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The transmission line modelling (TLM) method is applied to acoustic problems.
A three-dimensional (3-D) symmetrical condensed node for acoustics and the corresponding
scattering matrix are presented. A full development of the analogy between acoustic-field
quantities and pulses at the nodes is carried out that also allows the definition of excitation
techniques and the imposition boundary conditions. Finally, numerical examples prove the
satisfactory behaviour of the TLM method in acoustics.
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1. INTRODUCTION

In the last 20 years, the transmission line modelling (TLM) method has been extensively and
successfully used for the numerical simulation of electromagnetic wave propagation
problems. The method substitutes a portion of an electromagnetic medium by a unitary
element, termed “node”. Each node comprises an appropriate set of interconnected
transmission lines whose parameters (inductance and capacitance per unit length) are
chosen to describe the propagation characteristics of the medium they substitute. Some of
these lines allow interconnection with adjacent nodes (link or main lines), while the rest are
only connected to one node and allow adjustment of the electric permittivity and magnetic
permeability, i.c., the wave velocity and the impedance of the medium (stub lines).
Attenuation due to the Joule effect can also be taken into account by including infinitely
long stub lines at the node. In this manner, the electromagnetic wave propagation problem
through a certain medium is substituted by an analogous but simpler problem of
propagation and scattering of electric and current pulses inside a mesh of interconnected
transmission lines [1]. The TLM method is conceptually difficult because a certain
understanding of the propagation phenomenon under study and transmission line concepts
is required before its application. This has probably been the main reason for which the
method has not become as popular in fields outside electromagnetics as other numerical
methods such as the moments method (MM) or finite differences in the time domain
(FDTD), which have a more direct relationship between mathematical equations and
numerical implementation, independently of the physical origin of these equations. One of
the main features of the electromagnetic version of the TLM method is that charge and
energy conservation conditions are included in its formulation; therefore, unless
inappropriate boundary conditions are imposed, the method is intrinsically stable.
However, perhaps the most outstanding advantage of TLM is that it provides a direct
simulation of the phenomenon and not of the equations governing it. This feature has been
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used to simulate efficiently the presence of special and difficult situations such as thin
conducting wires [2], multi-wire systems [3] or sharp regions [4] without using the fine
mesh required by other methods. Indeed, the presence of a thin wire is usually considered in
FDTD as a means of imposing zero tangential electric field on the wire surface. This
boundary condition requires the use of a mesh at least as fine as the wire radius, which is
very expensive in memory and time calculation. As regards the TLM method, the wire can
be considered not as equations, but directly as a simple transmission line circuit that can be
added to the standard node defining a portion of medium much larger than the wire [2].
By means of this direct simulation, the wire can be modelled by using a very coarse
mesh, which implies a considerable reduction in time calculation and memory
requirements. This same concept can be easily extended to take into account the presence of
multi-wire systems by simply adding an equivalent circuit for each wire [3]. The modelling
of sharp conducting regions is another problematic situation in numerical methods because
the fast variation of the physical quantities around these regions usually involves the use of
a very fine mesh. In these regions, modified TLM nodes which carry out a direct modelling
of these points allow the use of a coarse mesh without loss of accuracy [4]. It is in these
critical situations in which the TLM method (by means of the inclusion of new special
elements in a relatively simple and elegant form) behaves more advantageously when
compared to other methods, thus justifying the growing interest concerning the TLM
method in recent years [5]. The parallelism existing between different types of propagation
(linear sources and sharp regions in filter design are also present in the acoustic case) seems
to indicate that suitability of the TLM method for its application to problems outside the
electromagnetic field.

Despite the fact that the TLM method can be applied to any phenomenon involving wave
propagation, most of the works in the literature have concentrated on electromagnetic
problems, with other possible applications remaining in an early stage of development.
The successful application to electromagnetic phenomena seems to indicate that the
same advantages will be exhibited when applied to other fields such as acoustics. In
fact, simple electric-circuit models have been extensively used and can easily be found in
classic books [6]. The TLM method can be considered as a more general and complicated
circuit that includes spatial and temporal variables. As regards acoustic phenomena
modelling with the TLM method, a few guidelines are included in reference [7], and as
almost unique applications in acoustics, the TLM method is used to derive the radiation
pattern of two-dimensional acoustic radiators [8], applied as a numerical tool for active
noise control [9], also in a two-dimensional (2-D) case, and to study the human vocal tract
[10]. As regards this last contribution, although interesting and valuable, the node it
presents shows two undesirable properties when its size is different in the three Cartesian
directions: first, the characteristic impedance of the link lines depends on its direction, this
may produce undesired reflections between nodes, and second, the speed of pulses is equal
for the three Cartesian directions in spite of the fact that the distance they must travel is
different, which introduces a synchronism problem in the mesh. However, these and other
applications represent important although specific contributions to the extension of the
TLM method to the modelling of acoustic problems. The aim of this work is to present
a more complete and unified description of most of the theoretical aspects needed for a full
application of the method in acoustic problems. The plan of the paper is as follows. In
section 2, a versatile three-dimensional (3-D) symmetrical condensed TLM node for
acoustics is presented together with the derivation of the scattering matrix that provides the
reflected pulses corresponding to a set of incident ones. Certain aspects related to analogies,
excitation technique and special boundary conditions are given and discussed in section 3.
Some numerical applications of different types are set out in section 4 to demonstrate the
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feasibility of the TLM method for dealing with acoustic problems. The final section
summarizes the main conclusions of the work.

2. AN ACOUSTIC CONDENSED NODE

The acoustic field in a fluid of equilibrium density, p, and coefficient of compressibility, a,
is governed by
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where p denotes dynamic pressure and u; the ith component of the particle velocity.

Let us now consider the transmission line circuit in Figure 1(a). It is formed by the parallel
connection of six transmission lines of identical characteristic admittance, Y, = Z, !, with
length 41,/2, Al,/2, and 41./2, depending on its orientation. Each one of these lines defines
a voltage and a current pulse travelling towards the junction from a certain Cartesian
direction. An extra line, line 7, is an open-circuited or capacitive stub of characteristic
admittance Y Y,, which defines a voltage that is common to the rest of the lines but with no
particular direction associated with it. The speed of pulses at all the lines is adjusted so that
its length is covered in a fixed time 6¢/2. The circuit thus defines a common voltage V, with
a total capacitance Cr = Y, (6 + Y)dt/2. This circuit will be denoted the parallel node for p.
It can be shown that its behaviour is controlled by the following equation:
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This equation is analogous to equation (1a) if the following equivalencies are considered:

p=V, u, = I.A4l,, u, = 1,41, u, = 1,41, c=Cr, 3)

where [; is a current along the i direction.
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Figure 1. (a) Parallel node for p. (b) Series node for u,.
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As regards the circuit of Figure 1(b), it is formed by lines 1 and 2 of the previous
circuit, both defining voltage and current I, with propagation along the x direction. An
extra short-circuited line of characteristic impedance Z, Z,, is series connected to lines 1 and
2. The length of this line is also covered in dt/2 time. This inductive stub contributes to I,
with no particular direction and adds inductance to the circuit so that the total inductance
is Ly, = (2 + Z,)Zy6t/2. The circuit defines I, this circuit will be termed as the series node
for I, and the differential equation that governs it is

0 ol
= L. == 4
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which is equivalent to equation (1b) provided
p=V, u.=ILAl, pdli=Lg. 5)

Similar series nodes for I, and I, involving lines 3—-6 and two extra inductive stubs 9 and
10, reproduce equations (1c) and (1d). It therefore seems that the whole set of equations (1)
for a cubic portion of fluid with dimensions A4/, 4,41, can be described by a circuit of
transmission lines resulting from combining one parallel and three series circuits.
Unfortunately, these circuits are partially coupled in a way that does not allow a direct
connection, i.e.,, a fully circuital representation. In fact, although the analogies established
equations (3) and (5) are very similar, there are important differences arising from this
coupling. The common voltage at the parallel node, for example, differs from the individual
voltage pulses at a series node, or the common current I, at the series node is not exactly
I, of the parallel node in Figure 1(a). Nevertheless, the basic ideas presented above
are still useful to construct a 3-D node starting from a parallel node for pressure and
three series nodes for the particle velocity. The main difference is that these circuits
are not physically connected. Instead, formal connections governed by equations (1) are
considered, resulting in the node shown in Figure 2, in which connections at the centre of
the node are represented as a black box to emphasize that the connection between the
circuits is not physical but formal. It is important to note that all the field quantities
are defined at the same point, the centre of the node, and for this reason the node is said to

vm@/\ 7, v,

Figure 2. Acoustic symmetric condensed node.
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TABLE 1

Electric—acoustic equivalencies for the acoustic node

Line Pressure  Particle velocity Capacitance Inductance Direction
1 V1 IlAlx Y()Csl'/z Zoét/2 X
2 V2 — IzAlx Yoét/z Zob‘t/z X
3 V3 I3Aly Y()(St/z Zoét/2 y
4 V4 — I4Aly Yoét/z Zoét/z y
5 Vs IsAl, Yoot/2 Zy0t/2 z
6 V6 — I6Alz Yoét/z Zo5t/2 z
7 v, Y Yo1/2
8 IgAl, Z.Z,0t)2
9 IoAl, Z,Z,0t/2

10 I,04l; Z.Zyot)2

be of the condensed type. The basic concepts of the analogy are summarized in Table 1,
which shows the field quantities and direction of propagation associated with the
lines, together with the capacity and inductance introduced at the node by the presence of
the line.

Once the acoustic node has been defined, the TLM algorithm proceeds as follows. By
means of a proper discretization of space, a mesh of transmission lines formed by
interconnecting TLM nodes substitute the original medium. Time is also discretized in ot
units, ot being the time needed for the voltage and current pulses to travel from the centre of
the node to the centre of an adjacent node through a link line, lines 1-6, or back to the same
point through a stub, lines 7-10. For time ndt and for each node, a set of incident voltage
pulses travel towards the node, reaching its centre at time ndt, scattering, and producing
reflected pulses to all the lines in the node. Those pulses reflected to link lines connect to link
lines of adjacent nodes, becoming incident pulses at time (n + 1)6t, while pulses reflected to
stubs generate incident pulses at the same node and the next time step, thus controlling the
velocity of propagation.

If . and V" stand for the column vectors containing the ordered incident and reflected
pulses, these are related by

V=S,V (6)

where S is a 10 x 10 matrix, termed the scattering matrix. The elements of S are to be
determined so as to contain all the information described by equations (1), together with
energy conservation conditions. This procedure is usually very complicated; nevertheless,
the concept of common and uncommon lines in the parallel and series nodes in Figure 1
considerably reduces the complexity of this task [11].

To obtain the first column of the scattering matrix a unique and unitary voltage pulse,

i =1, travelling towards the centre of the node through line 1, is considered. This line
defines p and u, propagating along the x direction. These magnitudes appear in equations
(1a) and (1b), i.e., in the parallel circuit for p, and the series circuit for I,.. From these circuits,
pulses reflected to all their lines may appear. Let the amplitude of these reflected
pulsesbe V| =a,, Vy=b, , V5 =V,=V5=Vi=c, V5 =d,and Vi = — e,. Considering
incident pulses for all the lines in the node, the following initial form of the scattering matrix
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can be obtained

1 2 3 4 5 6 7 8 9 10
1 a, by ¢ c c ¢ f —hy
2 b, a. ¢ c c c f hy
3 c c a b, ¢ ¢ f — h,
4 c c b, a ¢ c f h,
5 c c c c a, b, f —h,
6 c c c c b, a f h,
7 d d d d d d g
8 —€x € jx
9 —¢ & Jy
10 e e Jz (7)

To obtain the explicit values for the parameters appearing in S, consider again the unitary
pulse through line 1 which produces pulses reflected to lines 1-7 with amplitudes given by
the first column of matrix (7). All the lines except 1 and 2 appear in the series or in the
parallel circuit but not in both circuits; these are the uncommon lines. Information about
these lines is only contained in one of the circuits in Figure 1, with no formal coupling, so
the coefficients ¢, d, and e, can be easily calculated from the transmission coefficient for the
corresponding circuit. By doing so,

)

As regards lines 1 and 2, they are common to both circuits so the parameters a, and b,
cannot be obtained directly from one circuit or the other because there is some degree of
coupling between them. Instead, these will be directly calculated from equations (1a) and
(1b), which are the actual origin of this coupling, and Table 1. A first order approximation
for equation (1a) is

Al(—1) = ATy | AL(—L) — ALy | Al(~Io) —ALIs _ . oV

Al Al, Al ot

)
from which

6 0Qr
i; I, = 5 (10
To evaluate the derivative of the total charge Q1 stored at the node through the capacitive
stub, it must be noted that in J¢/2 the incident pulses turn into reflected pulses. Therefore, in
this o0t/2 time, the charge at the stub changes from an initial value proportional to
capacitance of the line and the incident voltage pulse to a final value proportional to the
capacitance and the reflected pulse. Concretely,

00y YoYot/2(V75 — VY)

—r= 5073 =Y, Y(V5 — V)= —1I,. (11)
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So, from equations (10) and (11), the coupling condition imposed by equation (1a) is the
following charge-conservation condition at the parallel node:

7
Y I,=0. (12)
i=1
By a similar procedure involving equation (1b), it can be shown that the following
continuity of potential condition must also be met:
Vl — Vz + Vg =0. (13)

Equations (12) and (13) represent two additional conditions from which parameters a, and
b, can be easily obtained. By doing so,

1Z,-2 1Y+2  1Z,—=2 1Y+2 )
=37 F2 2Y+6 T T2Z.+2 2Y+6

The values corresponding to columns 2-6 of the scattering matrix are analogous to the
values given by equations (8) and (14) if the appropriate value of the relative characteristic
impedance is chosen. Finally, applying this procedure to pulses incident from the stubs
yields

2Y Y -6 2 L 2-Z

=yie fSvie "Tzivr ITavz

(15)

where it is understood that the appropriate subscript for Z is taken for the last two
parameters.

3. EQUIVALENCES AND RELATED TOPICS

In this section, some aspects about the choice of the node parameters are presented and
discussed. Precise expressions that define field quantities starting from voltage or current
pulses are also obtained and a discussion about how to impose a certain external field and
special boundary conditions are also considered.

3.1. GENERAL RELATIONSHIPS

Equations (3) and (5) relate the equilibrium density and coefficient of compressibility to
the total capacitance and inductance of the node. So, for a certain fluid, the following
expression is met:

_ Yoot

_Zyt(2+ 2)

(6+7Y), AR (16)

[

It must be noted that the equation for p holds for all the Cartesian directions, so Z and 4!
can take coherent subscript, x, y, or z. From the above equations, the relative admittance
and characteristic impedances are easily obtained. In addition, the group velocity and
acoustic impedance of the modelled medium at low frequencies are given by

2Vl ZO 2 +Z
y L Zae=20 22 (17)
"6+ )2 +2) o AIN6+Y
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where v;, Z, and 4l can take the subscripts x, y, and z, v; being the speed of voltage pulses at
a given line.

From the above equations it becomes clear that the value of Z,, is not really relevant since
the parameters Y and Z are enough to define appropriate values for group velocity and
acoustic impedance. Nevertheless, a judicious choice may simplify some expressions.
Concretely, the following value will be chosen:

Zo=Yol = Z4c /3N, (18)

where h is min{41,, Al,, Al.}. With this choice there is no need for using stubs at all for an
isotropic medium when the node size is identical in all Cartesian directions and the time
step takes its maximum allowable value of

h
v /3

In addition, for isotropic inhomogeneous media, the use of the capacitive stub alone allows
p and ¢ to be determined, while conversely, the inductive stubs alone are able to control the
main characteristics if the medium shows anisotropic properties.

To obtain the relationship between the voltage pulses and field quantities, the common
voltage at the parallel node in Figure 1(a) and the common current at the series nodes in
Figure 1(b) must be calculated. Thevenin’s equivalent circuit from the junction terminals for
a given line with incident and reflected pulses is a series connection of its characteristic
impedance and twice the incident voltage pulse [7]. Thus, the need for reflected pulses is
avoided and the relations are simpler. Thevenin’s theorem for the nodes in Figure 1 for
p and I, yields the circuits in Figure 3, from which the following expressions for the pressure
field and particle velocity in the x direction can be obtained:

ot =

(19)

2 IS iy yp ALV = Vi + V)
=V = Vi+ YVE =AlI, = . 20
P 6+ Y {,-; it } = A= T 2 (20

Similar results are directly derived for u, and u..

w vi v avi [avi v 2w
+ + + + +

ok |n | |[% Y, ||ny

®)

Figure 3. Equivalent circuits for p and u,.
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3.2. EXCITATION TECHNIQUE

A direct consequence of equation (20) is that voltage pulses needed to impose a given
acoustic field po, uy are

Po , Zouox Po |, Zouoy Po | Zolo; Do
Vi,=—7—= R Vag=—= R Vs o =—=+ R Vo =—,
2T T 241 BT T 24, 20T T 241 )

_ quZxZO _ uOyZyZO quZzZO

= doxZx20 = Vio = 21
$7 241, 7241 T 2a1 @

These equations yield voltage pulses that can be added at each time step to pulses already
existing in the TLM mesh, thus providing a way to excite a desired acoustic field. However,
some usual but particular cases can be considered regarding the excitation technique.

The first case to consider is the presence of a rigid piston that vibrates with a certain
velocity ug(t). The geometry for an x-oriented piston between two nodes is shown in
Figure 4(a). The piston connects to link line 1 of node (i, j, k) and to line 2 of the node
(i — 1,j, k). Considering only the right side, at time ndt, a reflected pulse V' travels towards
the piston. As the piston effect is fixing the velocity and this acoustic quantity is related to
current, the piston can be electrically modelled by a current source i(t) = uq(t)/Al.
Figure 4(b) is the equivalent circuit for the situation at the moment the reflected pulse
reaches the piston, time (n + 3)dt. From this circuit it can be seen that

uo((n + 1/2)51)

wr12V1 = V1 + s V=20 + Il 0

(22)

from which the incident pulse at the next time step can be obtained.

w12t

(i-1,j, %) (., 0
(@)
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S 2nV1 =
s - +
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18 -
1]

. Z(J
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®)

Figure 4. (a) x-oriented piston. (b) Equivalent circuit.
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A case similar to a piston is that of a source that fixes a certain pressure py(t). The
equivalent circuit is similar to that of Figure 4(b), with the current source substituted by
a voltage source v(t) = po(t). The equation allowing the incident pulse at n + 1 time step to
be obtained is now

wr12V1 = V1 + s Vi = pol(n + 1/2)d1). (23)

The final situation of interest is that in which sources are so far away that their simulation
would require an extremely large mesh. This is the case, for example, of a plane wave
propagating towards a certain scatterer. The incident wave is perfectly known and
described by means of analytical functions for pressure and particle velocity. In these cases,
it is useful to define a closed imaginary surface whose limits are halfway between nodes and
with all the scattering objects inside the region it defines. The incident field is calculated at
intermediate time steps over the imaginary surface. The corresponding voltage pulses are
then calculated from equation (21), being added to the existing pulses of adjacent lines
entering the closed surface and subtracted from existing pulses of adjacent lines outside this
region [12]. In this manner, the imaginary surface is transparent to the scattered field but
imposes the extra incident field so as to let the total field propagate inside the inner region
while allowing only the scattered field to escape from the closed surface.

To illustrate the above discussion, consider, for instance, a portion of the whole closed
surface that is plane and oriented normal to the x direction, halfway between nodes (i, j, k)
and (i + 1,j, k). If, for a certain time, (n + 3)dt, the incident field at the interface is given by
Po(t) and u,,(t), the incident pulses at time step n + 1 are

Po((n +1/2)01)  Zouox((n +1/2)01)
2 241, ’

n+1Vi1(i + laj’ k) = an(i:ja k) + <

(24)

VA = VG L) — <po((n +1/2)01) ~ Zouox((n + 1/2)50).

2 241,

3.3. BOUNDARY CONDITIONS

The modelling of objects or special conditions in the medium can be taken into account
in different ways. The most direct form is to introduce the element as a specific boundary
condition on pressure, particle velocity or as a combination of both. This is done by simply
substituting the presence of an object by its acoustical impedance. In spite of its simplicity,
this method provides accurate results for a great number of problems. It must be noted that
the acoustic impedance is a pressure divided by a particle velocity; however, only electrical
impedance must be considered in the TLM mesh. According to the analogy summarized in
Table 1, this means that a given acoustic impedance normal to a certain direction
corresponds to an electrical impedance in the TLM mesh that equals the acoustic
impedance multiplied by the node size in that particular direction.

Now suppose that a certain node (i, j, k) is located at the right side of a certain object
which can be modelled by means of an acoustic impedance Z,. At time (n + 3)dt, a reflected
pulse Vi (i, j, k) reaches the object from the node. Thevenin’s theorem allows an equivalent
circuit formed with a voltage source 2,V (i, j, k) feeding a series connection of Z, and Z 41,
to be defined. It is then straightforward to obtain the total voltage at the line from which the
following incident pulse is obtained:

n+ lVll(l’Js k) = nVri(l»]a k)(

zgg-zv 25)

Z Al + Z,
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In the particular case of a perfectly rigid wall, the acoustic impedance is oo and the pulse
reflects, maintaining amplitude and sign.

The problem of modelling infinite-size media is carried out by introducing an artificial
truncation of the TLM mesh as close as possible to the objects that scatter the acoustic field.
The eliminated medium is substituted by appropriate absorbing boundary conditions
(ABCs) which must eliminate the artificial reflection that would occur at the truncated
limits. As regards electromagnetic applications, the most usual conditions include matching
of the mesh by substituting the truncated medium by its electromagnetic impedance or
TLM adaptations of conditions usually used in the FDTD method [13]. These conditions
provide satisfactory results for certain angles, but important reflections may appear for
other orientations. In recent years, conditions based on introducing a special dissipative
medium that separates components of the field (perfectly matched layer), produce almost
negligible reflection for all incidence angles [14]. A complete study of the behaviour of
different ABCs in acoustic applications is beyond the scope of this work, so, for the moment,
the ABCs used in the numerical applications presented in the next section will use the
natural matching way that the TLM suggests, i.e., equation (25) with an electrical load of
value of

_ ZuAl
L cosg’

(26)

where Z 4 stands for the acoustic impedance of the eliminated medium, A4/ is the node length
in the normal to the boundary-surface direction, and ¢ is the incident angle. With the
inclusion of the angle, which be calculated for any node at the boundary, the results are
quite satisfactory unless a dispersive medium is considered, since in this case each frequency
has its own incident angle. Figure 5 shows the reflection coefficient versus frequency for
normal and 45° incidence. In both cases, the reflection coefficient is below — 20 dB for
normalized frequencies ranging from zero to Al/A = 0-1. This is fairly a good result for such
a simple condition, comparable to other results obtained with more elaborate conditions
[15]. The explanation for the poorer reflection coefficient for frequencies above the
normalized frequency value 0-1 is not due to the ABC but due to the numerical dispersion
introduced by the discrete mesh. A comparative study of the dispersion introduced by the
spatial discretization in the TLM and FDTD methods for electromagnetic applications
shows that both methods introduce similar numerical errors due to numerical dispersion

-20
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- 100 {f

Reflection coefficient (dB)

=120

- 140 : : :
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Figure 5. Reflection coefficient for normal and 45° incidence: —— normal incidence; - - - - 45° incidence.



218 J. A. PORTI AND J. A. MORENTE

[16]. This unavoidable erroneous behaviour increases with the frequency, thus introducing
a limiting upper frequency for the valid results. In normalized terms, this upper frequency is
Al/A = 0-1 [16], which is in good agreement with the acoustic results shown in Figure 5.

4. NUMERICAL RESULTS

To demonstrate the applicability of the acoustic node and the considerations discussed in
the previous sections, different practical problems are solved. The first example consists in
determining the resonant frequencies for a cubic box filled with air. The box is limited by
rigid walls with lengths (20 cm, 30 m, 40 m) and is modelled with a mesh of symmetrical
nodes of equal direction in all Cartesian directions, 4l = 2 cm, maximum allowable time
step, 6t = 3-48853 x 1077 s, with no capacitive nor inductive stub. Taking 331 m/s as the
speed of sound in air, this node size and the limit imposed by numerical dispersion, the
maximum valid frequency is slightly above 1:6 kHz. A delta pulse is added to all the lines of
the node located at point (1, 1, 1) and the output pressure is taken at point (9, 14, 19). The
excitation and output points are taken near walls to avoid points where a certain mode may
vanish. Ten thousand time calculations have been carried out for the Fourier transform to
give a frequency precision slightly below 3 Hz. The total CPU time needed to carry out this
calculation on a Pentium II at 350 MHz has been 36s.

Figure 6 is a plot of the numerical output pressure versus frequency in which resonances
are clearly appreciated, while Table 2 is a comparison of theoretical and TLM resonant
frequencies for some low-frequency modes. Good agreement is observed for all the modes
below the above-mentioned limiting frequency.

To test the effect of stubs, the same cavity has been modelled with a mesh of nodes of
different size in each Cartesian direction. In this case, the node size is (2, 3, 4 cm). With this
choice, the cavity is (10, 10, 10) in node units, the maximum valid frequency is now lower
than in the previous example, slightly above 820 Hz. Ten thousand calculations have been
carried out requiring a CPU time of 20 s. The resonant frequencies and relative error of
modes below this limiting value are presented in the last two columns of Table 2. Results are
also satisfactory for frequencies below the upper limit mentioned above. Even for modes
above 820 Hz, such as modes 020 and 112, errors are quite acceptable.

Finally, consider an open example in which special excitation technique and boundary
conditions are required. The problem is the long rectangular duct loaded with a cubic

25

20 -

15

I NERY)

0 250 500 750 1000 1250 1500
Frequency (Hz)

Pressure (Pa)

w
T

Figure 6. Output pressure versus frequency for the rectangular cavity of dimensions (20, 30, 40 cm). The TLM
node size is (2, 2, 2 cm).
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TABLE 2

Resonant frequencies in Hz for the rectangular cavity of dimensions (20, 30, 40 cm)

TLM mesh TLM mesh
Mode Theory (2,2,2cm) Error (%) (2,3,4cm) Error (%)
001 413-8 412-8 0-24 4157 0-46
010 5517 550-4 0-24 5532 0-27
011 689-6 688-0 0-23 688-8 0-12
002-100 8275 8256 0-23 8256 0-23
101 9252 9230 0-24 9230 0-24
012 994-5 991-8 0-27 991-8 0-27
020 1103-3 10979 0-51 1109-4 0-55
112 1292-8 1292-8 0-0 1287-1 0-44

S5cm

Neyemg
3cm

Figure 7. Long duct loaded with a Helmholtz resonator.

Helmholtz resonator at the top (Figure 7). A fairly good approximation for the resonant
frequency of the Helmholtz resonator is obtained by considering an analogous electric
circuit formed by the series connection of a capacitor and an inductor [17]. This
zero-dimensional model provides the following approximated value for the resonant

frequency:
c S
=— [—, 27
Jr 2n\ VL @)

where V is the cavity volume of the resonator, S the neck area, and L’ effective length. This
effective length takes into account the volume of air near the neck and for our example it is
L' = L + 1-7a, where a is the radius of a circular neck of equal area [17]. The resonator side
is 3 cm long in all directions and the neck is 1 cm long with a square hole of side 1 cm
located at the centre of a side. With these values V = 27 cm>, S = 1 cm?, and L' = 1-959 cm,
therefore the theoretical value for the resonant frequency given by equation (27) is 724-3 Hz.
The dimensions of the duct are 50, 5, and 3 cm in the x-, y-, and z-Cartesian directions
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Figure 8. Pressure transmission coefficient versus frequency for the long duct with Helmholtz resonator: ——
TLM; -@- FDTD.

respectively. The system is modelled with a mesh of condensed nodes of equal size in the
three Cartesian directions, A4l =0-25cm, using the maximum time step, ot =
4:36065 x 10~ ¢s. This value of Al ensures valid results slightly above 13 kHz. The mesh
dimensions are (200, 36, 12) in 4] units. A Gaussian pulse is used to excite the fundamental
mode at an x-plane located at x = 5 with a time constant of 13 000/s which corresponds to
a bandwidth of 6-:5 kHz. For the considered field, propagation takes place along the axis of
the ducts for all frequencies, so matching ABCs based on equation (26) are used with ¢ = 0.
Figure 8 shows the pressure transmission coefficient obtained with the TLM method. As
expected, the Helmholtz resonator eliminates the propagation at frequencies near the
resonance. The numerical value corresponds to 733-8 Hz, which is in close agreement with
the theoretical value provided by equation (27). An independent finite-differences solution is
also included for comparison. The total CPU time needed to carry out 10000 TLM
calculations in this large mesh has been 19 min 20 s, while the time required for the FDTD
calculation has been slightly lower, 16 min 50s. This small difference between both
calculations is surprising. Effectively, the FDTD scheme calculates only four quantities
while the TLM algorithm, at least, determines six voltage pulses, 15 times the FDTD
requirement. This factor seems to indicate that the calculation time using the TLM
method must be 1-5 times the FDTD one. This is basically true in a simple situation
such as the one presented in the first example where, as indicated, the time required
by the TLM algorithm was 36 s, while the FDTD method spent only 25 s for the same
mesh. With regard to the second example, the imposition of rigid boundaries is more
direct in the TLM method, thus reducing the expected difference in the CPU time. It is
worth noting that this extra information provided by the TLM method, the total
field quantities at the centre of the node and some of these quantities at points halfway
between nodes, adds versatility to the method when imposing the presence of rigid or
other types of boundaries, not only halfway between nodes but also at their centre. In
fact, the problems considered in this section have been chosen so that each rigid boundary
is located exactly between nodes, but in general, boundaries will be placed at arbitrary
points and this extra possibility for locating boundaries is very useful for considering
these problems without the need of extra interpolations. Finally, it is interesting to
note that using a fine mesh not in the whole problem, but only at points near the resonator
neck, where rapid field variations are present, may considerably reduce the computation
time.
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5. CONCLUSIONS

A 3-D symmetrical condensed TLM node for the modelling of acoustic problems has
been presented in this paper. The node is a formal connection of individual transmission
line circuits that shows interesting properties such as symmetry, versatility to model
different situations, definition of field quantities at a unique point, etc. The scattering matrix
has been obtained by using the concept of common and uncommon lines for coupled
circuits. These circuits are also useful to define the quantities involved in the
acoustic-electric analogy, and the results are applied to describe the excitation
technique and the presence of special conditions. Finally, numerical examples demonstrate
the capability of the TLM method for dealing with acoustic phenomena with an accuracy
similar to that obtained with other methods such as FDTD. The favourable behaviour
demonstrated by the TLM method when applied to specially difficult electromagnetic
problems (also present in the acoustic case), together with the versatile properties that
the inclusion of stubs provides the presented 3-D acoustic node, seems to be a starting
point for the numerical simulation of acoustic problems from a different and promising
point of view.
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