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A semi-analytical method based on the finite strip technique in conjunction with the
transition matrix is applied to investigate the flexural vibration of orthotropic rectangular
plates of variable thickness in one direction. The effect of orthotropy, aspect ratio, and taper
ratio on the natural frequencies of the vibration of such plates is investigated. The efficiency
of the proposed technique is illustrated by comparing the results with those available in the
literature for several examples. The results show excellent agreement and stable convergence
for all plate configurations considered in this paper.
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1. INTRODUCTION

In many engineering applications, the designer has to use variable thickness plates to suit
some design requirements, for example, to save material, and hence the cost requirement, or
to change the natural frequency of the plate away from the driving frequency. During last
decade, many papers have been presented in the literature dealing with the flexural
vibration of variable thickness isotropic plates (for example, references [1, 2, 3 4]). It is not
intended in this paper to review the publications on such plates. For the work between 1973
and 1985, the reader can consult the outstanding review papers by Leissa [5-7]. Cheung
and Zhou [1] have summarized the review of recent research work in this subject.
Composite plates are usually used when the weight and strength of the plate material are of
great concern. However, only few research works has been directed towards understanding
the effect of the orthotropy in the flexural vibration of such plates.

Malhotra et al. [8] used Rayleigh-Ritz method to study the effect of the fiber orientation,
boundary conditions and degree of thickness variation on the fundamental frequency of
orthotropic square plates of varying thickness (parabolic variation). They considered only
four boundary condition configurations. Liu and Chen [9] reported only in graphical form,
the fundamental frequency parameter versus the thickness ratio of orthotropic rectangular
plates with variable thickness. Bert and Malik [10] analyzed the free vibration of tapered
plates using the differential quadrature method. They considered only particular types of
thin rectangular plate configurations, which are the ones having two opposite edges simply
supported and the other two edges (of varying thickness) are quite general. Lal et al. [11]
studied the transverse vibration of non-uniform orthotropic rectangular plates using the
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quintic splines interpolation technique when two edges of the plates are simply supported
while the other two ends (the varying direction) are restricted to three different
combinations of clamped, simply supported, and free edges. In this paper, the flexural
vibration of orthotropic plates of generally varying thickness and of general boundary
conditions is investigated using the finite strip transition matrix technique developed by
Farag [12] and Farag and Ashour [13]. Up to the author knowledge, some of the plate
configurations reported in this paper for orthotropic plates of variable thickness are new in
the literature.

2. FORMULATION OF THE PROBLEM

Within the classical deformation theory, equation of motion of a thin, orthotropic, and
homogenous rectangular plate is given by

M, M, 0*M ) ?2w
-2 4+ Y= — [p — ph(y) ] (1)

ox? 0x0y 0y? ot?
where p is the density per unit area of the plate, h(y) is the variable plate thickness, and p is

the dynamic load function. The bending and the twisting moments in terms of
displacements are given by

M, D, wD, O W,
M, |=—|vwD, D, 0 W,y |. )
M, 0 0 —2D,||W,

Here v, D and E are Poisson’s ratio, plate flexural rigidity and modulus of elasticity,
respectively, with subscript corresponding to orthotropically oriented co-ordinate axes and
defined by

h? h? h?
D,=Dy.—~, D,=Dy,—, D,=Dy —, (3)
0 hg y Oy hg t ot hg
where hq is the plate thickness at y = 0,
E h} E,h3
DOx X0 o 2Dot = Hoxy - VyDoxa (4)

TR0 — vy, % T 12(1—v)

2H,,, is the effective torsional rigidity, and v, Dy, = v, Do,. Thus, the equation of motion for
a special orthotropic plate (the principal axes of orthotropy are coincident with the edges of
the plate) with general variable thickness in the y direction can be written as

h*(y) hs(y) 1 0h*(y)
hg VVxxxx + 2I—IOxy 31)’178 Wxxyy + 2HOxy hig ay

1 0*h*(y) D oh*(y) *h3(y)
+VxD0yh_(3)Ty2 W/;Cx+h_%y hs(y)VVyyyyy'i'z ay V[/;Jyy'i' 6y2 VVyy
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~ _ h
:P_MO%VVn’ (5)
0



SEMI-ANALYTICAL SOLUTION 433

where my = phy. For time-harmonic-dependent solution, the displacement W (x, y, t) can be
assumed as

W (x, y, 1) = w(x, y)e',

where o is the harmonic frequency (rad/s), and w(x, y) is the flexural displacement at any
point (x, y). By defining the following non-dimensional quantities:

é’:as 17:57 (6)

and a taper ratio o

 hy—

_— U

o

where h,, is the thickness at # = 1. One can obtain the following non-dimensional equation
of motion for the free vibration of a thin orthotropic rectangle plate of variable thickness in
the y direction:

Do, Hoyy ,, 0h*(n) Ho,
&R () weeee S B2 ey + 2 B2 () Wy
DOy DOY
*h3(n) oh*(n) *h3(n)
v 2 WW@: + p*{R(mw Wy + 2 —— an Wy + on? Wan (>
h
EPELUUIPT S ®)

ho

where 12 = w?(mya*)/(Do,), and B = a/b is the aspect ratio of the plate.
The solution of the above equation may assume as

w(&n) = ZX ©)

where X,,(¢) are functions constructed to satisfy identically the boundary conditions at the
edges ¢ = 0 and 1. In this paper, the classical beam functions X,,(¢) are used. By multiplying
equation (8) by X,(¢) and integrating from O to 1, one obtains the differential equations in
Y(n) as

N
Z |:lp1 Ymcnm + 2w2h1(7])ﬁ2 Y;anm + 2¢2ﬁ2 Y;r,anm + Vx Bth(rI) YmBnm
m=1

+ ﬁ4{Yi}’f + 2h ()Y + hz(ﬂ)Yié}Anm - /lzhs(f’l)YmAnm] =0, n=12,....N, (10

where the following parameters are defined as

lpl D()y’ l//2 D()y s ( )
1 on’ 1 0%k’ hg
M) =550 b =575 k=33 (12)
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and
1 L9
o= | X0Xu08 Ban= [ T 00 (13, 14
0 0
s
G = [ SE X0z (13

It is to be noted that the orthogonality conditions yield A4,,, = C,,, = 0 for m # n. Thus, the
system of differential equations (10) may be simplified as

Y(n) = —=2hi(n) Yy — ha() Yy

L $ B
E > {2% Yo+ 24ohi(n) Y, + Vxhz(’?)Y"}A
m=1 nn
1 Cu 5
_E lplA _}” h3(’7) Yn(”)a n= 1: 2a 37'”5N' (16)

By transforming the fourth order differential equations (16) into 4N first order ordinary
differential equations, the following equation can be obtained at any nodal line i of the
divided plate:

d .
d—n{F}lz[S]l{F}l, l=1,2,3,...,Q, (17)

where Q is the number of strips in this plate,

dY, d*y, d*y;  dY, d*Y, d*Y, dYNdZYNd3YN}T (18)

(Fl. = - - Y, —= ... it i
) { Ydp dp? dp? P dy dp? dp? Ndy dn? dp? |,
and [S;]is a 4N x 4N matrix. Applying the transition matrix technique [ 14], the solution of
the above-coupled system of equation can be obtained as

{Fhi = [T1{F}i-1, (19)

where [ T]; is called the transition matrix of the strip i while {F}; and {F},_, are the nodal
vectors of the strip boundaries i and i — 1. The solution of the 4N first order differential
equations of motion (17) is carried out using 2N-number of initial vectors {F}, at n = 0.
Relation (19) is applied across the divided plate until the final end at # = 1 is reached.
Therefore, 2N-number of solutions Sk, where k = 1,2,...,2N, can be obtained. The true
solutions S can be obtained as a linear combination of these solutions as

2N

S: Z CkSk7 (20)
k=1

where C, are arbitrary constants. These constants can be determined by satisfying
2N-number of boundary conditions at n = 1 [13].
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3. BOUNDARY CONDITIONS

In this paper, the following boundary conditions have been considered to illustrate the
technique used.
(a) simply supported edges along (y = 0, 6):

W =0, (21a)
o*w o*w
Tyz + Vy W = 0, (21b)
(b) clamped edges along (y = 0, 6):
W =0, (22a)
a—W =0, (22Db)
dy
(c) free edge along (y = 0, 6):
0*w 0w
Tyz + Vy W = 0, (233)
>w oW
Dy 0—y3 + (2ny — Vny) m =0. (23b)

Substituting from equation (9) into equations (21)-(23), multiplying both sides by Y, ({)d{
and integrating them from O to 1, reduces the above boundary conditions to the following
forms:

Y, =0, (24a)

0%y,
=0 24b
= (24)

for simply supported edges at (n =0, 1),

Y, =0, (25a)

Y,
aﬁ =0 (25b)

on

for clamped edges at (n =0, 1), and

2y, Y 1/(2H, B Y,
" (e ) Em 26
on’ +m§1 ﬁ2< D, Vx) A 07 (262)
0y, v. ¥ B
4+ = 7y, =0 26b
6172 * ﬂz mzz:l Ann ( )

for free edges at (5 =0, 1).
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Figure 1. Geometry of generally variable thickness rectangular plate.

TaBLE 1

Material properties of the special orthotropic (unidirectional composite) used in the

investigation
Composites Y1 =D,/D, v, = H,,/D, Vi
5-ply maple plywood 3117 0-648 0-12
E-glass/epoxy 0-4086 0-4808 0-23
TABLE 2

Comparison of the present semi-analytical results with the analytical (exact), the approximate
and the other semi-analytical results for uniform orthotropic (5-ply maple plywood) SCSF plate

"

A1 /lz /l3 /14 /ls
Present method 26:0606 97-6745 161725 212:0271  254-687
Analytical, Hearmon [15] 26-06 97-68 16172 212:04 25468
Lal et al. [11] 26:057 97-671 161-722 212:016 254675
Bert and Malik [10] 26:0571 97-6685 161-714 211999 254681

4. NUMERICAL RESULTS AND DISCUSSION

The finite strip transition matrix method is used to investigate the flexural vibration of an
orthotropic plate of generally variable thickness in the y direction as shown in Figure 1.
A linearly tapered plate is used to illustrate the above technique with the following
non-dimensional variable thickness:

h(n) =1+ an, (27)

where o is the taper ratio. The material properties of the plates used in this investigation are
shown in Table 1. In order to validate the developed technique, first, the first five-frequency
parameters for uniform orthotropic (5-ply maple plywood) SCSF plate are calculated and
compared with those available from other semi-analytical, approximate, and exact methods
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TABLE 3

Convergence and comparison of the frequency parameter for E-glass/epoxy plates compared
with the results available from the literature for three different plates configuration SSSS,

SCSC, cccc
N ﬁ o /11 /12 /13 /14_
SSSS
3 05 0 8-3249 15-1947 271391 27-2707
(8-3249) (15-1947) (27-1391) (27-2707)
3 05 02 9-1445 16:6940 29-9491 29-6943
3 05 04 9-9424 18:1593 31-9945 32:5456
(9-9476) (18-1814) (323980)  (32:5219)
3 05 06 10-7231 19-5976 34-1149 350772
3 1 0 15-1947 33-2996 44-4188 60-7787
(15-1946) (332996)  (444188)  (60-7787)
3 1 0-2 16:6972 36:5779 487871 66-7760
3 1 0-4 181712 39-7694 53-0316 72:6372
(18-1814) (39-7790) (527135)  (727779)
3 1 0-6 19-6223 42-8923 571780 78:3904
4 2 0 44-4188 60-7787 90-3014 133:1983
(44-4188) (60-7786) (90-3014)  (133-1984)
4 2 0-2 48-7635 66-7889 99-2404 146:3117
4 2 0-4 52:9447 72-6846 108-0254 159-0777
(527135) (727779)  (107:8828)  (1589576)
4 2 0-6 56:9965 78-4891 1166871 171-:5692
CSCS
2 2 0 47-2241 69-7198 164:346 182-9858
4 2 0 47-0645 69-5645 106-3063 156-2531
6 2 0 47-0397 69-5313 1061997 156-1833
& 2 0 470341 69-5218 106:1717 156:1622
(47-0311) (69-5152) (106:1533)  (156:1433)
2 2 0-4 563363 834075 196-1701 2184978
4 2 0-4 56:1419 83-2206 127-1029 195-7527
6 2 0-4 561115 83-1804 126-9759 186-3151
8 2 0-4 56:1045 83-1689 126-9425 186-2896
(559489) (830122)  (1266412)  (186'1889)
cccece
2 1 0-4 347652 60-606 80-4346 102-509
3 1 0-4 347214 60-606 80-2629 102:509
4 1 0-4 347214 60-573 80-2629 102-313
6 1 0-4 347148 60-5655 80-2337 102:268
8 1 0-4 34-7131 60-5631 80-2263 102-254
2 1 0 29-1484 50-8655 67-4648 85-9024
3 1 0 29-1118 50-8655 67-3212 85:9024
4 1 0 29-1118 50-838 85-7384 67-3212
6 1 0 29-1062 50-8318 672967 85:7003
8 1 0 29-1048 50-8298 67-2906 85-6885

Note: Values in parentheses are from reference [10].

as shown in Table 2. The symbol SCSF means that the edges x =0,y =0, x =a, y = b are
simply supported, clamped, simply supported and free respectively. It can be seen that results
obtained by the finite strip transition matrix method agree excellently with other methods.

Second, a convergence study is carried out to investigate the effect of the series harmonic
number ‘N’ on the frequency parameter of tapered plates for wide range of taper ratio o and
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TABLE 4

The frequency parameter for E-glass/epoxy plates for different plate configurations, compared
with some of the available results in the literature

N [eN & ﬁ o /ll /12 /13 /14 /ls
6 05 0 22:0267 33-9806 41-094 46-6472 51-5958
6 05 02 24-179 37-3436 44-6013 51-1544 62:6478
6 05 04 262934 40-6112 47-6064 55656 61-6383
6 05 06 28:3752 43-8032 50-3062 60-073 66-4415
6 1 0 23982 47-8048 564625 76-8934 85-1897
6 1 0-2 264329 52-1664 62:2796 84-4648 93-9788
6 1 0-4 28:826 563561 67-9203 91-8485 102-1856
6 1 0-6 31:173 60-4152 73-4216 99-0817 109-9381
6 2 0 67-297 85-7005 118-6251 1659129 204982
2 0-2 752916 94-8047 130-1436 181-2802 247-607
6 2 0-4 830712 103-6955 141-3646 196-1258 247454
6 2 0-6 90-6792 112:4155 152-353 210:5717 286-146
6 2 0-6 90-6788 112-415 152-353 210:571 286146
CCCS
6 05 0 220267 33-9806 41-094 46-6472 51-5958
6 05 02 24-2384 37-3014 451158 51-5403 56:6106
6 05 04 26-4167 40-5273 48-6001 56:4399 61-4557
6 05 06 28:568 43-6786 517428 612575 66-1667
6 1 0 23982 47-8048 56-4625 76-:8934 85-1897
6 1 0-2 26:259 5277912 61-7284 84-4813 939789
6 1 0-4 28-4784 57-5917 66-8174 91-8856 102:1857
6 1 0-6 30-652 62-2408 71-7663 99-145 109-9382
6 2 0 67-2967 85-7003 118-625 165913 204982
6 2 02 72-5086 934853 130-472 183-086 223:5954
6 2 0-4 77-5094 101-061 142-011 199701 241-497
6 2 0-6 82:3446 108-47 1533 215861 258:8783
CSCF
6 05 0 14-5066 168728 23-3296 35-2085 42:5063
6 05 02 164386 187576 25-7255 38:7055 44-3243
6 05 04 18-0895 20-8109 28:1136 42-1232 47-5445
6 05 06 19-5379 22:9716 30-4982 45-4781 50-2869
6 1 0 151625 26:5776 40-5576 52:6382 58:4732
6 1 02 172421 29-2282 46:0619 582636 64-0476
6 1 0-4 19:3044 31-8802 51-1972 64:0413 69-4891
6 1 0-6 21-3451 34-5344 55-9968 69-9732 74-8239
6 2 0 17-5575 44-0155 70-9812 82:3486 133-005
6 2 02 19-7424 49-7656 76-8423 93-3904 149-395
6 2 0-4 21-9888 55-5382 82-:6037 104-241 16331
6 2 0-6 24-2725 61-3094 88:2785 114902 177216
CFCS
6 05 0 14:5138 16-8731 23-3178 35-1882 42-:5096
6 05 02 152441 184744 25-5743 41-3828 38:6384
6 05 04 15-8633 20-0887 27-8196 42-0101 42:6639
6 05 06 16:4348 21-6793 30-0541 43-8026 54-32
6 1 0 151723 26-5484 40-5685 52:6236 584215
6 1 0-2 16:1159 29-2085 42-8415 57-6114 64:3855
6 1 0-4 17-0661 31-8678 44-9208 62-608 70-2191
6 1 0-6 18:0301 34-5258 46-8984 67-5743 759529
6 2 0 17-551 44-0213 70-8774 82:3646 133-017
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TaBLE 4
(continued)
6 2 02 189586 471254 79-081 87-6504 140922
6 2 04 204592 50-3114 87-1813 928946 148392
6 2 0-6 22-:0431 53-5844 95-1093 98-2533 15563
CFCC
6 05 0 38-6266 50-2405 77-5545 99-5664 130-737
6 05 02 41-3862 469212 87-3617 109-099 132-:079
6 05 04 42:6641 46:1572 82-:3953 97-4484 132-322
6 05 06 43-8022 49-7904 84-1692 102:172 131522
6 1 0 31-5902 56:2977 69-1337 93-8894 129-167
6 1 02 34-96 61-4433 76-4441 102:351 134957
6 1 0-4 38-2943 66-5301 83-552 108-895 139-634
6 1 06 41-6012 71-5548 88-8597 117-457 143-845
6 2 0 23-3965 47-6538 84-9473 95787 135-085
6 2 02 26:2704 51-2704 90-1557 107-956 131-036
6 2 0-4 29-4692 549898 95-3312 119-946 143-699
6 2 0-6 32-7168 58-8146 100-521 131-804 158:532
CCCF
6 0-5 0 14-5835 17-6151 25-328 38:6266 39-7189
6 05 02 16:6633 19-6022 27-9068 42-4469 447761
6 0-5 0-4 18-:5521 21-6743 304514 46-134 48-:5241
6 05 06 202657 23-8307 329712 49-7393 517217
6 1 0 316279 56-3201 787791 127787 129-161
6 1 0-2 34-5356 62:3979 75-4781 140-65 139-376
6 1 0-4 37-4076 68-4896 81-5777 153-694 150-894
6 1 0-6 40-2523 746237 87-5223 166:649 162-042
6 2 0 47-6605 84-9685 154-209 197-812 264-171
6 2 0-2 53-6444 96-6436 154-058 224-374 293-409
6 2 0-4 59-6656 109217 138-821 24562 296:296
6 2 06 65-6941 115-597 148-89 266776 277-392
CSCS
6 05 0 154821 20-4268 30-8892 40-8561 456785
05 0 (15-4820) (20-4255) (30-8822) (40-8560)  (45-6770)
6 05 02 61971 22-4661 33-9359 44-5183 50-3253
6 0-5 0-4 18-:3624 24-4974 369114 47-5764 54-9996
05 04 (184633 (24-3672) (36:8152) 487007)  (54-4635)
6 05 06 19-6813 26-5175 39-8306 50-294 60-524
6 1 0 20-4265 456783 47-0409 69-5317 83-7139
1 0 (20-4255) (45-6770) (47:0311) (69-5152) (837103
6 1 02 22-449 50-1365 51-:6727 76:4203 91-6789
6 1 0-4 24-4372 544114 56-1828 83-1986 98-9829
1 0-4 (24:3672) (54-4635) (55-9489) (83-0122) (99:7828)
6 1 0-6 26-3981 58:5439 60-5963 89-8866 105-807
6 2 0 470397 69-5306 106-1980 156-1800 163-9156
47:0311) (69-5152) (1061533)  (156:1433)  (163-8662)
6 2 02 51-6524 76414 116:692 180-019 171-497
6 2 0-4 56:1114 83-1979 126:974 186:311 195-65
(55-9490) (83:0122) (1266412)  (186:1889)  (191-2562)
6 2 0-6 60-4488 89-8512 137-086 200-729 210-903
cccece
6 05 0 16-4657 239828 37-4507 41-3914 47-8053
6 05 02 18:0652 26-3455 41-1254 452475 52-5834
6 05 04 19-5859 28-6478 44-6808 48:6591 57-3256
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TaBLE 4
(continued)

6 0-5 0-6 21-:0447 30-9017 48-1419 51:7711 61-9893
6 1 0 29-1064 50-8319 673011 85704 871507
6 1 02 31-9593 557976 73-8896 94-1193 95-5666
6 1 0-4 34715 60-5657 80-2394 102-2728 103-4832
6 1 0-6 37-3938 65-1778 864003 110-2187 111-0132
6 2 0 93-6451 108-115 136-337 179-653 237-872
6 2 02 102-8156 118711 149-699 197-232 261-175
6 2 0-4 111-636 128939 162-:599 214-148 287-303
6 2 0-6 120-199 138-373 174-837 229-666 316:044

CFCF
6 05 0 142711 151675 265629 39-3428 39-778
6 05 02 15-2238 17-0464 29-2083 41-3788 437034
6 0-5 0-4 15-8609 19-041 31-8364 42-6634 47-5402
6 05 06 16-4344 209289 34-4515 43-8021 539613
6 1 0 14-2488 17-5542 34-0095 39275 44-0184
6 1 0-2 15-5557 19-442 37-4094 424288 49-032
6 1 0-4 16:7007 21-5251 40-8084 44-7588 54-6021
6 1 06 17:7723 2371 44-207 46-8221 60-2208
6 2 0 14-2249 24-7217 39-1686 557197 76-8423
6 2 0-2 15-6595 27295 42-9832 614977 839412
6 2 0-4 17-1235 30-0453 46-6517 67-6225 90-1953
6 2 06 18:6171 329284 50-2449 739864 95-9987

SSSS
3 05 0 8:3249 15-195 27-1391 272741 33-2999
3 05 02 9-1445 16:6943 29-6943 29-9531 36:627
3 05 0-4 9-9424 18-1597 31-9945 32-5500 39-9373
3 0-5 0-6 10-7231 19-5981 34-1150 35-0822 43-2134
3 1 00 15-1947 33-2996 44-4188 60-7787 64-5298
3 1 02 16:6972 36:5779 487871 66776 70-7633
3 1 0-4 18-1712 39-7694 530316 726372 76:6326
3 1 0-6 19-6223 42-8923 57-1780 78:3904 82:2243
3 2 00 44-4188 60-7787 90-3014 133-1984 162-7172
3 2 02 487635 66-7889 99-2404 1463118 1787062
3 2 0-4 52-9447 726846 108-025 159-0779 194-2184
3 2 0-6 56-9965 78-4891 116-687 171:5697 209-3531

SCSS
3 05 00 9-0179 17-2423 30-6918 34:5671 469576
3 0-5 02 99401 189163 30-2661 33-6539 51-6615
3 05 04 10-8355 20-5411 32-8314 36:5138 56-2569
3 05 0-6 11-709 22:1269 352274 39-2925 60-7665
3 1 00 19-646 360717 54-2508 66:3707 68-9691

(19-646) (36:0717) (54-2508) (663707)  (68-9691)

3 1 02 21-3536 39-7605 59-2587 73-2597 756654
3 1 0-4 23-0108 43-3418 64-089 79-8097 82:1646
3 1 0-6 24-6283 46-836 68-7782 86:0886 88:5077
3 2 00 654179 78-5837 104-408 144-2872 240-4265
3 2 02 70-3469 854257 114-544 159-0421 263-1849
3 2 0-4 750261 92-0874 124-454 173-:3632 285-1972
3 2 0-6 79-573 98:5482 134-146 187-3282 256:6865

SFSS
3 05 00 10-3839 18:6145 25-5822 31-844 371821
3 0-5 02 11-3797 20-4358 26-8626 32-1108 349829

3 05 04 12-3687 22-2195 27921 34-8879 38:0329
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TaBLE 4
(continued)
3 0-5 0-6 13-3513 23-9743 28-8802 37-5544 41-0134
3 1 00 7-7812 22:2652 26759 41-5357 56-0705
(7-8694) (22:4295) (26:8733) @418213)  (56:1945)
3 1 02 84326 24-6105 284569 45-5189 61-8397
3 1 0-4 9-109 26-9432 30-1003 49-475 64-3581
3 1 06 9-8089 29-2686 31-7153 53-4052 67-0546
3 2 00 11-1559 31-1248 62-8826 68-7382 89-0613
3 2 0-2 12-3683 33-7305 673221 76852 98-4427
3 2 0-4 13-659 36-4361 71-7819 84-8929 107774
3 2 06 15-0166 39-2357 76:2847 92-8902 117-0759
SSSC
3 05 00 9-0179 17-2423 306918 34-:5671 46:9576
3 0-5 02 9-8683 18-9582 29-9161 33747 51-516
3 05 04 10-6934 20625 32-1439 36-7005 559649
3 0-5 0-6 11-4988 22-2529 34-2195 39-5739 60-3263
3 1 00 19-646 36:0717 54-:2508 66:3707 689691
10 (19-6460) (36:07175) (54-2509) 663707)  (68:969)
3 1 0-2 21-8069 39-4733 59-8827 72:3644 75-833
3 1 0-4 239162 42-7734 65-3381 78-:0417 82-:5001
3 1 0-6 25984 45-9952 70-6542 83-4806 89-0115
3 2 00 65418 78-5837 104-408 144-2872 2039998
3 2 0-2 73-3146 872278 114-853 157-8935 225-5005
3 2 0-4 80-9941 95-6683 125-045 171-094 2336955
3 2 06 88-4993 103-947 135-:039 183-9812 266-5942
SSSF
3 05 00 10-3839 18-:6145 25-5822 31-844 371821
3 0-5 02 11-4592 20-4705 289114 32:4575 34967
3 05 04 12-5318 22:287 316292 359453 379992
3 05 06 13-6039 240717 33-9325 39-5911 40959
3 1 00 7-7812 22:2652 26759 41-5357 56-0705
3 1 02 8709 24:3543 30-3237 45-8368 61-:3554
3 1 0-4 9-6507 26-4245 33-7934 50-2173 66-507
3 1 0-6 10-5995 28-4777 37175 54-4155 71-549
3 2 00 11-1559 31-1248 62:8826 68-7385 89-0613
3 2 02 12:2564 34-8361 71-0017 742654 97-4179
3 2 0-4 13-4146 386027 79-0734 79-6869 105-6991
3 2 0-6 14-6095 42:398 85-:0154 87-087 1139124
SCSC
3 05 00 19-646 9-9853 27-4626 34-4626 36:0718
3 05 02 21-5714 10-9633 30-5783 37-8356 39-6373
3 05 04 23-4307 11-9069 330635 41-085 43-1295
3 05 06 252378 12-8232 35-4039 44-2366 46-5579
3 1 0-0 256218 39-941 65-418 68-8223 78:5839
(25:6218) (39-941) (65-418) (68:8223)  (78-5839)
3 1 02 28-1324 43-8532 71-8187 755164 86-2855
3 1 0-4 30-556 47-6275 77-9808 81-8938 93-7229
3 1 06 329108 51-2927 839546 880227 100-951
3 2 00 92:2352 102-513 124-0537 159-7595 210-3085
3 2 02 11-4697 112:775 111-6573 175:7465 231-3504
3 2 0-4 111-628 124-063 122-:8341 158-1808 254:4964
3 2 0.6 122:802 111-666 110-5597 142:3717 229-0558

Note: Values in parentheses are from reference [10].
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Figure 2. The fundamental frequency parameter versus the orthotropic parameter y; for SSSS plate, (a) for
p = 1and (b) for f = 2. The solid lines (——) for , = 0-5 and the dotted lines (-----) for Y, = 3. Key: (O) o = 0-0;
()« =02; (O) & = 0-4; and (A) o = 0-6.
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Figure 3. The fundamental frequency parameter versus the orthotropic parameter ; for SFSF plate, (a) for
f =1and (b) f = 2. The solid lines (——) for iy, = 0-5 and the dotted lines (- -*) for ¥, = 3. Key: (<) o = 0-0; (O)
o =02;(0O) a =04 and (A) o« = 0-6.

for different aspect ratio . The first five-frequency parameters for three different
E-glass/epoxy plate configurations (SSSS, SCSC, CCCC) are calculated and compared with
those results available from the literature as shown in Table 3. The results show that the
technique used in this paper has excellent convergence and agree well with results available
from literature. It seems that if two edges of the plate are simply supported, the x direction,
the method converges using only one term in the series solution. For other cases, the
method converges using only few terms (four to six terms) in the series solution.

Third, the first five-frequency parameters of E-glass/epoxy tapered plate for different
aspect ratio, taper ratio, and plate configurations are calculated and tabulated in Table 4.
Note that in this case, a large number of plate configurations exists, therefore, so our results
are limited to those cases of simply supported and clamped at the two edges in the
x direction and all possible combinations in the y direction. In the cases where two edges in
the x direction are simply supported, three terms of the series solution are used. For other
cases, six terms are used. The results are compared with those available in the literature.
Excellent agreement can be noticed with maximum difference of less than 1%.

Finally, the effect of the orthotropic parameters y/; and s, on the fundamental frequency
is investigated for four plate configurations. Figures 2-5 show the fundamental frequency
parameter versus the orthotropic parameter v, for SSSS, SFSF, CFCF, and CCCC plate
configurations, respectively, for different taper ratio o. In each figure, two cases of the
orthotropic parameter y, have been considered, i.e., ¥, = 0-5 (solid lines) and ¥, =3
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Figure 4. The fundamental frequency parameter
f =1 and (b) for f = 2. The solid lines (——) for s,

(@) 0 = 02; (O) & = 0-4; and (A) o = 0-6.

Orthotropic parameter v,

versus the orthotropic parameter y; for CFCF plate, (a) for
= 0-5 and the dotted lines (----) for y, = 3. Key: (¢) a2 = 0-0;
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Figure 5. The fundamental frequency parameter versus the orthotropic parameter y; for CCCC plate, (a) for
p = 1 and (b) for § = 2. The solid lines (——) for ¥, = 0-5 and the dotted lines (- - - - -) for ¥, = Key: (&) o = 0-0; (O)
o =02;(0O) a =04 and (A) « = 0-6.

(dotted lines). Also, two cases of the aspect ratio f# have been considered for each plate
configuration (a) f = 1 and (b) f = 2. The results of this investigation show that for SSSS
and CCCC plate configurations, the fundamental frequency increases with the increase of
the orthotropic parameter yy; while the effect of the orthotropic parameter iy, is much less
for higher aspect ratio as seen from the comparison of Figures 2(a), 5(a) and 2(b), 5(b). For
the SFSF and CFCF plate configurations, the fundamental frequency does not change
significantly with the orthotropic parameter yy; while it is mainly controlled by the
orthotropic parameter /,, as is shown in Figures 3(a), 4(a) and 3(b), 4(b).

5. CONCLUSION

The finite strip transition matrix method is applied to calculate the frequency parameters
of variable thickness orthotropic plates in the y direction for different combinations of
boundary conditions. The method is illustrated for linearly tapered E-glass/epoxy plate for
different taper ratio, aspect ratio, and different combinations of boundary conditions. Also,
the effect of the orthotropic parameters on the fundamental frequency is investigated for
four plate configurations with different aspect and taper ratios. Numerical results obtained
from this technique show the accuracy and the validity of the method.
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APPENDIX A: NOMENCLATURE

a, b length and width of the plate

D.,D, plate flexural rigidity in x and y directions respectively

E. E, Young’s modulus in x and y directions respectively

{F}; nodal vector at the boundary i

h(y) plate thickness as function of y

h,, hy plate thickness at y = 0 and b respectively

H,, effective torsional rigidity of plate

My = p hy, mass density per unit area of the plate

M., M,, M,, bending moment in the x and y directions and twisting moment respectively

N number of terms used in series solution

p dynamic load function

0 number of strips

[T]; transition matrix of the strip i

Wi(x, y,t) time-dependent flexural displacement at any point (x, y)

w(x, y) flexural displacement at any point (x, y)

X,y real space co-ordinate

X, classical beam functions in the x direction

Y, series solution in the y direction

o taper ratio
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= a/b, plate aspect ratio

A2 = w*(mya*/D,,), eigenvalue parameter

VioVy Poisson’s ratio in x and y directions respectively

P density per unit area of the plate

w angular frequency

E&n = x/a and y/b respectively

Vi, W, = Ho,,/Do, and Dy, /D,,, respectively, rigidity ratios

APPENDIX B: FLOW CHART SHOWING THE SEQUENCE OF THE COMPUTATION
LOGIC

Start

[Read input parameters (BCs, N,.material constants etciﬂ

!

according to the boundary conditions at the strip ends:|

1

| Calculate all constant coefficient (i.e., independent of « and /lﬂ

Y

Calculate the initial vector { F}, according
to the boundary condition at # =0

—[ Start increment on taper ratio x ]
4[Start iteration on the eigenvalue ]

I
T

e Zame Y nm

[Calculate the constants A, B, , C,

[Calculate the transition matrix of strip {T}l]

Y

(Apply Eq.(19) to calculate the final vector {F},

1

[ Apply the final boundary conditions at # = 1

A A
1

[ Form the matrix {S} Equation (20)]

¥

[ Calculate the eigenvalue J

1

Check for convergence J

No

Go to next eigenvalue

y Yes

Go to next taper ratio increment

End
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