as

Pyls, 2, 0(= py(0) = Pm<1 - }) ¢, (13)

p
where the negative phase of the blast is included. In equation (13), P,, denotes the
peak reflected pressure in excess of the ambient one, ¢, denotes the positive phase
duration of the pulse measured from the time of impact of the structure and a’
denotes a decay parameter which has to be adjusted to approximate the
overpressure signature from the blast tests. As it could be inferred, the triangular
blast load may be viewed as a limiting case of equation (13), occurring when
alft,—0.

As concerns the sonic-boom loading, this can be modelled as an N-shaped
pressure pulse arriving at a normal incidence. Such a pulse corresponds to an
idealized farfield overpressure produced by an aircraft flying supersonically in the
earth’s atmosphere or by any supersonic projectile rocket or missile [18-21]. The
overpressure signature of the sonic-boom shock pulse can be described by

Pm<1—t£> 0 <t <rty,
py(Sa z,1)(= py(t)) = i
0 for t <0 and t > rt,,

(14)

where r denotes the shock pulse length factor, and P,, and ¢, maintain the same
meaning as in the case of blast pulses. It may readily be seen that (1) for r = 1 the
sonic-boom pulse degenerates into a triangular pulse; (2) for » = 2 a symmetric
sonic-boom pressure pulse is obtained; while (3) for 1 < r < 2 the pressure pulse
becomes an asymmetric one. The dynamic response of composite flat panels to such
shock pulses was analyzed in references [20, 21].
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Another special case corresponds to a step pulse. Its analytic description can be
either obtained from equation (13), when ¢, — oo, or from equation (14) whenr = 1
and ¢, — co.

In addition, the case of the rectangular pressure pulse is also considered and
described as
P,, 0<t<t,

15
0, t>t, (1)

py(s, z, 1) = py(t) = {

6. THE CONTROL LAW, CLOSED-LOOP SOLUTION METHODOLOGY

One of the possible ways towards controlling the dynamic response of
cantilevered beams carrying external stores is via the generation and use of
a dynamic bending moment acting at the beam tip, method referred to as the
boundary moment control.

Such a bending moment control can be generated by incorporating
piezoactuators into the structure and using the converse effect featured by these
devices. Structures with embedded or bonded piezoactuators belong to the class of
intelligent structures. A comprehensive review and assessment of the state of the art
in the use of intelligent structures for aerospace applications can be found in
reference [22].

As shown [3,7, 8, 11], piezoactuators featuring in-plane isotropic properties,
spread over the entire span of the beam and bonded symmetrically on the outer and
inner faces of the beam, but activated out of phase, generate a bending moment at
the beam tip in response to an electric field &.

For feedback control, the applied electric field &3 upon which the
piezoelectrically induced moment depends, should be expressed, through
a prescribed functional relationship with one of the mechanical quantities
characterizing the beam’s response. In this regard, a number of control laws can be
implemented. For the problem at hand, the goal of the control is to enhance the free
vibration behavior, inhibit the forced vibration response to time-dependent
external excitations and prevent resonance.

In contrast to previously used feedback control laws [1-3,7, 11], that have
merely a static character, and in agreement with the control methodologies used in
references [8, 10, 14, 16], velocity feedback control appears to be highly indicated for
the problem at hand. According to this control law [7, 8], M, is proportional to the
rotational velocity 0, (L, t) at the wing tip, implying M (L, t) = — k,0.(L, t) so that
boundary conditions (3b) can be cast as

0;(L9 t) = (kv/a?:?:) Qx(La t)’ (16)

where k, is the feedback gain. The advantage of this dynamic control law consists,
among others, in the possibility to generate damping. The methodology used to
solve the present dynamic response problems is shortly described next.

The solution of the dynamic response problem is based on the extended Galerkin
method. To this end, Hamilton’s variational principle is used, by virtue of which

fz(éT—éV—kéW)dt:O, St =00, =0 att=t,,t,. (17)

ty
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Here T and V' denote the kinetic and strain energies, respectively, while W is the
work done by the external distributed loads and body forces; t; and ¢, denote two
arbitrary instants of the time ¢, while 6 denotes the variational operator.

For the problem at hand V and T assume the form

1 L
V= Ef [as3(0%) + ass(0, + vp)*]dz,
0

J= J=

L J J
T = J [blU% + (b4 + b14)932c:| dZ + Z mjlj%(Zj) + Z Ijé,zc(Zj), (183., b)
0 j=1 1

whereas the virtual work due to the boundary moment M, and the load py 1s given
by

OW = M 50,(L, t) + p,(z, t)vo (2, 1). (18¢)

Considering equation’s (18) in equation (17), and performing the indicated
operations can result in equation’s (1)=(3). However, in order to discretize the
boundary value problem, we will represent v, (z, t) and 0,(z, t) by means of series of
space-dependent trial functions which have to fulfill all the kinematic boundary
conditions multiplied by time-dependent generalized co-ordinates whose
determination constitutes the central goal of the dynamic response. These
representations are

vo(z, ) = VI(2)qu(t),  0x(z, 1) = W(2)q, (1), (19a,b)
where
V=[V,V, ..V, W=[W,W, .. Wy, (20a, b)
are the vectors of trial functions, while

Q@ =1[49195 ... q5], qw=1[4q749> ... qx], (21a,b)

are the vectors of generalized co-ordinates. Substitution of equations (19)-(21) and
of representation of time-dependent loads into equation (18c), performing the
required integration with respect to the spanwise z-co-ordinate and the time ¢, and
enforcing Hamilton’s conditions dq =0 at t =t,t,, one obtains the discrete
governing equations

Mg () + Hq(?) + Kq(2) = Q(). (22)

In equation (22), q(t) is the 2N x 1 generalized co-ordinate column vector, M, H,
and K are 2N x 2N square matrices, corresponding to mass, damping and stiffness,
respectively, while Q(¢) is the 2N x 1 generalized input force vector. The boundary
conditions at z = L being in general not fulfilled, corrective terms instead of
zero-valued ones appear in the process of integration of equation (17), terms which
compensate the non-fulfillment of the non-essential boundary conditions. Such
corrective boundary terms appear in the elements of the matrix K. The expressions
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of these matrices are

L[h, VVT 0
M =
f ol 0 (et bgww ¥
rJ
Y mj(z)V(z;) V'(z) 0
+]77!

b

0 i L;W(z)W'(z))

H = 0 0 K — Llassv'v'T ass VWT 4
10 E,WWIL)WTL) | Jo| Symm assWWT + a3 WWT [T
L
Q=f PV dz. (23a-d)
0

It clearly appears from equation (23b) that in the absence of the structural
damping (which is the case considered here), and of the unactivated beam (implying
k, = 0), the damping matrix H becomes immaterial.

A solution of equation (22) can be obtained by casting it in the state-space form

(see reference [247). To this end, we define the state vector X = [q" ¢"]" and adjoin
the identity q = q. As a result, equation (22) modifies as
X(t) = AX(¢) + BQ(¢), (24)
where
A= 0 . B=[0 M '] (25a,b)
| -MT'K —-M'H[ T ’

are coefficient matrices.

For the free vibration problem, the homogeneous solution of equation (24) has
the form X(t) = xe* where x is a constant vector and / is a constant scalar, both
generally complex. With this, a standard eigenvalue problem is obtained,

Ax = Ix (26)

that can be solved for the eigenvalues A, and eigenvectors x,.(r = Im2,...). The
solution of the algebraic eigenvalue problem yields the closed-loop eigenvalues

(ir’ zr) = 0, i ia)dra (27)

where o, is a measure of the induced damping in the rth mode and w,, is the rth
frequency of damped oscillation.

7. NUMERICAL ILLUSTRATIONS AND DISCUSSION

The numerical illustrations concern the open and closed-loop dynamic
response of a cantilevered thin-walled beam of biconvex cross-section profile (see
Figure 1) subjected to transient loadings. This cross-section profile was used
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in the study of the aeroelastic behavior of advanced aircraft wings in references
[7 and 8].

The host structure is considered to consist of a transverse isotropic material
whose isotropy surface is parallel at each point to the mid-surface of the beam, and
the piezoactuators are made-up from PZT-4 piezoceramic whose properties are
displayed in [25] (see also reference [12]).

Throughout the numerical illustrations, unless otherwise stated, it was
considered, that E/G'=50; L=1m;b=0068 m and ¢=025m; h,=02x
1073 m; h = 0:68 x 10~ ! m; m;/m, = 0-1, where m; and m, are the store and beam
mass, respectively. The considered dimensions correspond to a beam of aspect
ratio, AR (=2L/c) =8 and the response quantities displayed in the plots are
associated with the beam tip cross-section, z = L.

Moreover, the results have been generated for the case of zero initial conditions
and of P,, = 500lb/L. In the following numerical illustrations, the non-dimensional
feedback gain, related to its dimensional counterpart is defined as

K, = kU(DL/a?:.’n (28)

where @ = 128-16 rad/s is a open-loop reference natural frequency corresponding
to a beam characterized by E/G’ = 50 and AR = 16.

In Figure 2, there is highlighted the effect of the proposed control methodology
on the dynamic response V = V,/L of a shearable cantilevered beam whose
constituent material features a transverse shear flexibility ratio measured in terms
of the ratio R(= E/G’) =50, carrying a store and subjected to a blast load
(indicated in the inset of the figure).

The results show that within the forced motion regime (i.e., for t < 0-03 s) the
implemented control methodology is much less effective than within the free
motion regime (i.e., for t > 0-03 s). At the same time, the results reveal that for the
case of the store located towards the beam tip, a less-efficient control is achieved as
compared to that of the store located toward the middle of the beam, in the sense
that the decay of the deflection amplitude is slower in the former instance than in
the latter one.

The control of dynamic response to sonic-boom pressure waves is displayed in
Figure 3. Herein the influence of transverse shear flexibility on dynamic response of
a beam carrying an unistore located toward the beam tip (y = 0-9) is addressed,
where 7(= z/L) denotes the dimensionless spanwise co-ordinate. In this sense,
E/G'=0 and E/G’ =100 correspond to Bernoulli-Euler and shear-deformable
beams, respectively, where E/G’ constitutes a measure of transverse shear flexibility
the beam material. Within the next developments, these two cases are referred to as
unshearable and shearable beams, respectively.

The results of this plot reveal that the unshearable beam model underestimates
the deflection featured by the actual, shearable beam. However, for the activated
beam in the free motion regime (i.e., when t > rt, = 0-:0375s), the amount of
difference between the closed-loop dynamic response amplitudes of shearable and
unshearable beams appears to be very small. In addition, from this graph the
efficiency of the implementation of this control methodology becomes fully evident.
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Figure 2. Dimensionless transverse deflection time-history of thin-walled beams to a triangular
blast load for two locations of the unistore: ,n=05and----- , 1 = 09. The results for K, =0
and K, = 0-2 correspond to the open and closed-loop dynamic response respectively. The material of
the host structure is characterized by E/G’ = 50, while m,/m; = 0-5.
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Figure 3. Dynamic response control of a thin-walled beam to a sonic-boom pressure pluse
characterized by r = 1-5; t, = 0-025 s. The beam is characterized by an aspect ratio AR = 6, and the
unistore of m;/m, = 01 is located at n = 0-9. The material of the host structure is characterized by
E/G'=0( )and E/G' =100 (- - - - - ).
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Figure 4. Dynamic response to a rectangular pulse of a shearable thin-walled beam carrying
a unistore exposed to Open (K, =0) and closed-loop (K, = 0-2) responses. Two locations of the
unistore are considered, namely # = 0-1 (— —) and n =09 (——).

One should also remark that, within the velocity feedback control, the closed-
loop eigenvalues are complex valued quantities, and as a result, damping is
generated [8, 10, 11]. This explains why for the activated structure, and in contrast
to the non-activated one, the response amplitude decays as time unfolds.

In Figure 4 the control of a cantilevered beam carrying one store and exposed to
a rectangular pressure pulse is considered. The results reveal that a more efficient
control is achieved when the store is located toward the beam root than toward its
tip, (i.e., when 5 = 0-1), a conclusion which is specially true in the free-motion
regime.

In conjunction with the effect of transverse shear flexibility on the dynamic
response of cantilevered beam to a rectangular pulse, the results emerging from
Figure 5 reveal a trend similar to that in Figure 3, in the sense that the discard of
transverse shear effect results in an underestimation of the deflection amplitude as
compared to the actual one, featured by the shearable beam model. However, this
underestimation is less accentuated for the activated beam than for the
non-activated one.

The effect of transverse shear flexibility of the material of the host structure on
the open and closed-loop deflection time history is displayed also in Figure 6, where
the beam carrying a store is exposed to a step pulse. In addition to the efficiency of
this control methodology, the results reveal again that the classical beam model
underestimates the deflection amplitude of both the closed and open-loop dynamic
responses. Having in view that, due to the piezoelectrically induced damping, the
closed-loop dynamic response amplitude decays as time unfolds, the classical beam
model discarding transverse shear effect, underestimates the time at which the
structure is brought to rest.
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Figure 5. Dynamic response of shearable, E/G" = 100, (- - - - - ) and unshearable E/G' =0, (—),
thin-walled beams to a rectangular pressure-pulse. Unistore of m;/m;, = 0-1 at n = 0-5.
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Figure 6. Dynamic response of a thin-walled beam carrying an unistore (m;/m;, = 0-1; n = 0-9),

exposed to a step pulse. Classical E/G" = 0, (——), and shearable, E/G" = 100, (

) beam models.

In Figure 7, the dynamic response of the clean beam and of that carrying a store
located towards the beam tip, (3 = 09), subjected to a step pressure pulse is
presented. As is evident from this figure, the oscillations tend to decay faster for the
clean beam than for the beam counterpart carrying a store.
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Figure 7. Comparisons of the dynamic response to a step pulse of a thin-walled unshearable
beam (E/G’ = 0), in the cases of no store (——), and unistore located at n =09, (- - - - - ) and
(my/my, = 0-1).
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Figure 8. Dimensionless restoring bending moment time-history at the beam root for the activated

beam subjected to a triangular blast loading. Two locations of the unistore, # = 0-1 (— —), and
n = 09 (——) are considered. In addition AR = 8, E/G’ = 50, my/m;, = 0-1.
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Figure 9. Control input (volts) time history in the case of a blast load. L = 80 in; m;/m;, = 0-1. The
two scenarios for the location of the unistore are: 7 = 0-1 (-- - - - ), and y = 0-9 (——). Transverse shear
is discarded.

At the same time, the high efficiency of this control methodology to confine the
motion of the structure to such a pressure pulse becomes evident from this figure.

In Figure 8, the closed-loop dimensionless restoring bending moment at the
wing-root M = (= 0,(0)L), emerging in the conditions of a blast load is displayed.
In this plot two locations of the unistore are considered. The results show that in
the free-motion regime, for the store located toward the beam tip, the closed-loop
elastic moment is larger than in the case of the store located towards its root.

Finally, in Figure 9 the control input time history in the case of the beam acted
on by a triangular blast load and carrying a store is depicted. The results reveal that
the control input is rather insensitive to the location of the store.

8. CONCLUSIONS

A methodology based upon adaptive materials technology was applied towards
the goal of enhancing the dynamic response of cantilevered beams carrying
externally mounted stores, and subjected to time-dependent external loads. The
results reveal that the control methodology described here can play a noticeable
role of damping the oscillations induced in the structure by the action of time-
dependent external excitations.

Moreover, based on the results obtained herewith it can be anticipated that this
control methodology is likely to play a significant role toward the aeroelastic
control of aircraft wings as well.
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