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1. INTRODUCTION

The present study constitutes an extension of the problem treated by Vega et al. [1], where
an exact solution was obtained for the isotropic structural configuration. An approximate
solution is obtained in the present paper in the case where the constitutive relations are
polarly anisotropic’ (see Figure 1). The problem is solved by means of the optimized
Rayleigh—Ritz using several optimization parameters [3] and polynomial co-ordinate
functions.

2. APPROXIMATE SOLUTION

When the system executes transverse, normal modes of vibration the problem is governed
by the functional [2]

(P [m d2w\? 1dw\? 2w\ /1 dw
J(W) = E J\a J;) {Dr <dr2> + D() <r dr> + 2U0D,. |:<dr2> <r dr>:|} rdrdo
b pr2rm
—p—hwzj J W2rdrdo (1)
2 a JO

subjected to appropriate boundary conditions.

Regarding the natural boundary conditions at the free edge it was decided to run the
following numerical experiments: (A) satisfying the condition of nulle radial moment at
the free edge and (B) not satisfying it. It must be clarified that the condition of nulle
Kelvin-Kirchhoff force at the free edge was disregarded in both experiments.

In correspondence with the first set of experiments the boundary conditions are:

Case 1 (free inside and clamped outside, Figure 1 (I)):

W(e)=0, Wk =0, W(pH) =0, W'a)+ % W'(a) = 0. (2a-d)

t Also called polarly orthotropic [2].
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Figure 1. Vibrating systems under study: (a) Case I, (b) Case 11, (c) Case 111, (d) Case IV.

Case I1 (free inside and simply supported outside, Figure 1 (II):
W(c) =0, W(b) =0, w"(b) + % w'(b) =0, W'(a) + % W'a)=0. (3a-d)
Case 111 (free outside and clamped inside, Figure 1 (III)):

W(e)=0, W(@=0, Wi(a=0  W'b)+ % W'(b) = 0. (4a—d)

Case 1V (free outside and simply supported inside, Figure 1 (IV)):
W) =0, W@=0, Wa)+ % Wiay =0, Wb+ % W(b)=0. (5a-d)

The following expression with four exponential optimization parameters has been used:
W(r) = Wi(r) = Cy(opr? + otgr? + o + o, 17" + 1)

+ Co(Bp? T+ Bt + Bt + BT 1), (6)
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where the o’s and f’s are determined substituting each co-ordinate function in the boundary
conditions and p, ¢, s, and u are Rayleigh’s optimization parameters.

When performing the second set of experiments, W (r) has been approximated by means
of

W(r) = W(r) = Ci(opr? + ogr* + o® + 1)
+ Co Bpr? ™ Byrt ™ Bttt 4 1), (7)

where now the nulle radial bending moment requirement is not satisfied.
Substituting the approximating expressions in the governing functional and making use
of the Rayleigh-Ritz classical procedure one obtains the fundamental frequency coefficient

Q,, where
h
Q= [Slob? = 2ipg.5.0 ®)

TaBLE 1

Fundamental frequency coefficients for an annular plate of polar orthotropy, with intermediate

support
Free inside and clamped Free inside and simply supported
outside outside
(Figure 1, Case I) (Figure 1, Case 1I)

. C 2 e e w0 e @
b b D,
01 0-2 0-25 26:58 2563 2596 2574 1620 1553 1573 1567
0-1 02 1 3052 2856 2896 2868 1950 1823 1844 1837
01 02 2 3381 3105 3145 3111 22119 2050 2068  20-58
01 0-5 0-25 2552 2352 2418 2375 2247 21110 2141 2125
0-1 05 1 3487 3702 3193 3738 3000 2770 2819 2806
0-1 0-5 2 4165 3690 3771 3690 3472 3260 3302 3267
0-1 09 0-25 9-373 9110 1070 9-180 9110 9000 1024 9-000
0-1 0-9 1 12:31 1197 1429 1201 1194  11-80 1367 1180
0-1 09 2 1423 1380 1683 13-81 1380 1356 1609 1358
0-4 0-5 0-25 6240 6140 6196 6169 3918 3845 3897 3884
0-4 05 1 6385 6274 6333 6305 4056 4000 4033  40-17
0-4 05 2 6565 6427 6505 6473 4227 4161 4202 4182
0-4 09 0-25 1612 1578 1775 1579 1552 1537 1674 1538
0-4 0-9 1 1768 1734 1958 1734 1706 1692 1854 1693
0-4 09 2 1946 1909 2172 1909 1882 1867 2061 1870
0-8 09 025 2639 2567 2626 2581 2403 2365 2391 2373
0-8 0-9 1 2647 2574 2634 2590 241-1 2374 2399 2382

0-8 09 2 2658 2583 2645 2601 2423 2385 2411 2394

Note: Effect of different optimization schemes.
(1) Without optimization (p =4, ¢ = 3, s = 2 and u = 1) [equation (6)].
(2) Optimizing with respect to p, g, s and u [equation (6)]
(3) Without optimization (p = 3, ¢ = 2 and s = /) [equation (7)].
(4) Optimizing with respect to p, ¢ and s [equation (7)].
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in the case of the set of experiments (A), and

h
Q=[5 ob® = 2ip.q.9) ©)
for experiments (B).

By numerical and simultancous minimization parameters one is able to optimize
the fundamental frequency coefficient as a function of the intervening geometric and
mechanical parameters of the system.

3. NUMERICAL RESULTS

The numerical determinations have been performed for v, = 0-3 and several values of a/b,
¢/b, and Dy/D,.

Tables 1 and 2 illustrate in a very clear fashion the results of (1) satisfying one of the
natural boundary conditions and (2) the optimization scheme. When (1) and (2) are
combined the results are lower and, accordingly, more accurate.

TABLE 2

Fundamental frequency coefficients for an annular plate of polar orthotropy, with intermediate

support
Free outside and clamped Free outside and simply supported
inside inside
(Figure 1, Case III) (Figure 1, Case 1V)

. C 2 e e w0 e @
b b D,
01 0-2 0-25 4722 3977 5990 4130 4461 @ 3-89 5610 3960
0-1 02 1 5615 4937 6840 5086 5374 4867 6470 4930
01 02 2 6612 5981 7-820 6130 6385 5918 7470 5993
01 0-5 0-25 8639 8628 9600 8820 8025 7-995 8370 8000
0-1 05 1 9-554 9549 1046 9770 9198 9102 9430 9112
01 0-5 2 10065 1065 11-51 1089 1055 1034 10067  10-39
01 09 025 21:05 2088 2277 2106 1519 1510 1521 1514
0-1 09 1 22-53 2239 2403 2257 1842 1804 18-33 18:09
01 09 2 2436 2423 2561 2441 2180 2099 2180 2I'l5
04 0-5 025 12200 1125 1448 11:66 1135 1095 13-43 11:09
0-4 0-5 1 1272 1197 1521 1240 12208 1162 1417 1184
04 05 2 13-61 1286 1613 13-32 12-99 1249 1510 1277
0-4 09 025 5613 5593 5801 5651 3812 3801 3919 3803
04 0-9 1 5696 5675 5886 5734 3930 3918 4033 3919
0-4 09 2 5804 5782 5996 5846 4083 4068 4179 4068
0-8 09 025 2472 2416 2474 2418 2252 2211 2244 2211
0-8 09 1 2478 2423 2481 2424 2259 2218 2250 2218
0-8 09 2 2487 2432 2489 2433 2268  222:8 2259 2228

Note: Effect of different optimization schemes.
(1) Without optimization (p =4, ¢ =3, s = 2 and u = 1) [equation (6)].
(2) Optimizing with respect to p, g, s and u [equation (6)]
(3) Without optimization (p = 3, ¢ = 2 and s = /) [equation (7)].
(4) Optimizing with respect to p, ¢ and s [equation (7)].
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Tables 3, 4, 5 and 6 correspond to cases, I, I, IIT and IV of Figure 1 respectively. The
fundamental eigenvalues have been evaluated taking into account the nulle radial bending
moment condition at the free edge and optimizing with respect to p, ¢, s and u.

In the case of isotropic structural systems one has Dy/D, =1 and the present,
approximate results are in very good engineering agreement with the eigenvalues obtained
following the exact approach [1]. It is reasonable to expect then that for Dy/D, # 1 the

TABLE 3

Fundamental frequency coefficients for an annular plate of polar orthotropy, with intermediate
support, free inside and clamped outside (Figure 1, Case 1)

D()/Dr

a/b c/b 0-25 0-50 0-75 1 1-25 1-50 1-75 2

0-1 0-2 25:63 26:65 2774 28:56 29-33 3001 30-56 31-05
0-1 0-3 31-83 3317 3452 3549 3623 3702 3768 3828
0-1 0-4 31-64 3491 3732 3925 40-84 42-15 43-29 44-24
0-1 0-5 2352 26:60 2897 3102 3281 3421 3573 36:90
0-1 0-6 1679 19-83 2149 23-02 24-23 2529 2625 27-14
01 07 13-59 15-44 1678 17-85 18-73 19-49 20-16 20-77
0-1 0-8 11-01 12-54 13-58 14-42 1514 1572 1624 1671
0-1 09 9110  10-52 11-37 11-97 12-60 13-10 13-51 13-80
02 03 3268 3342 3409 3472 3531 3585 3640 3690
02 0-4 39-08 40-43 41-61 42-67 43-61 44-49 4527 4599
02 0-5 30-84 3275 34-51 36:10 37-58 3896 40-25 41-46
0-2 0-6 21-40 22-99 2441 2567 26-84 27-93 28:94 29-87
02 07 1575 17-05 18-24 19-19 20-14 20-96 2171 22:41
0-2 0-8 12:31 13-40 14:37 1511 1591 16:56 17-15 17-69
0-2 09 9980  10-96 11-75 12-39 13-05 13-58 14-06 14-49
03 04 4367 4424 4473 4525 4575 4621 4666 4713
0-3 0-5 47-19 48:36 49-43 50-44 51-46 52:39 53:30 5418
03 0-6 3121 3236 3344 34-46 3548 3641 3735 3821
0-3 0-7 21-05 22:00 22-89 2372 24:51 2525 2595 26:62
03 0-8 15-32 16-30 17-04 17-66 18-37 18-97 19-54 20-08
03 09 12-00 12-72 13-37 13-96 14-50 15-00 15-47 1591
04 05 6140 6184 6231 6274 6316 6356 6396 6427
04 06 5459 5545 5620 5706 5794 5874 5042 60-16
0-4 07 3243 3312 3382 3449 3517 3581 3644 3705
04 08 2163 2224 2282 2335 2392 2445 2496 2545
0-4 0-9 1578 16:34 16-85 17-34 17-81 18-26 18-69 19-09
05 06 9137 9181 9221 9262 9302 9341 9381 9420
05 07 6100 6160 6220 6279 6337 6394 6451 6508
05 08 3439 3489 3535 3582 3628 3673 3717 3806
05 00 2284 2327 2369 2410 2449 2488 2525 256
0-6 0-7 140-9 141-3 141-8 1422 1427 143-6 144-0 144-4
0-6 0-8 67-60 68:01 6842 68:82 70-30 71-05 7145 71-85
0-6 0-9 3765 3800 3835 38-64 3902 3935 39-68 40-00
07 08 2013 2017 2021 2024 2028 2032 2035 2038
07 09 7705 7734 7753 7773 7802 7830 7859 7887
0-8 09 2567 2569 2571 257-4 257-6 2578 2581 2583

Note: The values have been determined by optimizing with respect to p, g, s and u [equation (6)].
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TABLE 4

Fundamental frequency coefficients for an annular plate of polar orthotropy, with intermediate
support, free inside and simply supported outside (Figure 1, Case 1I)

DG/Dr

a/b ¢/b 0-25 0-50 0-75 1 1-25 1-50 175 2
0-1 02 15-53 16-51 17-30 18-23 19-01 19-64 20-19 20-50
0-1 0-3 20-12 21-34 2225 22-95 2370 24-30 24-85 25-35
0-1 0-4 23-86 25-83 27-30 28-37 2923 29-96 30-67 3125
0-1 0-5 21-10 2391 26:04 2770 29-24 30-52 31-62 32-:60
0-1 0-6 16:36 18-68 20-40 2179 22-96 24-40 24-93 25-80
0-1 0-7 1296 14-78 16:17 17-14 18:00 1874 19-40 20-01
0-1 0-8 10-64 12-14 13-18 13-:99 14:67 1524 1575 16:21
0-1 0-9 9:000  10-27 11-22 11-80 12:34 12-80 13-20 13-:56
0-2 0-3 20-00 20-71 2145 22:04 22:61 23-14 23-64 24-10
02 0-4 2591 26-90 2778 28-54 29-29 29-92 30-50 31-05
0-2 0-5 25-83 27-46 29-37 30-73 31-96 33-08 34-10 35-04
02 0-6 19-74 21-28 22-74 2398 2512 26-19 27-15 28:06
0-2 0-7 1491 16:25 1735 18-34 19-23 20-03 20-77 21-46
02 0-8 11-83 12-:94 13-87 14:63 15-30 1603 16:60 17-13
0-2 0-9 9757 1071 11-51 1217 1276 1329 1375 14-18
03 0-4 2713 27-67 28-18 28-68 29-15 29-61 30-07 30-49
0-3 0-5 34-17 3505 35-89 36:67 3741 3811 3878 3941
0-3 0-6 2794 29-08 30-15 31-16 32:12 33-04 33-93 34-78
0-3 07 19-73 20-70 21-56 22-46 2323 23-98 24-63 25-31
0-3 0-8 1479 15-60 16:35 1698 17-68 18-28 18-84 19-37
0-3 09 1174 12-45 13-08 13-64 14-21 1471 1517 15-61
04 05 3845 3915 3959 4000 4042 4082 4123 416l
0-4 06 44-13 4492 4570 46-43 4717 47-87 48-57 4925
0-4 07 29-81 30-54 3126 31-96 32-64 33-30 3393 34-59
0-4 0-8 20-50 21-12 21-71 22:27 22:82 23-35 23-87 24-41
0-4 09 1537 1592 16:43 1692 17-39 17-83 18-27 18-67
05 06 5917 5957 5996 6035 6074 6111 6148 6185
05 07 5354 5416 5477 5537 5596 5655 5712 5769
05 08 3227 3277 3327 3374 3421 3465 3512 3556
05 09 2212 2255 2297 2337 2377 2416 2454 2491
0-6 0-7 98-12 98-51 98-90 99-28 99-67 1000 100-4 100-8
0-6 0-8 61-98 62-41 62-83 6325 63-68 64-04 64-51 64-92
0-6 09 36-16 36-51 36-83 37-12 37-51 37-87 38-20 38:53
07 08 1654 1658 1661 1666 1670 1674 1677 1680
07 09 7254 7283 7313 7338 7371 7401 7430 7459
038 09 2365 2368 2371 2374 2377 2380 2383 2385

Note: The values have been determined by optimizing with respect to p, g, s and u [equation (6)].

fundamental frequency coefficients determined using the optimized Rayleigh-Ritz method
and polynomial co-ordinate functions will possess adequate accuracy from a practical
viewpoint.

It is interesting to point out that if one compares columns (1) and (3) of Tables 1 and 2 the
results of column 1 are, in some cases, slightly higher than those corresponding to column 3.
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TABLE 5

Fundamental frequency coefficients for an annular plate of polar orthotropy, with intermediate
support, clamped inside and free outside (Figure 1, Case III)

DG/Dr

a/b ¢/b 0-25 0-50 0-75 1 1-25 1-50 175 2
0-1 02 3:937 43207 4629 4-937 5218 5-484 5738 5987
0-1 0-3 5:029 5:348 5:649 5934 6-206 6-466 6725 6:956
0-1 0-4 6462 6774 7071 7-357 7-631 7-895 8150 8:397
0-1 0-5 8:628 8:947 9-253 9-549 9-837 10-11 10-38 10-65
0-1 0-6 12-12 12-48 12-81 13-14 13-46 13-77 1408 14-37
0-1 0-7 17-94 18:37 1879 19-19 19-59 19:97 20-35 20-71
0-1 0-8 23-49 24-07 24-63 2517 2571 2622 2673 2723
0-1 0-9 20-88 2141 21-92 22-39 22-88 23-35 23-80 2423
0-2 0-3 5416 5716 6:001 6272 6-531 6780 7-010 7-250
02 0-4 7046  7-330 7-603 7-866 8120 8365 8:604 8-835
0-2 0-5 9-422 9-703 9977  10-24 10-50 10-75 11-00 11-24
02 0-6 13-30 13-59 13-88 14-16 14-44 1471 1498 1524
0-2 0-7 20-20 20-54 20-87 21-13 21-52 21-83 22-14 22:45
02 0-8 29:97 30-40 30-81 3123 31-64 32:04 3245 32-84
0-2 0-9 2825 28:62 29-00 29-36 29-72 30-08 3042 30-76
03 0-4 7-629 7-898 8157 8-408 8651 8-866 9-116 9-338
0-3 0-5 10-28 10-54 10-80 11-04 11-28 11-52 11-75 1198
0-3 0-6 14-57 14-83 1509 1534 15-59 15-84 16:08 16:32
0-3 07 22-44 22-73 23-01 23-29 23-56 23-84 24-11 24-38
0-3 0-8 36:89 3724 37-60 3792 3828 38:62 38:96 39-30
03 09 39-02 39-32 39-64 39-94 40-25 40-54 40-83 41-12
04 05 1125 1149 1173 1197 1220 1242 1263 1286
04 06 1605 1629 1653 1676 1700 1722 1744 1767
04 07 2489 2515 2540 2564 2589 2614 2638 2662
0-4 08 4375 4404 4434 4464 4493 4523 4552 4589
0-4 09 5593 5623 5650 5675 5705 5731 5757 5782
0-5 0-6 1779 18-01 18-23 18-46 18-67 18-89 19-09 19-26
0-5 0-7 27-86 28-08 2831 28-54 2876 2899 29-21 29-43
05 0-8 50-69 50-93 51-14 51-38 51-64 51-89 5215 5241
0-5 09 84-05 84-31 84:57 84-83 85-10 85-35 85-61 85-86
06 07 3152 3171 3194 3215 3236 3257 3277 3298
06 08 5839 5862 5885 5903 5932 5955 5978  60-00
06 09 1293 1296 1298 1301 1304 1307 1310 1313
07 0-8 68-72 68-93 69-14 69-34 69-55 69-76 69-93 70-13
07 09 1838 1841 184-4 184-6 1849 1852 1855 1857
08 09 2416 2418 2421 2423 2426 2428 2430 2432

Note: The values have been determined by optimizing with respect to p, g, s and u [equation (6)].

One concludes that satisfying an additional boundary condition does not necessarily
improve the results, at least when a small number of co-ordinate functions is used.
Certainly, when the optimization scheme is employed, the results show considerable
improvement when the nulle radial bending moment condition is applied; see columns (2)
and (4) of both the tables.
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TABLE 6

Fundamental frequency coefficients for an annular plate of polar orthotropy, with intermediate
support, simply supported inside and free outside (Figure 1, Case 1V)

DG/Dr

a/b ¢/b 0-25 0-50 0-75 1 1-25 1-50 175 2
0-1 02 3-891 4274 4-595 4867 5178 5455 5-700 5918
0-1 0-3 4785 5125 5443 5743 6:028 6-300 6-559 6-808
0-1 0-4 6-069 6421 6755 7-063 7-365 7-651 7-926 8-186
0-1 0-5 8-:000 8:391 8759 9-103 9-433 9750  10-05 10-34
0-1 0-6 11-02 11-51 11-96 12-38 12-78 13-15 13-51 13-86
01 0-7 15-49 16:23 1690 17-52 1810 18:63 1913 19-61
0-1 0-8 17-76 18-90 19-93 20-87 21-74 22-55 23-32 24-04
0-1 0-9 1511 1619 17-16 18-:05 18-86 19-62 20-33 20-99
0-2 0-3 5:355 5:620 5-887 6:150 6409 6:660 6-902 7-130
02 0-4 6-687 6-985 7-266 7-544 7-805 8061 8-308 8-548
0-2 0-5 8776 9-094 9-384 9-474 9955 1022 1048 10:74
02 0-6 12-18 12:53 12-87 13-20 13-52 13-83 14-14 14-44
0-2 0-7 1776 1823 1867 1911 19-53 19-94 20-33 20-71
02 0-8 2276 2345 24-11 2475 25-37 2597 26-56 27-12
0-2 0-9 19-65 20-31 20-95 21-56 22-15 22:72 23-27 23-81
03 0-4 7-403 7-676 8:046 8193 8439 8677 8-908 9-133
0-3 0-5 9755 1002 10-29 10-54 10-79 11-04 11-28 11-51
0-3 0-6 13:50 1379 14-08 14-32 14-64 14-90 1517 1543
0-3 07 20-15 20-51 20-85 21-18 21-52 21-84 22-17 22-48
0-3 0-8 29-30 29-80 30-28 30:76 3123 31-69 32:14 32-59
0-3 09 26-68 27-16 27-64 2810 28:56 29-01 29-45 29-88
04 05 1095 11118 1140 1162 1184 1206 1228 1249
04 06 1510 1536 1561 1585 1610 1634 1657 1681
04 07 2277 2306 2334 2360 2391 2417 2445 2471
0-4 08 3691 3729 3767 3804 3841 3878 3914  39:50
04 09 3803 3842 3881 3919 3957 3996 4032 4068
0-5 0-6 17-18 17-39 17-60 17-81 18-:02 18-23 18-44 18:65
0-5 0-7 2594 26:19 2643 2656 2692 27-15 27-39 27-63
0-5 0-8 44-85 45-14 4544 4571 46-04 46-34 46-64 4693
0-5 09 5779 5813 5847 5878 59-09 59-47 59-70 60-11
06 07 3014 3035 3056 3078 3099 3120 3141 3160
06 08 5341 5366 5391 5415 5442 5467 5492 5517
06 09 9425 9457 9488 9520 9551 9582 9613 9643
07 0-8 64-45 64-98 6522 6541 65-67 65-84 66-08 66-32
07 09 1538 1541 154-4 1547 1550 1553 1556 1559
08 09 2211 2213 2216 2218 2221 2223 2226 2228

Note: The values have been determined by optimizing with respect to p, g, s and u [equation (6)].
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