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The plane wave propagating in effective chiral (isotropic, non-centrosymmetric) materials
had been asymptotically investigated. They can be constructed by embedding structural
chiral microstructures in a host medium, and six independent wavenumbers can hence be
observed from the dispersion equations. Two of the wavenumbers represent the
non-dispersive longitudinal waves while the remaining four represent the dispersive
circularly polarized shear waves. The dispersion equations also indicate that two transition
frequencies divide the frequency spectrum of the transverse wavenumbers into three different
groups and the four transverse mode can only be distinguished in a specified frequency
range. To continue our previous research, the field equations governing the harmonic
motions at the achiral-chiral interface are written as a matrix form to solve the reflected and
transmitted wave fields. Numerical results show that the P-, SV-, and SH-waves are coupled
together when an elastic shear wave is incident at the achiral-chiral interface. Meanwhile,
the two coupled transverse waves, i.e., the LCP and RCP plane waves, will degenerate to
a linearly transverse plane wave when the shear wave is incident normally. The phenomenon
may explain why the mode conversion due to the chirality is particularly enhanced between
the first and second transition frequencies.

© 2000 Academic Press

1. INTRODUCTION

Chiral media, due to the lack of geometric symmetry between an object and its mirror
image, have long been known in optics under the more common name of optically active
materials. They are characterized by an intrinsic left- or right-handedness at optical
frequencies, due to a helical natural structure, and hence cannot be made to coincide with
the object itself by any operation involving rotations and/or translations. Therefore, waves
of different circular polarization propagate in these media at different phase velocities. As
aresult, a linearly polarized electromagnetic wave incident at a chiral medium emerges with
its plane of polarization rotated about its direction of propagation [1].

Since the electromagnetic waves can discriminate the chirality of objects, there is no
reason that other transverse waves cannot do so. In general, the fields in elastic solid consist
of both transverse and longitudinal components, and therefore an elastic wave should be
able to sense the chirality also. Because of this, the wave field of the structural chiral media
and the effective chiral materials had been asymptotically investigated [2-4]. The linear
theory for non-centrosymmetric, isotropic (hemitropic) micropolar media or mechanical
active solids was developed by Aero and Kuvshinskii [5] Erigen [6] and Nowacki [ 7]. They
reported that the continuum is composed of randomly arranged springs, is isotropic
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concerning any proper orthogonal transformations but not with respect to reflections, and
hence the microstructure possesses a screw-like property, or a handedness. Such a medium
undergoing a homogeneous deformation can support couple stresses and spin inertia.
Therefore, micropolar solution in solid mechanics results in both the displacement field and
the orientational field. From our previous work [2], it is known that an effective chiral
medium can be constructed by embedding structural chiral microstructures in a host
matrix. Such a material is mirror asymmetric or chiral; therefore, six independent
wavenumbers are possible. Two of the wavenumbers represent non-dispersive longitudinal
fields, while the remaining four are dispersive circularly polarized transverse fields.
Meanwhile, the dispersion equations of the transverse field also indicate that two transition
frequencies divide the frequency response of the transverse wavenumbers into three different
groups, and hence the four transverse modes can only be distinguished in a specified
frequency range. Thus, the microstructural size of the effective chiral material will be
sufficiently large compared to the transverse wavelength so that an incident elastic shear
wave can sense its chirality, while the microstructural size could be adequately small so that
the material is effectively chiral.

The subject of reflection and transmission of plane waves at an interface between two
semi-infinite media, in welded contact, has been discussed by various authors [8§-12]. The
reflection of plane wave from the flat boundary of micropolar elastic half-space was
discussed by Parfitt and Eringen [8] in 1969. Then Tomar and Gogna extended the
investigation to a longitudinal microrotational wave [9] and a longitudinal displacement
wave [10] impinging at a plane discontinuity between two micropolar elastic solids in
welded contact. Simultaneously, Lakhtakia et al. [ 11, 12] presented a nice theoretical model
concerning the reflection phenomena when an incident plane wave is propagating at the
interface between the elastic solid and the chiral material. To continue our previous
research, this paper studies the propagation of elastic transverse waves at the achiral-chiral
boundary. It should be noted that although this paper deals with a similar problem related
to reference [11], the following contributions can be found in this paper:

1. The dispersion equations indicate that two transition frequencies divided the
frequency spectrum of the transverse wavenumbers into three different groups and the
four transverse modes can only be distinguished in a specific frequency range (Figure
1). This unique result may explain why the microstructural size of the effective chiral
material should be sufficiently large compared to the transverse wavelength so that an
incident elastic plane wave can sense its chirality while the microstructural size could
be adequately small so that the material is effective chiral. Therefore, our numerical
analysis concentrates on the phenomenon of the two transition frequencies found only
in our previous work. The results obtained in this paper are useful in designing and
fabrication the effective chiral samples.

2. The material constants used in our paper are different from those used in reference
[11]. In reference [11], the acoustic impedance Z is given as Z = pCp =
px /(A +2u)/p =1200x95742 = 1-14 x 10° kg/sm?, where A and u are Lame’
constants. This value is close to that for water. However, the Poisson’s ratio
(v = 4/2(2 + p) = 0-31) indicates that this is a hard material. Thus, the material is too
hard to be used as an anechoic coating. For the applications in anechoic coating, the
composite may be fabricated by embedding the helical arrangement of
microstructures, for instance, the structural chiral inclusions or springs, in the soft
matrix (such as soft rubber used in many practical applications). To ensure that the
chiral effect can be found in the samples, we proposed a hypothesis about the material
constants to characterize the effective chiral composites in references [2,4].
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Figure 1. The wavenumbers as functions of the frequency [2]. The material moduli are listed in Table 1.

TaBLE 1

The material constants for the isotropic elastic
solid and the chiral solid

Isotropic elastic solid [13] Chiral solid [2, 4]

p1 = 970 kg/m? p, = 1012 kg/m?
A1 = 1343-8 MPa Ay = 21247 MPa
1t = 61-8 MPa 1, = 204 MPa
o=3x10°N
f=3x10°N
7 =4x10°N
Cy = 16 x 10° N/m
J =001 m?

Considering the general composite theory and the non-negative free energy, we choose
a set of moduli shown in Table 1 to calculate the wave fields at the achiral-chiral
interface. Note that the values of 4, and u, are measured in reference [4]. The acoustic
impedance is then Z = 1:6 x 10° kg/s m? and the Poisson’s ratio is v = 0-47.

3. To understand the chirality in the transmitted field, large numerical result and
discussions are given in this paper. The numerical results are plotted in polar plots that
are very useful in studying the transmission phenomena at an interface. In addition,
the transmitted field is more complicated than the reflected field due to the extra mode
conversion in the chiral material, while the transmitted field had never been actually
solved or mentioned in reference [11]. The power profiles of the transmitted field
obtained in this paper reveal that the chirality is enhanced between the first and
second transition frequencies. We conclude that the embedded handed
microstructures may be properly chosen such that the composite is effectively chiral at
a specified frequency range.

4. The energy conservation of the total wave field is derived in our paper. The power
profiles in the transmitted field (the chiral medium) would offer a better understanding
about chirality. Without that, the wave propagation in the transmitted field is highly
obscure.
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Furthermore, the mode conversion due to the chirality from the achiral-chiral interface, the
coupled phenomena based on the similar wavenumbers of the RCP and LCP plane waves,
and the over-determined boundary conditions as mentioned in reference [11], are discussed
in detail.

2. CONSTITUTIVE AND WAVE EQUATIONS FOR THE CHIRAL MEDIUM

It is demonstrated that the acoustic wave can also sense the handedness of a chiral
medium and an acoustically chiral composite can be constructed by embedding structural
chiral microstructures or springs in a host medium [2-4]. The elastodynamic motion of
such a material is derived based on the following equations [6, 117]:

conservation of linear momentum:

Gij,i‘l‘Xj—pl.;lj:O; (1)

conservation of angular momentum:

g0 + My + Y; —Jp; = 0; (2)

constitutive equations:
0y = Ay 05 + pluij + uj i) + C305 4, (3)
my; = 0@ k0i; + P+ v@; . + Cauj ;i — Cseipy, 4)

where o; is the stress tensor, X is the body force, p is the mass density of the material, u; is
the displacement vector, ¢, is the permutation symbol, m;; is the couple stress tensor, Y; is
the body moment, ¢; is the microrotation vector, J is the polar moment of inertia, 4, u, o, f3,
7, and Cj are the material moduli, and ¢;; is the Kronecker delta. Since the internal energy is
non-negative, the following inequalities are modified from reference [14], i.e.,

p=0,61+21)=20,B0+p+7)20, —y<p<y, 720,

3
<1
BGA+2wWBx+ B+ 7)

C3 < 8uy, 2 Q)

According to the Helmholtz theorem, any vector field can be expressed as the sum of the
gradient of a scalar field and the curl of a vector field:
u=V_o + Vxy, V=0, (6)
¢=Vé+VxH,  V-H=0, )
where @, ¢ and , H are the scalar and vector potentials respectively. Substitution of

equations (6) and (7) into equations (3) and (4) leads to the scalar and vector wave equations
respectively. They are

(. + 20 V2® + C V3 = pd, )

(o 4 B+ PV + C3V2D = Jpé, )
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uV>y + C3V2H = pj, (10)

9V2H + 2C3V x H 4 C3V2{y = JpH. (11)

Most studies about the propagating elastic wave are concerned with an incident
harmonic plane wave. The plane wave problems are not only mathematically less complex,
but are also a good approximation of many physically meaningful problems. Since this type
of incident wave is important, we shall recapitulate the harmonic plane waves propagating
in the x-y plane, and may be described as

{@, &, ¥, H} = {@°, &, §°, H" } exp [ik(n"1)]. (12)

Here @° and &£° are amplitudes, ° and H° denote the constant vectors, k is the wavenumber,
r is the position vector, and n indicates a unit vector in the direction of propagation. For
brevity in writing it would be assumed, throughout a paper, that it is as a rule to omit the
exp(— iwt) time dependence, where w is the angular velocity. Substituting equation (12) into
equations (8) and (9), one has

[(A+ 2w + B +79) — C3k* — p*[J (A + 2u) + o + B+ y1k* + Jp?w? =0. (13)

Equation (13) means that there are two sets of coupled non-dispersive longitudinal
displacement waves and longitudinal microrotation waves travelling with wavenumbers
ky and k, in the chiral solid. Similarly, by substituting the fields’ variables (12) into
equations (10) and (11), we obtain the dispersion equation as follows:

[(Jpw® — k*p)(pw® — pk?) — C3k*]* — [2C3k(uk* — pw*)]* = 0. (14)

The consequence indicates four sets of coupled dispersive transverse displacement waves
and transverse microrotation waves travelling with wavenumbers k; to kg, which
characterize two sets of the coupled left circularly polarized (LCP) waves and two sets of the
coupled right circularly polarized (RCP) waves. Hence, when the plane wave travels on the
x-z plane, the coupled RCP and LCP plane waves are given as

HR = HR(inlex + ey — in3ez)exp|:ik(n1x + n3Z)], (15)
H; = Hy(—inse, + e, + inze,)exp[ik(n;x + n;3z)], (16)

In equations (15) and (16), the subscript “R” means the RCP plane wave, “L” denotes the
LCP plane wave, and the unit Cartesian vectors have been denoted by e,, e,, and e,. It
should be mentioned that the RCP and LCP plane waves propogate in the chiral medium at
different phase velocities.

3. WAVE FIELDS FOR ACHIRAL-CHIRAL PROBLEM

For an obliquely incident plane wave, the field representations for the planar two
semi-infinite samples can be illustrated by Figure 2. Figure 2 can be divided into two
regions: one of them, region z < 0, is an elastic half-space that does not exhibit chirality with
the mass density p,, and the Lame’ constants A, and u,. The other one, region z > 0, is
a chiral medium (whose elastic parameters are the mass density p,, the polar moment of
inertia J, and the material moduli 4,, pt,, o, B, 7, C3). In Figure 2, the SV-wave (vertical shear
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Figure 2. Reflection and transmission of the incident shear plane wave.

wave), and SH-wave (horizontal shear wave) represent the incident and reflected wave types
in the elastic (achiral) solid; P1 and P2 denote the two non-dispersive longitudinal plane
waves, and the S3, S4, S5, and S6 indicate the four sets of coupled dispersive transverse
plane waves in the chiral solid. Hence, consider the incident SV-wave, or SH-wave, the
complete problem of reflection and transmission of elastic waves on the interface between
an achiral solid and a chiral solid are defined as a series of potential functions of the form
given in equations (17)-(23). Consequently, to satisfy the boundary conditions at the
interface z = 0, the incident transverse (SV or SH) wave of wavenumber k, at the angle
0, with the interface, will result in

(1) areflected longitudinal displacement wave travelling with wavenumber k; at an angle
of 0,,

(2) a pair of reflected transverse displacement waves travelling with the same
wavenumber kg at an angle of 0,

(3) two transmitted longitudinal displacement waves coupled with the longitudinal
microrotational waves travelling with wavenumbers k; and k, at the angles of «; and
o,, respectively, and

(4) four sets of transmitted transverse displacement waves coupled with transverse
rotational waves in the angles of a3 to o at wavenumbers k3 to kg respectively.

Therefore, there are nine unknown coefficients involved in the reflected and transmitted
fields. Although the amplitude and direction of the propagating waves are varied in the two
media, the wave equations and the boundary conditions at the interface can be satisfied by
assuming that the reflected and transmitted waves are still plane waves. Therefore, the
incident and reflected plane waves, in general, are given by

V' = (e, + Yhe, — tan O yie. )exp[iks(sin 6, x + cos 0,z)], (17)

OR1 = PRexp[iky(sin 0,x — cos 0,2)] (18)
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and
YR = (Yfe, + YXe, + tan Oz Fe,)exp[iks(sin 03x — cos 032)]. (19)

Similarly, in the chiral region, the appropriate representations of the field consistent with
Snell’s laws in the chiral medium are given by

2
®T2 =Y ®fexplik,(sina,x + cosu,z)], (20)
q=1
2
¢ =Y D,®) exp[ik,sino,x + cosa,z)], (21)
q=1
6
V™ =Y DHI(4dje. + Aze, + Aje.)exp[ik,(sino,x + cosa,z)], (22)
q=3
6
H™ = ) HJl(d)e, + AZe, + Aje.)exp[ik,(sino,x + coso,z)]. (23)
q=3

In these equations, @’s, H’s and y’s are the amplitudes to be determined by the boundary
conditions, and ky, ks, and k, are the wavenumbers of the corresponding waves. For the
convenience of the ensuing discussion, the potentials associated with the incident wave are
designated by a superscript “I1”; those with reflected wave by “RI”; and those with the
transmitted waves by “T2”. It must be mentioned that the formula of D, can be found in
reference [2], i.e.,

_ pw® — kg (A + 2u5)

D f =1,2 24
q k§C3 s or ¢ 5“5 ( a)
and
k2C
D,=—913 _  f = 3-6. 24b
17w — ,uzkg’ orgqg (24b)

The presentation of 4;, A7 and A is based on equations (15) and (16), and may be written as
Ag:47:47 = +icosa,:1: Fisina, (25)

in which the upper signs “+” in 4, and “—" in 4; refer to the RCP plane waves, and the
lower signs “—”in 4; and “+” in 4; to the LCP plane waves.

For a complete description of the problem, nine boundary conditions are needed for
solving the nine unknown reflected and transmitted coefficients. Six of the boundary
conditions come from the assumption of the continuity for all components of the
displacement u and traction vectors t at z =0, i.e.,

uIl + uRl — uTZ’ (26)
e, (t'' + R’ =e, -t (27)

The remaining three conditions may be chosen by considering the continuity of the
microrotation and couple stress. Since the difference between the theory of micropolar
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elasticity and that of the classical elasticity are the introduction of the microrotation ¢ and
couple stress m; therefore, when a wave is propagating at a chiral-chiral interface, both the
microrotation and couple stress are continuous at the interface [9, 10]. The microrotation
moduli (¢, f, y) and chiral parameter (C5), however, are null on the achiral surface, so there
are no microrotation and couple stress at the achiral-chiral interface [11, 12], i.e.,

Y2 =0, (28)
e.-m’? =0. (29)

Only one of the equations (28) or (29) is necessary for the remaining three conditions;
otherwise, an over-determined problem will be generated. In the following derivation, we
define the boundary conditions A containing equations (26)-(28), as well as boundary
conditions B to equations (26), (27), and (29). The two sets of conditions shall be discussed
separately in this paper. In 1994, Elphinstone [ 12] reported that the anomalous behavior is
influenced by the sets of the boundary conditions used, but none of them resists the
principle of conservation of energy. Thus, experimentation is necessary to decide which of
the boundary conditions, null of the microrotation or null of the couple stress, is physically
relevant in the chiral medium.

Using equations (17)—(23) and the boundary conditions, which leads to a system of nine
simultaneous algebraic equations, and can be written as a matrix formula,

[E]{X} =[F]{Y}, (30)

where [E] is a 9 x9 complex matrix, [F] is a 9 x 2 matrix, and {x}, {Y} are defined by
(X} = {0 yi.y3, o1, 93, H3, Hy, H5, Hg }', (31)
(Y} =i yi)T (32)

with T'* being transpose of the matrix. Hence, { Y } contains known incident coefficients, and
{X} contains three unknown reflected coefficients and six unknown refracted coefficients
and six unknown refracted coefficients. For convenience of calculation, the reflected and
transmitted coefficients can be explicitly expressed using the relationship {X} =

[E]1'[FI{Y}
In this analysis, there are two special cases of the incident plane-polarized waves in {Y}
considered here, i.€.,

(1) SV-wave:

Yyr=1, Yyi=0; (33a)
(2) SH-wave:

Yyi=1, y3=0. (33b)
Furthermore, equations (17)-(23) satisfy the boundary conditions at z = 0, if
kgsin @y = kysinf, = kgsin63 = k; sinoy = k,sino, = -+, (34)

which is the well-known Snell’s law.
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4. NORMALIZED POWER DENSITIES

We now consider the partitioning of energy between the different reflected and
transmitted waves in the achiral-chiral interface. The mechanical power is the product of
the surface traction and the particle velocity during displacement and the surface moment
and particle velocity during rotation, i.e.,

A

p = oinij + mnQ;. (35)

Using equations (17)-(23) and eliminating the remaining time dependence by time averages
over the period, the normalized mechanical power density for an incident SV- or SH-wave is

given as
tan@l (DR 2 l//R 2 R 2 5
= —_— - 0
tan o, (wﬁ) Hlr) lgr) s
N Z k}ELcosa, <(&T>2+ Z k3 =5 cos o, <H_,1T>2 (36)
=1 ks,u100591 1/15 ksﬂ100591 lﬁé ’
and
sin 0, cos 0, <<DR>2 [( §>2 < R)T
=———— “|— ) +|(5F]) sec?O; +
tan6, \Yi A P\l
k3._4L ¢T 2 ._4 HT 2
vy I () g T (T @)
s/hsec 1 \V1 Sﬂlsec 1 \Y1
where
b=, + 2y +2C3Dy + (2 + B + 7)(D,)? (38)
and
Ef =2[u(D,)* + 7y +2C3D, + AC3kq’1]. (39)

Note that the elastic moduli {a, §,7, C3} vanish in the medium z > 0, and thus the
problem reduces to the situation of reflection and transmission from an achiral-achiral
interface. With the assumption, the normalized power densities (36) and (37) may reduce to

_ tan 0, <<1>’;>2 +< R>2 N potan0 <> N potan0, <T>2 (40)
tan0, \ Y V3 pitana \y3 pitanc, \y5

and

() ety 01 )
V1 piksicosO, lp1
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5. SPECIAL CASE: NORMALLY INCIDENT TRANSVERSE WAVE

We shall here study the field behavior of a normally incident transverse wave at a planar
achiral-chiral boundary, i.e., 8; = 0. Consider the situation in Figure 1 where the incident
plane wave travels in the +z direction, and the boundary surface is in the plane of z = 0.
Consequently, substituting equations (17)—-(23) into the boundary conditions (26) and (27),
one obtains

6

q=3
6
q=3
6
k®® + Y k@] =0, (44)
q=3
6
— kY3 + Y ki(uaDy + C3)Hy = piksys, (45)
q=3
6
— i kSYt + Y Agkq(uaDy + C3)Hy = piksy, (46)
q=3
6
— (A1 + 2u) kDR + Y K2(2y + 21y + D,C3)®F = 0. (47)
q=3

Similarly, using boundary conditions (28), one obtains

6

> kg =0, (48)
q=3

6 "l
S k,ALHT =0, (49)
q=3

2
Y k,D,@f =0, (50)
q=1

or using conditions (29), one obtains

6

23 [kq(y + DyC3) — iC3k,4,1Hy =0, (51)
q=

6

Y. [kidq(v + D,Cs) +iCsk,1Hy =0, (52)
q=3

2
Y kil + p+p)Dy + C3104 =0. (53)
q=1
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For the case of the normally incident transverse wave, equations (44) and (47) together with
equations (50) or (53) constitute a homogeneous system of equations of three unknowns.
Since the determinate of the coefficient matrix is non-zero, the computations from Cramer’s
rule [15] imply that

R =] = @] =0. (54)
Equation (54) implies that when a transverse plane wave is normally incident at the interface
z =0, the longitudinal waves will disappear from media 1 and 2. It means that only the

transverse waves exist in the reflected and transmitted fields. Consequently, the normalized
power densities are then modified to

B _§ 2 wR 2 6 Hgk‘? _g‘ 2
1‘<w5> <w> LR <w5> 3)

=)+ () 2 () 6"

/hks W1
6. NUMERICAL RESULTS AND DISCUSSION

and

Mm

In order to solve the complete problem of the reflection and transmission of elastic shear
waves at the achiral-chiral interface, the material constants of the two specific media listed
in Table 1 will be used in the calculation. In the forthcoming section, the following notations
are used to represent the reflected and transmitted characteristics:

p%(,Ya (57)

where p is the square root of the normalized power density. In equation (57), Z = R or
T denotes the reflected or transmitted field, X and Y = P, SV, and SH represent the
incident and reflected wave types in the elastic solid, and Y = {P1, P2, S3, S4, S5, S6}
describes the transmitted wave types in the chiral medium.

In our previous study [2] (see Figure 1), the dispersion equation indicates that there are
four dispersive circularly polarized transverse waves propagating in the chiral medium: two
RCP plane waves (S3 and S5) and two LCP plane waves (S4 and S6), respectively. Notably,
the S4- and S5-waves are close together at frequencies lower than 90 Hz and only three
models of the wavenumbers can be found; in the 90 Hz-12 kHz frequency range, four
wavenumbers can be found clearly; when the frequency is higher than 12 kHz, S3-, S4- and
S5-, S6-waves are coupled together, respectively. This observation would lead to different
states of the waveforms in the chiral materials. Hence, the two transition frequencies (90 Hz
and 12 kHz), properly so called, divide the frequency domain into three groups and the four
transverse models can only be distinguished at the specified frequency range. The coupled
phenomena mentioned above are also true for wave propagation at the achiral-chiral
interface no matter what boundary condition, A or B, is used.

The computed values of the amplitude as functions of the frequency when an SV-wave is
normally incident (6; = 0) at the achiral-chiral boundary are shown in Figure 3. From
equation (54), it is clear that no longitudinal waves can be found in both the reflected and
transmitted fields; therefore, the values of ¥, @], and @7 vanish in this figure. Meanwhile,
the zero of Y as shown in Figure 3 implies the vanishing of the reflected SH-wave in this
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Figure 3. The amplitude ratios of the reflected and transmitted waves as functions of the frequency: (a)
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analysis. The consequence is identical to the classical elasticity: a normally incident
SV-wave only results in a reflected SV-wave and hence no mode conversion occurs at the
achiral-chiral boundary. Figure 3 also indicates that the profiles of Hf, HY and HY have
similar tendencies at boundary conditions A and B: they start from the right-hand side of
the figure with the fixed values, and degenerate into two groups: one for Hj, Hj and the
other or HY, H{. In addition, Hj, HZ, and H{ turn into zero at a frequency of 10 Hz. The
biggest difference between the two boundary conditions may be the distribution of HJ,
which has larger value at boundary conditions A, but induces a special characteristic from
negative to positive amplitudes at boundary conditions B. Physically, the interesting
phenomenon in Figure 3(b) means that H} is 180° out of phase at the value of 630 kHz. The
normalized power distributions of the reflected and transmitted waves when an SV-wave is
normally incident are plotted in Figure 4. It is observed from Figure 4 that only the power
density p}’sy exists in the reflected field due to the vanishing of the SH-wave as shown in
Figure 3. Meanwhile, the transmitted power densities of the boundary conditions A and
B obey the characteristics illustrated in Figure 1. It means that the S4 and S5 modes always
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couple together and have similar power profiles (p}s4 and p}ss) at frequencies lower than
the first transition frequency; similar power profiles (p} ss, p3 sa and pYss, pise) at
frequencies higher than the second transition frequency imply the coupled relations of the
S3, S4, and S5, S6 modes. Furthermore, the characteristic of S3-wave travelling from
negative to positive values at boundary conditions B implies that the value of p}’ g3 shown
in Figure 4(b) is zero at 630 Hz. Also shown in Figure 4(a) and 4(b) is that the power
densities of the reflected and transmitted field are dominated by H1? and H2? at lower
frequencies and by H2? and HZ? at higher frequencies.

In examining the direction change of a coupled transverse wave at a given point as
t changes, it is convenient to set z = 0, and then the transmitted field of a normal incidence
can be expressed as

Hi% = Hj s(e, sinwt + e,coswt), (58)

H.i% = Hio(—e, sinwt + e,cos mt). (59)
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In equations (58) and (59), H3? and HZ? are RCP plane waves, and H? and HZ? are LCP
plane waves. As wt increases from 0 through 7/2, 7, 37/2, and a complete cycle of 27, the tips
of the vectors RCP or LCP plane wave will trace a circular locus. As mentioned above, the
two circularly polarized waves Hj? and HI?, due to the characteristic of their similar
wavenumbers at the lower frequencies, e.g., 10 Hz (as shown in Figure 1), hence degenerate
to a linearly polarized transverse wave propagating in the z direction. Figures 5(a) and 5(b)
are specified as the polarization diagram of LCP (HJ?) and RCP (HI?) plane waves
respectively, according to equation (58) and (59), and Figure 5(c) is a combination of 5(a)
and 5(b), where “s” denotes the starting point. It is observed from Figure 5(c) that the
coupled transverse wave oscillates only along the x direction. Similarly, at higher
frequencies, e.g., 50 kHz, the RCP (H3?) and LCP (H?) plane waves will degenerate to
a linearly polarized transverse wave propagating in the z direction. Figures 6(a) and 6(b)
represent H3 % and HJ ? respectively, and Figure 6(c) plots the result of 6(a) plus 6(b). Figure
7 is similar to Figure 6 when H}? and HJ ? are replaced by HZ? and HZ?. Both Figure 6(c)
in and 7(c) indicate that the two sets of RCP and LCP plane waves may degenerate to
linearly polarized plane waves that always oscillate along the y direction.

It is known that the transverse waves can discriminate the chirality of objects and the
characteristics of the two transition frequencies. To further demonstrate the phenomenon,
the reflected and transmitted fields of an incident SV-wave are calculated by considering
boundary conditions A and plotted in Figures 8 and 9 at 30 Hz, 1 kHz, and 30 kHz. In
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Figure 5. Polarization diagrams for the sum of Hi* and Hi? in space quadrature at z =0 for /= 50 Hz:
(a) LCP plane wave (Hj?), (b) RCP plane wave (HZ?), (c) a coupled transverses plane wave.
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Figure 6. Polarization diagrams for the sum of H}? and HY? in space quadrature at z = 0 for f = 50 kHz
(a) RCP plane wave (H3?), (b) LCP plane wave (HX?), (c) a coupled transverse plane wave.
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(a) RCP plane wave (H%?), (b) LCP plane wave (HZ?), (c) a coupled transverse plane wave.
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Figure 8, the first and second quadrants of the plots on the left denote the incident SV-waves
and the reflected shear waves (SV- and SH-waves), and the plots on the right are the
reflected longitudinal wave (P-wave). Also in Figure 9, the plots on the left represent
the transmitted transverse waves (S3- to S6-waves), an the plots on the right describe the
transmitted longitudinal waves (P1- and P2-waves). All the power densities in polar plot are
functions of the incident angle. It is observed that the trend of the reflected power-density
profiles (ie., p¥sy» PX su»> and py’p shown in Figure 8) is the same for the three specified
frequencies if the incident angle is lower than 22°. From the profiles, evidently the
PR sy starts with a fixed value when 0; = 0°; as 0, increases, it diminishes at 0; = 9° and
14-8° due to the grazing transmitted P1- and P2-waves. In addition, the p}’s, profile
changes its value dramatically at 33-9° for 30 Hz, 26 and 42° for 1 kHz, and 22 and 48° for
30 kHz, which are called Rayleigh-wood anomalies [ 16] due to the grazing transmitted S4-
and S5-waves (see the left column plotted in Figure 9). It means that the S4- and S5-waves
become an evanescent wave and decay exponentially into the interior half-space. The
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phenomenon leads to a redistribution of the power densities of the reflected and transmitted
plane waves that are still propagating. Consequently, the p¥’ s, profiles seem to reach the
maximum, respectively, right after the Rayleigh-wood anomalies. This simply means that
more energy goes into the reflected SV-wave. In view of the case of incident SV-wave, due to
the chirality in medium 2, the existence of SH-waves is observed. This important
phenomenon does not appear in the classic elastic solid. Note that the p}’ sy at 1 kHz is the
largest among the three cases in Figure 8. Also, the transmitted transverse waves display the
same phenomena shown in Figure 4, i.e., below the first transition frequency, the S4- and
S5-waves have similar wavenumbers and hence the p}’s4 and p}’ss simultaneously possess
similar powers. In between the first and second transition frequencies, the four circularly
transverse waves are evidently distinguished, which induce the variable power-density
profiles in it. When the frequency is higher than the second transition frequency, the S3-, S4-
and S5-, S6-waves would degenerate into the new transverse waves, which implies the
similar power densities p}’ss, pY ss and pYss, pY se» respectively. Moreover, the grazing
angles of S4- and S5-waves in Figures 9(a) and 9(b) would induce the redistribution of the
reflected power densities. Hence the p} sy has the maximum if one of the Rayleigh-wood
anomalies due to the evanescent S4- and S5-waves occurs.

Figure 10 plots the power density of the reflected and transmitted fields for an obliquely
incident SV-wave. The boundary conditions B are considered in this calculation. The first
and second quadrants of the plots on the left denote the incident and reflected shear waves,
the fourth quadrant of the plots on the left represents the transmitted transverse waves, the
first quadrant of the plots on the right is the reflected longitudinal wave, and the fourth
quadrant of the plots on the right describes the transmitted longitudinal waves. In Figure
10, the reflected and transmitted longitudinal fields are similar to Figures 8 and 9, except
that the p}’p, profiles are different. Moreover, the SH-wave, according to the mode
conversion of the chirality, again appears in this case. Identical to the conclusion mentioned
in Figure 9(b), the power density p3’sy is again superior at a frequency of 1 kHz. These
numerical results also indicate that the use of boundary conditions B obtains a greater effect
of chirality than the use of boundary conditions A (see the profiles of p}’ sy shown in Figures
9(b) and 10(b)). Although the two types of boundary conditions, A and B, always display
variable numerical computations, they are in agreement with the principle of conservation
of energy. The consequence of using either boundary conditions A or B is confusing because
only one of the boundary conditions A or B is specified at a point on the interface in all
physical problems [17]. Aero et al. [5], in a study on the continuum theory of asymmetric
elasticity, indicate that when the two semi-infinite media are in contact and no interaction
exists between the particles at the boundary zone, it is natural to assume the continuity of
the microrotation. They also reported that the free energy of the chiral solid must reach
a minimum when it is in a state of stable dynamic equilibrium. Accordingly, the boundary
conditions A are a better choice than conditions B among the first and second transition
frequencies, and will be used in the following analysis.

To further illustrate the effects of the chirality, the chiral half-space is replaced by an
isotropic (achiral) material. The transmitted field hence contains only three material
constants {1,, i, p, } listed in Table 1, and the numerical results are plotted in Figure 11.
When compared with Figures 8-10, it is clear that the existence of the chirality in medium
2 would instigate a reducible power density p%’sy. Hence, the largest discrepancy in the
achiral-achiral and achiral-chiral cases may occur at 1 kHz, or at any frequencies lying
between the first and second transition frequencies.

Since the value of C; leads to a distinct phenomenon of chirality [2], the variety of C5 is
another interesting issue in this analysis. Shown in Figure 12 is the power-density profiles of
the two cases: (a) C3 =4 x10° N/m and (b) C; = 35 x 10° N/m respectively. Since the
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influence of chirality on medium 2 is enhanced at 1 kHz, these figures are all plotted based
on the calculation using this frequency. It is observed that the reflected field in Figure 12(a)
is similar to the achiral-achiral case (shown in Figure 11). This reveals the general
insensitivity of p}’p and p}’sy to the chiral parameter Cj if the value of Cj is small. Also, the
numerical results indicate that the trend of the power density p}’ss and p3 e is similar in the
fourth quadrant of the plot on the left-hand side that simultaneously possesses the major
power density in the transmitted field. When Cj increases, e.g., C3 = 26 x 10° N/m, the
P sy is smaller but expands to a wider region when compared to Figures 8(b) and 10(b).
Hence, only a suitable choice of C5 can induce a better chiral effect on the chiral medium.

The reflected and transmitted phenomena of the incident SH-wave at the achiral-chiral
interface are plotted in Figure 13. Again, it is interesting to observe the existence of P- and
SV-waves due to the effect of chirality. The numerical analysis also indicates that the value
of p¥sy is the largest at 1 kHz among the three specific frequencies (the cases of 30 Hz and
30 kHz are not shown in this figure). We then concluded that, when the frequency of the
incident wave lies in the frequency range where four circularly polarized shear waves are
found, the conversion of the power density due to the mode conversion is the largest.
Consequently, the P-, SV-, and SH-waves are coupled together and should be considered in
the wave propagation at the achiral-chiral interface.

Until now, only the linear polarized incident plane wave is discussed. From Figures 3 and
4, it is known that the normally incident SV-wave may reflect an SV-wave in the zone of
z <0 from the achiral-chiral interface. Consequently, the reflected SH-wave is absent;
therefore, there is no mode conversion from the achiral-chiral interface in this case. To
study the behavior of chirality in detail, we now consider either a normally incident RCP or
LCP plane wave at the interface z = 0. It will be appropriate to express the incident field by
the forms

(1) RCP plane wave:
Yi=1i ¢i=1 (60)

(2) LCP plane wave:
Yi=—i, y3=1 (61)
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The solution of the boundary value problem is plotted in Figure 14. Figure 14 indicates that
if the incident plane wave is RCP, then the transmitted waves are also RCP. However, to
satisfy the boundary conditions, the reflected wave must be LCP. The result is also true for the
incident LCP plane wave that it generates a reflected RCP plane wave and two transmitted
LCP plane waves from the achiral-chiral interface. Therefore, we conclude that the reflected
field of the chiral medium is linearly polarized for a normally incident, linearly polarized wave;
whereas the normally incident, circularly polarized wave cause a reflected wave with circular
polarization along the z axis but oscillates in the reverse direction of rotation.

7. CONCLUSIONS

A theoretical analysis has been conducted in detail to understand the phenomena of the
transverse wave propagating at the achiral-chiral interface. Using a series of wave
equations and the appropriate boundary conditions, the reflected and transmitted
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characteristics can be solved numerically, and the solutions are in agreement with the
principle of conservation of energy. The results have shown that for a normally incident,
linearly polarized shear wave, there is no mode conversion due to the handedness of the
chiral property. It means that an incident SV-wave will generate a reflected SV-wave as well
as four transverse waves, i.e., S3- to S6-waves, whereas the longitudinal waves would
disappear in this case. Also, the coupled transverse waves (RCP and LCP) propagating in
the chiral medium may degenerate to a linearly transverse wave oscillating along a unique
direction. If the oblique incidence is concerned, the reflected and transmitted power
densities are shown in the polar diagrams at 30 Hz, 1 kHz, and 30 kHz respectively. We
then concluded that the P- SV-, and SH-waves are coupled together due to the existence of
chirality, and simultaneously, the phenomenon is particularly enhanced between the first
and second transition frequencies.
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