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1. INTRODUCTION

Lo et al. [1] presented a high order theory for plates. It is appropriated to the following
displacement forms:

Uy (xt, x2, x%) = uy (8, x%) 4+ 32 Br(x!, x2) + (%) Co (xh, x2) + (39)° by (xF, x2),
UZ(x1> x2> X3) = uZ(Xla x2) + x3ﬁ2(x1, x2) + (X3)2 CZ(X1> x2) + (x3)3 d)Z(xl’ xz)a
U3(X1, x2’ X3) = M3(X1, x2) + x3ﬁ3(x1, x2) + (X3)2 (3(.)(:1, XZ)’ (1)

where (x!, x?) are the surface co-ordinates and x? is the normal co-ordinate to the surface.
The Lo theory, proposed for plates, is here extended to shell structures.

2. DEFORMATION TENSOR-STRESS TENSOR-STRESS RESULTANT

2.1. DEFORMATION TENSOR

Using the development presented in reference [2], and for small displacement, the
deformation tensor associated with equation (1) is written as

Eap = Vap(Uo) + X755 (B) — X7 o) + (X7)7 155(8) + (x°)° 7,5(),
26,3 = By + u, Ch + Uz ) + (X sy + (X3 (5,

+ (3% + 3053 ¢, + () GG+ () ),

€33 =fP3 +2x> {5, 2
where
Uy Uy B1 (1 R
U, =| Uy |, U, =|Uy| B: B2 > C_ CZ > d): ¢)2
Us 0 0 0 0
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with

Vap (V) = %(VﬂLx + VaL/}) —_ V3 C“l}
1 A3)
2

Pug (V) =2V, 1, Cé + V/lj_ﬁci) —V3iC; Cips

where C? is the coefficients of the curvature tensor and U, | s is the covariant derivate.

2.2. STRESS RESULTANT

The stress resultants are defined by
Nll NIZ Mll M12 Pll P12 _ Mll MIZ
[N]:|:N21 N22:|’ [M]:|:M21 M22:|’ [P]:|:P21 P22:|’ [M]:|:M21 M22:|’
Ql Sl Rl Ll
Q=<Q2, S=(e) R=(p) L=(,: )
[N“ N'? N?* N, Q' Qz}f”[1}[011012022633013623] dxs,

Mll M12 M22 Mz Rl RZ B2 X3

pit piz p22 gl g2 W2 [(x5)?
|:M11 M2 M2 Lt L2:|=j |:(x3)3 [011‘712‘722‘713‘723] dxs. (3)

h/2

with

The stress resultants in terms of displacements are given by

h3
N = h[2py(uy) + 2Tr{p(u,)} - 1] + 35 [209©) + ATr{y(©); - 1] + 2hps3 1, (6)

3

h
M= [2u0@ — p(,) + ATr(2(B) — p(us)) - 1]

IS o
+20 [2u(y(d) + ATr (p(¢p) - 1] + 24 - (1, (7)
P =h—3[2 (u,) + ATr{y(u,)} - 1] +h—5 [2uyp©) + ATr{p©)) - 1] + ih—3[>’ 1
5 2, y(u,, gg 217 y(©)] bt
()
s
M = 30 Ru@(B — p(uy,) + ATr (y(B) — p(uy,)) - 1]
W’ IS
+ a3 Ru(y(d)) + ATr (y(d)) - 1] + 24 <0 i, )
h3
Q=ﬂh[B+VU3+C'uw]+uﬁ[VC3+3¢+C'C], (10)
3 h’
R=uE[VB3+2C]+u@[C'¢], (11)

3 5

S=u%[ﬁ+Vu3+C'uw]+u%[VC3+3¢+C~§], (12)
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h? h’
L = g [VBa + 2]+t 2 [C- ). (13)
h3
Ne=h{@u+ 2 ps + 2Tr@W)] + 2 15 Tr( @), (14)
h3 , h3
M. =15 2@+ DG + 4Tr(B) — po))] + 4 o5 Tr((4)), (15)

where 1 is the unit tensor and (i, 1) are the Lameé coefficients, Vand Tr are, respectively, the
gradient and the trace operators.

3. EQUATIONS OF MOTION

The principle of the virtual work is used to derive the governing equations of motion.
For Shellls subjected to the volume and surface densities f, and f;, it is found that (for
more details see Appendix A):

. h® .
[NTy — (M Cj) 1, — Q°C5 + F*] = ph it* + p oo

3 5

h h .
MYy — Q% 4w = p 55 B4 p g5

h3 .
N Cup — (M“ﬂcicéﬁ) + 0%, +F>=phii’ +p D s,

, W B
t N, +F=p—i .
Lo 2+ I'7 P12“3+P 80§3>
3 5
af o __ Qo @ _ o s R 21
Py —2R* = S'Ci+ Fi=p 5 i +p g5 &
3 h3
a—2M,+ F5=p—
la z+ 2 p12ﬁ35
_ S hs W
Mi%—?)S“—LC;-FF%:p%ﬁd-Fpm(ba (163)

or

3

h
div N —div (C- M) — € Q + F, = ph n(ii,) +p 15 &
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. Pl .
divM—-Q+m, = B B+p80¢,

3

. . h
N:C—(CM): C+div(Q) + F* = phiis + p 15 Ls

. LW hs
leR—Nz+F1:pEM3+p@C3>

3 hs..
divP—2R—C-S +F, (i) + p o L,

BEP) 80

3

h
divS —2M. + F3 = p 33 b,

_ h .. h?
divM—-3S—-C-L+F,=p— —
iv +F=p bt

% &, (16.b)

where p is the mass density, & is the thickness of the shell, z(ii,,) is the projection on surface
of the surface’s acceleration ii,, F, is the middle surface forces vector, m, is the middle
surface moments vector. Fy, F,, F} and F3 are defined by

h/2 h/2 h/2
m=f ()2 17 dx, z=f (P 2 dx, H=J 3 f2 A,

—h/2 —h/2 —h/2
n/2

F% = j (>c3’)2 ff dx3. (17)
—hj2

For a shell loaded by a surface density forces applied on dw x | — h/2, h/2[ (0w is the
boundary of the surface w), the boundary conditions are

— NPy, + (M Cj)vs + F; =0,

— My, + mi =0,

—Q%v, + F2 =0,

— R*v, + (Fi), =0,

— PPy + (F7), =0,

— 57y, + (F3), = 0.

— My, + (F3);=0 (18.2)
or

—N-v+C-M-v+(F,),=0,

—M:-v+(m,)=0,

—Q v+ F3=0,

_RV+(F:;’)SZO:
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—P-v+(F),=0,

—SV+(F2)SIO,
My (Fy), =0, (18.b)

where (F,), is the in-surface boundary forces vector and (m,), is the in-surface boundary
moments vector. (Fy),, (F,),, (F}), and (F3), are defined by

h/2 h/2
(F1)s = J ()2 fEdx3, (Fa)s = J () f3 dx?,

—h/2 —hj2
/2 h/2
(F1)s = f X*fPdx3, (F3), = J (x*)? £ dx’. (19)
—hj2 —h/2
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APPENDIX A

Using an integration over the normal co-ordinate, the external virtual work is (for the
densities f, and f):

W, = J [Fuf +m*Bf + Fi(F + F3¢F + FPu¥ + F{ % + F3(%] do

+ J [E uf + mifs 4+ (F, O + (F3)s ¢F + Fuf + (F1),p5 + (F3),(3] dr
where
) b2 ) h2
F‘=f fi dx®, Fi= fidx3, i=1,2o0r3.
—h/2 —h/2

Using an integration over the normal co-ordinate, the inertial virtual work

h* . " .
W= —J [ph(wu:+u3u§>+pl2(ﬂaﬂ:+mc: Ul iU+ B

. hs . . . - h
+43u§>]dw—J [p80(/%:+¢“ﬁ:<+cac:+csc>§)+pm<¢“¢:>} do,
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Using an integration over the normal co-ordinate and using the stress resultants defined
by equation (5), the internal virtual work is

Wi=— J [N 9 (W5) + M, (B*) — M g (uE) + P 7,5 (C¥)

+ My, (0*)] doo — f [Q*(B% + Cauf + ud ) + QR* (F + 387 ¢

w

+8*CiE + L*Cy ¢)] do

_Jv [Nzﬁgk +2Mz 3!<] dw_J\ I:I{oC ;zx—i_saé’gk,a] d(l)

(0]

Using relation (2) and after integration by parts, it becomes

W, = f [NT) — (M”Cp); — Q°C3] uf dov + j [M% — 0] ¥ do
r
+ | [P —2RE — $°C)1 ¢ doo + J [MT) —35% = L°C3] ¢ do
r
+ | [IN?Cop— (M™*C;Cp) + 01,] uf do + J [R; — N.1p% do
r
+ | [Sh.—2M.] 5 do + f [ = N*vy + (M Cf)v] wy dI
ﬂ :
_ Maﬁﬁ;k Vﬂ dF - J‘

Jow Lo}

PPy, 0% dr —f M vy dI
: :

- Qava“§ dar — j [Ravaﬂgk + SavazC’;] dr.

Jow Jw

The application of the virtual work leads to equations (16) and (18).
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