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This study investigates a dynamic model of a vibration isolator as a function of the
compression ratio of its rubber element. The model is in terms of the four-pole parameters,
and is based on a relationship between the phase velocity and compression ratio of the
rubber element proposed in a companion publication. Experimental data are presented for
both unfilled and filled natural rubbers, which shows satisfactory agreement with the model.
The agreement is improved by the inclusion of a correction factor.
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1. INTRODUCTION

In the companion paper [1], a model was proposed that predicts the effect of the static
compression on the phase velocity in the rubber element of a vibration isolator. This may be
used in the dynamic model developed by Snowdon [2, 3] to predict the four-pole
parameters of a vibration isolator in terms of its compression ratio. The compression ratio
of a vibration isolator is defined as the static compressed height of the rubber element under
load, divided by its uncompressed height. The compression ratio of an unloaded vibration
isolator is therefore unity. This study is concerned with unfilled and filled natural rubber
vulcanisates, with the commonly used filler carbon black.

The notation followed represents complex numbers with the superscript *, and real
numbers are not superscripted. Imaginary components are represented usingj =/ — 1. In
the contemporary literature, the commonly used symbols for the compression ratio and
wavelength are both lambda, 4. This study does not use the wavelength, and so denotes the
compression ratio by the symbol 1.

The vibration isolator is considered to comprise a resilient element of homogeneous
rubber that is securely bonded to two end plates. The end plates are used for attaching the
vibration isolator to the upper and lower structures, and are assumed to have no structural
modes in or near the frequency of interest. The undeformed rubber element is assumed to
have a regular right prismatic shape. Let the top plate, rubber element and bottom plate
have masses my, mg and mp respectively. The unloaded vibration isolator has an
undeformed rubber element of height kg, cross-sectional area 4, and shape factor S. The
shape factor is defined as the ratio of the loaded area at one end to the total force-free area of
the undeformed rubber element [4, 5].

Let the phase velocity for an undeformed long rod of the same rubber as the vibration
isolator under consideration be ¢§. A long rod is defined to be a rod that has lateral
dimensions small compared to the longitudinal wavelength, and quantitatively the lateral
dimensions should be less than one-tenth of the wavelength [6]. The terms “bar” and

0022-460X/00/370323 + 15 $35.00/0 © 2000 Academic Press



324 J. D. DICKENS

“beam” are also used by other authors for the word “rod”. Let the undeformed rubber have
complex normal modulus E§, loss angle J,, loss factor tan d,, density p and the Poisson
ratio v. Let the magnitude of the complex normal modulus be E,. Then

E} = Egei (1)

and from the wave equation the phase velocity for the undeformed long rod c§ is

@

Let a static load be applied to the vibration isolator, which compresses the rubber
element to a barrel shape of compression ratio 4, radius of gyration rg and height h. Under
deformation, the rubber element is assumed to have a regular right barrel shape with
parallel ends. The compressed height is

h = hg. 3)

Let the compressed rubber have complex normal modulus E}, loss angle 6 and loss factor
tan 0. The density and the Poisson ratio are assumed to be the same as for the undeformed
rubber, namely p and v respectively. Let the longitudinal wave propagated within the
compressed rubber element have circular frequency w and phase velocity cg. Then the phase
velocity is given by the companion paper [1] as

% {(1 + BSH2 + A7) [(c})* — (wvrc)zl}”2

Cc = 3) 4)

where f is a constant.

The parameter f§ is a numerical constant for a given rubber, and its values have been
tabulated for different hardness values of rubbers [7].

For the case of a vibration isolator with a cylindrical rubber element of undeformed
radius rg, the shape factor is [1]

r
S =3 ©
0
and the phase velocity is given by the companion paper [1] as
{1+ BSH(2 + 2°) [8A(ct)* — (wro)’ ]}
cE = . (6)

2,/67

Equations (4) and (6) embody correction factors for the static compressive effects on the
phase velocity of longitudinal wave propagation in a short rubber rod compressed with
a barrel shape. They were based on the notion of an effective rubber cylinder and applicable
to natural rubber vulcanisates, unfilled or filled with carbon black.

2. MODEL OF VIBRATION ISOLATOR

In this section the proposed equation (4) is applied to the four-pole parameters of
a vibration isolator under static compression. Let the vibration isolator have an input force
and velocity designated by F¥ and V¥, respectively, and an output force and velocity
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F% and V% respectively. Let the four-pole parameters of the vibration isolator be af;, o¥,,
o, and oF,, which are complex, time-invariant functions of the circular frequency w. The
four-pole parameters relate the input and output forces and velocities of the vibration
isolator and are defined by [&]

Ff afy  of 3
|: *:| :|: * % x| (7)
Vi 021 %22 )

Applying Snowdon’s [2, 3] derivation of the four-pole parameters to the current situation
gives

ofy = cos0* — y{ 0% sin 0%, (8)
of, = pE[(sin 0% + y, 0% cos 0%) + y,0%(cos 0* — v, 0* sin 0%)], )
sin 0*
iy = —— (10)
HR
and
o, = cos 0* — y, 0% sin 0%, (11)
where
i .
e =200 =10 (12, 13)
Cc 0
m
yr=— (14)
mg
and
m
2= (15)
mg

The proposed static compression model is embodied in equations (4) and (7)-(15), and
predicts the four-pole parameters for low frequencies.

3. VIBRATION ISOLATORS A AND B

Two large cylindrical vibration isolators were manufactured [9] and are designated
A and B. Vibration isolator A had a rubber element composed of an unfilled natural rubber
vulcanisate. Vibration isolator B had a rubber element composed of a natural rubber
vulcanisate filled with carbon black. The formulations are given in Table A1 of Appendix A.

The undeformed rubber diameter of vibration isolator A varied from 170-0 mm at the
ends to 167-4 mm at its centre. For vibration isolator B, the undeformed rubber diameter
varied from 170-0 mm at the ends to 168-2 mm at its centre. The undeformed radius r, is
taken as the average value of the radii at an end and the centre. The hardness was measured
using a hand-held pocket type of durometer (rubber hardness meter). This meter measured
the surface hardness and ideally required a flat surface for measurement, whereas both
rubber elements were curved. The hardness values measured by this method were
approximate, and assumed that the rubber elements were uniform throughout. The
measured geometric parameters, including the hardness measured in International Rubber
Hardness degrees (IRHD), are presented in Table 1.
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TABLE 1

Measured geometric properties of vibration isolators A and B

Vibration isolator ho o S Hardness p 1+ BS?
(m) (m) (IRHD)
A 0-1478 843x 1072 0-285 47 1-54 1-13
B 0-1499 845x 1072 0-282 64 1-10 1-09
TABLE 2

Measured mass properties of vibration isolators A and B

Vibration isolator mr mg Mg Total mass o
(kg) (kg) (kg) (kg) (kg/m?)
A 1306 1-306 3-160 5772 971
B 1-308 1-308 3-540 6-156 1063

TABLE 3

Measured rubber properties of vibration isolators A and B

Vibration Sav E, tan oo P Co
isolator (Hz) (Pa) (kg/m?) (m/s)
A 81 2:44 x 10° 3x10°2 971 50-1

B 121 553 x 10° 4%x1072 1063 721

The masses mr and mp were measured prior to manufacture of the vibration isolators.
The densities were calculated from the compositions of the rubbers used and checked by
measurements. The measured mass properties are presented in Table 2.

The undeformed complex normal modulus E§ of the rubber element of each vibration
isolator was measured using a resonance technique with different end masses to determine
the mass contribution of the rubber element [9]. The average frequency of measurement
was f4 and the magnitude of the phase velocity ¢ is given from equation (2). The measured
rubber properties are presented in Table 3.

4. MEASUREMENT OF FOUR-POLE PARAMETERS

The vibration isolator test facility [9] was used to measure the four-pole parameters of
vibration isolators A and B under different compression ratios. The vibration isolator test
facility had a lower limit of 5 Hz, which was selected for the tests.

Before each set of tests, each vibration isolator was mechanically conditioned by loading
and unloading it six times up to the maximum testing static plus dynamic strain plus 10%
[10]. After being mechanically conditioned, each vibration isolator was thermally
conditioned by maintaining it at 20°C for a duration of at least 18 h before testing, and then
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tested at the same temperature. The tolerance on the conditioning and testing temperature
was + 1°C.

The dynamic testing comprised the application of a sinusoidal force that was linearly
swept over the frequency range of interest with 0-5 Hz steps. At each forcing frequency 16
cycles were applied before the measurements were conducted. The dynamic strains of the
rubber elements did not exceed 1 x 107>, and thus their complex normal moduli may be
treated as constant [11, 12]. At each test frequency the data were averaged over 32 cycles.

The compression ratio 4 was calculated as the ratio of the compressed to undeformed
heights of the rubber element. Experimentally, the compressed height was determined as the
average of four heights, measured vertically and equally spaced around the vibration
isolator. For each test, the accuracy of the compressed height along the longitudinal axis of
the vibration isolator was + 0-5 mm, which with the minimum compression ratio of 0-80
represented + 0-5 in 120 mm, i.e., + 0-4%.

For each test, the compressed ends of the vibration isolator were equally spaced to within
0-25 mm, measured as the height between the end plates. Since the diameters of the end
plates were 150 mm, the maximum vertical misalignment between the end plates was
2 x 0-25 mm/150 mm, i.e., 0-2°.

4.1. FIRST ANTI-RESONANCE OF o}, AND o¥,

Each vibration isolator had end plates of equal mass, a uniform shape and the rubber
element was assumed to be homogeneous. Hence each vibration isolator is assumed to be
symmetrical, and so its four-pole parameters of; and o, are identical [2, 3].

Dickens [9] developed a method of using the first anti-resonant behaviour of the
four-pole parameters of; and o%, of a symmetrical vibration isolator under static load as
a measure of the accuracy of the predicted loss factor and magnitude of the phase velocity
calculated from equation (4).

Let the frequency and magnitude of the four-pole parameters o, and «%, at their first
anti-resonance troughs be f, and U, respectively. Then, as an approximation [9]

tand = U,. (16)

The measured and predicted magnitudes of the four-pole parameters «¥; and o, at their
first anti-resonance troughs may therefore be used as a comparative measure of the loss
factor accuracy of equation (4).

The magnitude of the phase velocity is proportional to the frequency f, [9]. The
measured and predicted frequencies of the first anti-resonances of the four-pole parameters
ofy and o, may thus be employed as a comparative measure of the magnitude accuracy of
the phase velocity calculated from equation (4).

4.2. VIBRATION ISOLATOR A

In this section a comparison is made between the measured and predicted four-pole
parameters of vibration isolator A over the compression ratios from 0-98 to 0-70.

For a maximum error in the phase velocity reduction factor of 10%, the maximum
diameter-to-wavelength ratio is 1-41, where the diameter is that of the effective rubber
cylinder [1]. Figure 1 shows the effective diameter-to-wavelength ratio of the vibration
isolator A for the compression ratios tested. It indicates that for a frequency of 220 Hz, the
diameter-to-wavelength ratio varies from 1-3 to 4-3. Therefore, as a compromise the upper
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Figure 1. Effective diameter-to-wavelength ratio for vibration isolator A. Arrow shows decreasing 4: 097, 0-95,
0-90, 0-85, 0-80, 0-75 and 0-70.

limit of 220 Hz was selected for the tests. Over the compression ratio tested, the model
should be valid up to a frequency of approximately 190 Hz.

The measured and predicted four-pole parameters using equations (6)—-(15) are presented
in Figures 2-7. Comparing these figures shows that the general shapes of the measured and
predicted four-pole parameters are the same up to a frequency of approximately 190 Hz.
For frequencies up to approximately 100 Hz, the agreement is better than for the higher
frequencies.

Consider the application of section 4.1 to the first anti-resonant behaviour of the
four-pole parameters of; and o%,, which from Figure 2 occurs around the frequency of
70 Hz. The measured and predicted four-pole parameters of; and o%, are presented in
Figures 2 and 5 respectively. These figures show that the magnitudes of the predicted and
measured four-pole parameters of; and o%, at their first anti-resonance troughs are
constant and equal to each other within 1 dB. Hence from equation (16) it is considered that
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Figure 2. Measured four-pole parameters of; and a3, for vibration isolator A. Arrows show decreasing 4: 0-97,
0-95, 0-90, 0-85, 0-80, 075 and 0-70.
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Figure 3. Measured four-pole parameters «f, for vibration isolator A. Arrows show decreasing A: 097, 095,
0-90, 0-85, 0-80, 0-75 and 0-70.
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Figure 4. Measured four-pole parameters a3, for vibration isolator A. Arrows show decreasing A: 0-97, 0:95,
0-90, 0-85, 0-80, 0-75 and 0-70.

the loss factor of the vibration isolator remains constant for compression ratios from 0-97 to
0-07, and the predicted and measured values agree.

Figures 2 and 5 show that the percentage magnitude difference between the predicted and
measured frequencies monotonically increases as the compression ratio decreases, and
reaches a maximum of 15 referenced to the measured value, at a compression ratio of 0-70.
For compression ratios down to 0-80, the magnitude difference in frequencies attains
a maximum value of 6-6% at a compression ratio of 0-80.
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Figure 5. Predicted four-pole parameters a¥; and a3%, for vibration isolator A. Arrows show decreasing A: 0-97,
0-95, 0-90, 0-85, 0-80, 075 and 0-70.
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Figure 6. Predicted four-pole parameter o, for vibration isolator A. Arrows show decreasing 4: 0-97, 0-95, 0-90,
0-85, 0-80, 0-75 and 0-70.
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Figure 7. Predicted four-pole parameter o, for vibration isolator A. Arrows show decreasing A: 097, 095, 0-90,
0-85, 0-80, 0-75 and 0-70.

Note that the anti-resonance troughs of the four-pole parameters of; and o3, correspond
to maxima in the magnitudes of the blocked force transmissibility. The first maximum in the
magnitude of the blocked force transmissibility is the resonance of the top plate on the
rubber element of the blocked vibration isolator, and maxima at higher frequencies
correspond to standing waves in the rubber element. Consequently the first standing wave
frequency is approximately 180 Hz for vibration isolator A (Figure 2).
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4.3. VIBRATION ISOLATOR B

In this section a comparison is undertaken of the measured and predicted four-pole
parameters of vibration isolator B over the compression ratios from 0-98 to 0-80.

Figure 8 shows the effective diameter-to-wavelength ratio for the compression ratios
tested. It indicates that for a frequency of 320 Hz, the diameter-to-wavelength ratio varies
from 1-3 to 2-2. Similar to section 4.2, the upper limit of 320 Hz was selected as
a compromise for the tests. Over the compression ratios tested, the model should be valid
up to a frequency of approximately 290 Hz.

The measured and predicted four-pole parameters for vibration isolator B are presented
in Figures 9-14. Comparing these figures shows that the general shapes of the measured and
predicted four-pole parameters are the same up to a frequency of approximately 290 Hz.
For frequencies up to approximately 180 Hz, the agreement is better than for the higher
frequencies.

Figures 9 and 12 show that the percentage difference between the measured and predicted
frequencies of the first anti-resonance troughs of the four-pole parameters o¥; and

Efective diameter - to - wavelength ratio

0 | ) | ) ) |
50 150 300 320

Figure 8. Effective diameter-to-wavelength ratio for vibration isolator B. Arrow shows decreasing 4: 0-98, 0-95,
0-90, 0-85 and 0-80.
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Figure 9. Measured four-pole parameters of; and ¥, for vibration isolator B. Arrows show decreasing 1: 0-98,
0-95, 0-90, 0-85 and 0-80.
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Figure 10. Measured four-pole parameter «¥, for vibration isolator B. Arrows show decreasing A: 0-98, 095,
0-90, 0-85 and 0-80.
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Figure 11. Measured four-pole parameter %, for vibration isolator B. Arrows show decreasing A: 0-98, 0-95,
0-90, 0-85 and 0-80.

o, reaches a maximum of 1-7 referenced to the measured value, at a compression ratio of
0-80.

Inspection of Figure 12 reveals that magnitudes of the predicted four-pole parameters
ofy and o%, at their first anti-resonance troughs are approximately constant. However, the
measured magnitudes increase significantly with decreasing compression ratio. Thus, from
equation (16) the measured loss factor increases as the compression ratio decreases. Over
the compression ratio range from 0-98 to 0-80, the measured loss factor increases by 2:62 dB.
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Figure 12. Predicted four-pole parameter o¥; and o%, for vibration isolator B. Arrows show decreasing A: 0-98,
0-95, 0-90, 0-85 and 0-80.
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Figure 13. Predicted four-pole parameter o, for vibration isolator B. Arrows show decreasing A: 0-98, 0-95, 0-90,
0-85 and 0-80.
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Figure 14. Predicted four-pole parameter o}, for vibration isolator B. Arrows show decreasing 4: 0-98, 0-95, 0-90,
0-85 and 0-80.

4.4, IMPROVED STATIC COMPRESSION MODEL

For compression ratios down to 0-8 the model satisfactorily predicted the low frequency
behaviour of vibration isolators A and B (sections 4.2 and 4.3). However, it may be
improved by including a correction factor to account for the observed experimental
behaviour of the vibration isolators.

During the tests of each of the vibration isolator A and B the temperature remained
constant, the same procedure was used and it is assumed that the complex normal modulus
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of the rubber element remained constant over the range of testing frequencies. Therefore,
the only parameter that varied for the different vibration isolator tests was the compression
ratio. This implies that the correction factor is a function of the compression ratio only.
Equation (6) is thus modified by the inclusion of a correction factor p* and becomes

o _ PR PSR + 28Il — (org 1} "

2./64

where p* = p*(J).

For vibration isolator A, the loss factor was constant and so the correction factor is real
and p* = p. The values of p were determined by iteration so that equation (17) produced the
same first anti-resonance frequencies as those measured. Figure 15 shows a plot of p and
a regression curve based on a polynomial of order 4, for vibration isolator A.

For vibration isolator B, the values of p* were determined by iteration so that equation
(17) produced the same first anti-resonance frequencies and magnitudes as those measured.
Figure 16 shows a plot of p* and a regression curve based on a polynomial of order 4 for the
magnitude, and a linear regression for the phase. The phase of p* is approximately equal to
the apparent increase in the loss factor of the compressed rubber element, and is thus shown
in radians (Figure 16).

Incorporating these correction factors significantly improved the overall agreement
between the predicted and measured four-pole parameters of both vibration isolators.

4.5. COMPARISON WITH PREVIOUS RESEARCH

A literature search indicated that the only relevant reference is Andersson [ 137, because it
is the only one that specifically addresses the effect of static load on the wave effects of
vibration isolators.

1-0

Magnitude
=
©

0-8

07 L L 1 L L
07 075 0-8 0-85 09 095 1

Compression ratio

Figure 15. Measured correction factor p for vibration isolator A.
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Figure 16. Measured correction factor p* for vibration isolator B.

Andersson [13] investigated a small vibration isolator with a rubber element composed
of an unspecified “soft natural rubber” of hardness 40 IRHD. The vibration isolator was in
the form of a rectangular regular prism of dimensions 100mm (length)x 70 mm
(width) x 105 mm (height). The vibration isolator was tested in compression and for
different compression ratios he measured the magnitude of the blocked impedance.
Andersson presented plots of the magnitude of the blocked impedance over the frequency
range from 30 to 700 Hz for compression ratios of 0-96 and 0-80, and from 40 to 800 Hz
for a compression ratio of 0-60. These frequency ranges excluded the resonance of the
top plate on the rubber element, and showed all of the first two standing waves resonance
peaks.

The four-pole parameter o, is equal to the reciprocal of the impedance, for the blocked
output situation [9]. Andersson assumed that his tests were conducted with a blocked
output. Therefore, the magnitude of the four-pole parameter of; was calculated from his
results. The general shape of the curves of the calculated magnitude of the four-pole
parameter o, as a function of frequency, agreed with the shapes measured in sections 4.2
and 4.3. His results showed that the frequency of the first standing wave resonance increased
with decreasing compression ratio, in agreement with the findings of sections 4.2 and 4.3.
His results exhibited an increase in the loss factor of the first standing wave resonance as the
compression ratio diminished, in agreement with the findings of sections 4.2 and 4.3.

The results of Andersson also indicated that the magnitude of the four-pole parameter
o, at the first standing wave resonance, increased from the compression ratio of 0-96 to
0-80, but marginally decreased from the compression ratio of 0-80 to 0-60. The increase, but
not the decrease, agrees with the findings of sections 4.2 and 4.3. A possible explanation for
the disagreement is the fact that the tested vibration isolators had different shapes and sizes,
and that the results included a compression ratio of 0-60. This compression ratio would
have induced considerable distortion into the rubber element, which may have caused the
unexpected result.

Another noteworthy point is that the difference in the magnitudes of the four-pole
parameter o3, at the first standing wave resonances was only approximately 0-5 dB, for
compression ratios of 0-80 and 0-60. This difference could have been attributable to
experimental error, a subject not discussed by Andersson. For example, a reasonable error
of + 1dB in the results could conceivably yield a true decrease the magnitude of the
four-pole parameter o%;, at the first standing wave resonance, by 1-5dB from the
compression ratio of 0-80 to 0-60.
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In summary, it may be said that the experimental results of Andersson in general agreed
with the observed trends in the measured magnitude of the four-pole parameter o%;.

5. CONCLUSIONS

The static compression model embodied in equations (4) and (7)-(15) was proposed.
Experimental results were obtained for two large cylindrical vibration isolators, one with
a rubber element composed of an unfilled natural rubber vulcanisate and the other with
a rubber element composed of a natural rubber vulcanisate filled with carbon black. The
unfilled and filled vibration isolators were tested with compression ratios down to 0-70 and
0-80 respectively. Using the static compression model the general shapes of the measured
and predicted four-pole parameters for each vibration isolator were the same up to
a frequency with a maximum diameter-to-wavelength ratio of nominally 1-41. The
agreement improved with decreasing diameter-to-wavelength ratio. Vibration isolators are
commonly used over the range of compression ratios from 095 to 0-80, and over this range
the model satisfactorily predicted the low-frequency behaviour.

A study of the predicted and measured first anti-resonance troughs of the four-pole
parameters o, and a3, was undertaken for compression ratios down to 0-80. It showed that
the agreement between the predicted and measured magnitudes and anti-resonant
frequencies could be improved by the addition of a correction factor to give equation (17).
The loss factor of the unfilled vibration isolator remained approximately constant, while
that of the filled vibration isolator increased with decreasing compression ratios. Thus, the
correction factor was real for the unfilled vibration isolator and complex for the filled
vibration isolator. For both vibration isolators, the magnitude of the correction factor
monotonically decreased from unity with decreasing compression ratio, and could be
represented as a fourth order polynomial of the compression ratio. The phase of the factor
was linearly related to the compression ratio for the filled vibration isolator.

The model with the correction factor significantly improved the overall agreement
between the predicted and measured four-pole parameters of both vibration isolators.
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APPENDIX
TaBLE Al
Compositions of vibration isolators A and B
Constituent* A B
(phr) (phr)

Natural rubber, standardized Malaysian rubber (SMR) 100-00 100-00

latex grade L

Zinc oxide 5-00 5-00

Stearic acid 2-50 2:50

2,2,4-Trimethyl-1,2-dihydroquinoline (oligomer) (TMQ) 2-:00 2-:00

Carbon black, N550 (previously termed fast extrusion furnace) 0-00 2600

Sulphur 1-00 1-00

N-Cyclohexyl-2-benzothiazolesulfenamide (CBS) 170 0-26

2-(Morpholinothio)benzothiazole (MBS) 0-00 1-44

Tetramethylthiuram disulfide (TMTD) 0-30 0-30

N,N'-Dimethyl-N,N’ diphenyl thiuram disulphide (MPTD) 0-45 0-45

Total 11295 13895

Note: The abbreviations of the constituents are given by standards [14, 15].
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