Journal of Sound and Vibration (2001) 241(3), 485-501 R
doi:10.1006/jsvi.2000.3303, available online at http://www.idealibrary.com on IIIE§|.ib

®

APPLICATION OF THE SPLINE ELEMENT METHOD
TO ANALYZE VIBRATION OF SKEW MINDLIN PLATES
WITH VARYING THICKNESS IN ONE DIRECTION
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This paper presents an application of the spline element method based on the Mindlin
plate theory to analyze the vibration of thick skew plates with varying thickness in the
longitudinal direction. To demonstrate the convergence and accuracy of the present method,
several examples are solved, and results are compared with those obtained by other
numerical methods. Good accuracy is obtained. Frequencies of skew Mindlin plates with
varying cross-sections having arbitrary boundary conditions are analyzed for different
thickness ratios, aspect ratios, ratios of the width to thickness and skew angles.
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1. INTRODUCTION

Skew plates are employed in several practical structures, such as skew bridge decks, aircraft
wings, vehicle bodies and ship fulls. Much research has been carried out on the free
vibration of thin skew plates [1, 2]. However, thick skew plates with variables thickness
have received little attention. The limitation of thin plate theory is that the effect of
transverse shear deformation and rotary inertia is not considered. To allow the effect of
shear deformation and rotary inertia, Mindlin [3] proposed the so-called first order shear
deformation plate theory.

For free vibration analysis of thick skew plates, several researchers have considered
the effects of shear deformation and rotary inertia. Kanaka Raju and Hinton [4]
presented results for rhombic Mindlin plates with arbitrary boundary conditions using
the finite element method. Ganesan and Nagaraja Rao [5] analyzed the vibration of
thick skew plates by a variational approach. Liew et al. [6] presented the frequen-
cies of thick skew plates using the pb-2 Rayleigh-Ritz method. McGee et al. [7, 8]
analyzed natural frequencies of thick skew plates by the finite element methods based on
both the Mindlin plate theory and the higher order shear deformation plate theory.
They compared the results with those obtained by the three-dimensional finite method [9].

Although most of the works are restricted and related to skew plates of uniform thickness,
several authors attacked problems on plates of variable thickness. Chopra and Durvasula
[10] analyzed the vibration of simply supported skew thin plates having a linear variation
in thickness in one direction using the Ritz method with the double Fourier sine series.
Dokainish and Kumar [11] analyzed frequencies of clamped skew thin plate with linearly
tapered thickness by the Galerkin method. Banerjee [ 12] presented frequencies of skew thin
plates of variable thickness using the Galerkin method. However, published vibration
results for thick skew plates having variable thickness are few. Matsuda and Sakiyama [13]
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analyzed frequencies of skew Mindlin plates with linearly tapered thickness in the
longitudinal direction by using the discrete integral equation method.

Recently, some types of spline element methods have been presented to analyze bending
and vibrating plates. One of them is the spline finite strip method developed by Cheung and
Fan [14] in which the mid-plane deflections are expressed as the sum of a finite series of
products of B-spline functions and polynomial interpolation functions. The spline element
method presented by Mizusawa et al. [2] using B-spline functions was regarded as an
alternative form of the displacement-based finite element procedure to analyze vibration of
skew thin plates. A new spline element model which employs a set of B-spline shape
functions for interpolation of displacements and adopts a subparametric approach for
general geometry of plates was proposed by Fan and Luah [15, 16] to analyze bending and
vibration of plates.

In the work described in this paper, the spline element method has been used to analyze
the vibration of isotropic, skew Mindlin plates of varying thickness. The convergence and
accuracy of the present method are demonstrated by comparisons with results obtained by
other numerical method. The effects of varying cross-sections, thickness ratios, taper
thickness parameters and skew angles on frequencies of skew Mindlin plates with arbitrary
boundary conditions are shown.

2. SPLINE ELEMENT METHOD

The solution procedure of vibration of skew thick plates with varying thickness in the
x direction is based on the Mindlin plate theory [3] and the spline element method [2],
which can be regarded as an alternative form of the finite element method.

The plate is idealized by the discrete skew elements as shown in Figure 1. It is convenient
to introduce the non-dimensional skew co-ordinate systems (&, #)

¢=x/a, n=y/b, W =W/b, (1)
in which a and b are the length and width of the plate respectively.

The displacement functions (¢, ¢,, W’) in an element are expressed in terms of two-way
spline functions as

qu = i i AmnNm,k(é)Nn,k('/l) = [N]mn{éA}mns

m=1n=1

z, W Y y’;/]:y/b
A
0
h Iy > ’
’ J/ X x E=x/a
-t a P

Figure 1. Skew Mindlin plate with varying thickness in the x direction and co-ordinate systems.
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d)y = i i anNm,k(é)Nn,k(n) = [N]mn{éB}mns

m=1n=1

i i

W= Y ConNos©Nyalt) = [N T (e}

m=1n=1

where
[N T = [N k(O N1 k(@) -5 Ni k(O N k()]
{04} = {A11A12 ... Aii,} T,
{08}mn = {B11B12 ... Bi,i,} T,

{0ctmn = {C11C12 ... Cigiy} T,
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)
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in which i, =k—-14+M,, i,=k—1+ M,, and N, ,({) and N, (1) are the normalized
B-spline functions, k —1 is the degree of B-spline functions, M, and M, are the number of
elements in the x and y directions respectively. {3 4}um> {05} mn and {5¢}m, are the unknown
parameters which can be determined by the principle of minimum total potential energy.

Equations (2) can be expressed in matrix form as follows:

{d} = [STmn {A}mna

where
{d} = {dx, ¢y, W'},
{A}mn = {{5A}mn’ {5B}mn> {5C}mn}T
and
iy i Nmk(é)Nn,k(n) 0 0
[STw= Y ¥ 0 Nus@Nut) 0
meet 0 0 Now (&) Ny 01

©)

(©)
)

)]

In the Mindlin plate theory, the generalized strains comprise the curvature changes

(ex, &, €xy) and the transverse shear strains (y,., 7,.) which are defined as follows:

(z/a)d¢./0¢
{e}p = (z/b)sec 00¢,/0n — (z/a) tan 00¢,/0&

(z/a)d,/0¢ + (z/b) sec 00, /on — (z/a) tan 00¢h,. /O

and

(e}, = ¢x + (bja)oW'/oE
t ¢, + sec 00W'/dn — (b/a) tan OOW'/0E )’

where 6 is the angle of the skew plate.

©

(10)
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Substituting equations (2) into equations (9) and (10), and performing the differentiations,
the strain vector {y} is obtained by

fo
(10 = {0 = (IS 1o A = BT (8 )

The differential matrix operator [T] and the strain matrix [B],, of an element are
defined as follows:

(1/a)o/oé 0 0
0 (1/b) sec 00/0n 0
— (1/a)tan 00/0¢
— (1/a) tan £
| 0 (b/a)d/oc
sec 00/0n
L 0 1 — (b/a) tan 00/0¢ |
and
(1/a)N,uN, 0 ]
0 (1/b) sec ON,,N,,
—(1/a) tan ON,,N,,
B & & | (1/b)sec ON,N,
[Blow =L TT1LSJun —m; ,,; _(lJa) tan ON,.N, (1/a)N,,N, 0
N,.N, 0 (b/a)N,,N,
0 N, N, sec ON,, N,
i —(b/a) tan ON,,N, |
_ & b [Bb]mn
B mz=:1 ngl |:[Bs]mn:| ’ (13)

Where Nm = Nm,k(é)a Nn = Nn,k(’/l)7 Nm = aNm,k(é)/aéa Nn = aNn,k('/’)/an
The geometry of varying cross-section of a skew plate is shown in Figure 2. The thickness

of the plate varies in the x direction in arbitrary fashion as follows:
(a) Convex cross-section:

h(&) = ho{i — (A =11 — &)} = hoH(S). (14)
(b) Concave cross-section:
h(&) = ho{(2 —1)&" +1} = ho H(Q), (15)

where 1 = hy/hy, hy and h; are thicknesses at ¢ = 0 and 1 respectively. p is the order of
polynomials of cross-section. If p is unit, it means linearly tapered cross-section.
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(a)

I e » x, E=x/a
(b)

| | > » v, E=x/a

©)

Figure 2. Variation of varying thickness in the x direction: (a) Type 1: h(&) = ho{(A —1)& + 1}; (b) Type 2
(p=2) and Type 3 (p=3): h(&)=ho{A—A—-1D@A—-1"; (c)Type 4 (p=2) and Type 5 (p=23)
h(&) = ho{(A —1)¢r +1}.

The flexural rigidity of the plate is given by
D(&) = En(&)*/[12(1 — v*)] = Do H (&), (16)

where D, = Eh3/12(1 — v?), E is the Young modulus and v is the Poisson ratio.
For an isotropic material, the matrices of the flexural and shear rigidities are written as

1 v 0
[D], = Eh(&)3/12(1 —v?)| v 1 0 , (17)
0 0 (I1—wp2
1 0
[D], = Gh(&)x [O J, (18)

where G = E/2(1 + v) and « is a coefficient to take into account the warping of the section.
The strain energy due to bending and transverse shear deformation, U of the skew
Mindlin plates with varying thickness is given as

1 1
U = (abcos 0)2) f f [} TTD T ebs + ()T TDTsfe),] dé di

0 Jo

=(Dg ab cos 0/2a?) fl Jl H(&)*[sec® 0{0¢,/o¢

0 Jo
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— (a/b) sin 00¢/on — sin 00¢,/0¢ + (a/b)dp,/on}?
— (1 = v){2(a/b)(0/08) (0by/0m) — (1/2) {(a/b)b./On + 0,/0E}?}]
+ 6(1 = v)k(b/ho)*(a/b)* H(E)[{cos O + (b/a)oW'/0¢}?
+ {—sin 0, + ¢, — (bja) tan 0OW'/OE + sec 00W'Jon} 2] dEdy  (19)

and the kinetic energy, T is also given by
1 1
T = (pho/2)w*ab? cos@f j {HEw'?
0 JO

+ (1/12)(ho/b)* H(E (¢3 — 2 5in 0, + ¢3)} dE dn, (20)

where p is the mass density of the material, and o is the circular frequency (rad/s).

To deal with arbitrary boundary conditions along the edges of a plate, the method of
artificial springs [2] is applied. Three types of artificial springs corresponding to the
deflection W’ and the two angles of rotation ¢,, ¢, are introduced at each edge of the plate.

The functional of the plate, I1, is expressed as follows:

n=U-T. (21)

By substituting equations (2) into equation (21) and using the principle of minimum
potential energy, the coefficients {4} are determined as follows:

oI/ {A},, =0, (22)

which may be expressed in matrix form as

ZX i i i ([K]mnrs{A}mn - n*z[M]mnrs{A}mn) = 0 (23)

m=1n=1r=1s=1

Here n* is a frequency parameter and is defined by wb?./phy/D,.
The matrices of [ K, and [M],...s are given by

[Kexdps] [Kodih,] [KdpW']
[KJys = Do abcos 0/a*| [Kdyd.] [Kdy,1 [Kd,W'] (24)
[KW'¢.] [KW'¢,] [KW'W']

and

[M¢.p] [Mo.,] 0
[M]mnrs = phszab3 cos 0 [Md)yd)x] [M¢y ¢y] 0 . (25)
0 0 [MW'W']
In equations (24) and (25), the sub-matrices of [ K ],,.-s and [ M ],,..s are defined in Appendix
A. The order of these matrices is expressed by 3(k + M, —1)(k + M, — 1), where k —1 is

the degree of the B-spline functions, and M, and M, are the number of elements in the x and
y directions respectively.
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3. NUMERICAL EXAMPLES AND DISCUSSIONS

Natural frequencies of isotropic, skew Mindlin plates with varying thickness in the
longitudinal direction are solved to illustrate the convergence and accuracy of the
spline element method that is an alternative to the finite element method. For the definition
of the boundary conditions of a skew plate, the symbolism SC-SF, for example, identifies
a skew plate with the edges £ =0, 1,7 = 0 and 1 having simply supported, clamped, simply
supported and free boundary condition respectively. In the calculations, the degree of the
B-spline functions, k —1 = 3, the Poisson ratio of v = 0-3 and x = 5/6 were used.

Table 1 shows the convergence study of the first seven frequency parameters,
n* = wb*./pho/D, of skew Mindlin plates (CC-CC, 0 = 45°, a/b = 1-0 and h,/hy = 2-0)
with linearly variable thickness in the x direction for the different number of elements. The
number of mesh divisions, M, = M, changes from 4 to 16, and b/h, varies from 5 to 100.

It is found that the solution rapidly converges with an increase in the number of elements.

Table 2 shows the accuracy of the present method for simply supported skew thin plates
(SS-SS, a/b = 1-0, b/hy =250, M, = M, =14) with linearly varying thickness in the
x direction. The values of hy/hy = 1-2 and 2-0 were used, and the angle of skew, 0 varies from
0 to 45°. The results are compared with those obtained by Chopra and Durvasula [10]
using the Ritz method with the 36 terms of double sine series based on the thin plate theory.
Good agreement is observed in the comparison, but with increasing of the skew angle, the
discrepancy between the results becomes larger.

TABLE 1

Convergence study of frequency parameters, n* = wb?./phy/D, of skew plates with linearly
varying thickness in the longitudinal direction: CC-CC, hy/hq = 2-0, 0 = 45° and a/b = 1-0

Modes

b/hy M,=M, 1st 2nd 3rd 4th 5th 6th 7th
4 43-99 6475 7329 7945 9342 97-50 106-6
6 4577 64-59 79-57 8145 99-32 107-6 1117
8 46-24 64-60 8097 8221 9871 107-3 114-3
50 10 46:43 64-62 8125 8273 98-64 1072 1147
12 46-53 64-62 81-35 83-00 98:64 107-3 114-8
14 46-58 64-63 81-39 8314 98-64 1073 1149
16 46-61 64-63 81-42 8322 98-64 107-3 1149
4 66:67 105-3 125-8 1352 165-8 175-8 1939
6 6916 103-3 1319 135-8 1681 185-4 194-4
8 69-88 103-2 132-6 137-6 1652 183-6 1954
10-0 10 70-18 103-2 132-8 1386 164-9 1835 195-4
12 70-34 103-2 1329 139-0 164-8 1835 1954
14 70-43 103-2 1330 139-3 164-8 1835 1955
16 7046 103-2 133-0 1394 164-8 183-5 1956
4 106-3 2263 292-8 3689 780-0 802-3 8191
6 9799 169-7 2430 2669 404-3 4281 460-9
8 96:07 157-6 224-3 2354 3191 3579 409-9
100-0 10 9562 1554 2157 2307 292-0 3390 3780
12 9549 1543 2133 2297 284-4 3336 3625
14 95-45 154-1 212-5 229-4 2821 3320 3573

16 95-44 154-1 2122 2293 2814 331-4 3556
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TABLE 2

Comparison of frequency parameters, n* = wb?./phy/Dg of simply supported thin skew plates
with linearly varying thickness: a/b = 10, b/hg = 250 and M, = M, = 14

Skew Modes
angle
0 hyi/hy Methods Ist 2nd 3rd 4th 5th
12 Present method 2-198 5-492 5-496 8793 11-03
0 Chopra and Durvasula [10] 2198 5-488 5-492 8790 10-95
2:0  Present method 2-959 7272 7-354  11-81 1421
Chopra and Durvasula [10] 2960 7271 7351 11-81 14-16
1-2 Present method 2783 5-864 8011 9-380 13-65
30 Chopra and Durvasula [10] 2-889 5993 8211 9-604 13-83
2:0  Present method 3737 7-817  10-59 12:60 1742
Chopra and Durvasula [10] 3-886 8-:001  10-87 12:92 17-80
45 1-0  Present method 3953 7-395  11-28 12-14 16:07
Chopra and Durvasula [10] 4314 7786 1195 12-83 17-05
2:0  Present method 5291 9-857 1478 16:37 2099

Chopra and Durvasula [10] 5791 10-42 1572 1736 22-55

Table 3 shows the accuracy comparison of natural frequency parameters. n* =
wb?./pho/Dy of clamped, skew Mindlin plates (CC-CC and 0 = 45°) with linearly varying
thickness. Here, a/b = 2-0, 1-0 and 0-5, b/h, = 10 and 5 are used. The values of h,/h are 1-0,
1-5 and 2-0. The results for the plate with uniform thickness (h,/hq = 1-0) are compared with
those obtained by Liew et al. [6] using the Ritz method with orthogonal polynomials as the
displacement functions. It is seen that excellent agreement is obtained from the comparison.

Table 4 shows the accuracy comparison of frequency parameters, n* = wb?./pho/D of
square Mindlin plates (a/b = 1-0, b/hy = 10-0 and 6 = 0°) with linearly varying thickness in
the x direction, having several boundary conditions. The values of h;/h, are 1-0 and 2-0. The
results are compared with those obtained by Liew et al. [6] using the Ritz method, by
Mikami and Yoshimura [17] using the collocation method with shifted Legendre
polynomials and by Mizusawa [18] using the spline strip method. It is found that good
agreement is observed for the different boundary conditions and the values of h,/h,.

Table 5 shows the effects of the skew angles and h{/h, on frequency parameters,
n* = wbh?/phy/D, of skew Mindlin plates (a/b = 1-:0 and b/h, = 10-0) with linearly varying
thickness, having clamped edges (CC-CC) and simply supported edges (SS-SS)
respectively. The skew angle of 6 varies from 0 to 60°, and the values of h, /h, are 1-0, 1-5 and
2:0. Figure 3 also depicts the effects of b/h, and hy/h, on the fundamental frequency
parameter, n§ of clamped, skew Mindlin plates (a/b = 1-0 and 0 = 45°) with linearly varying
thickness.

It is seen that the frequency parameters increase with the increment of skew angle and
hyi/hg. In Figure 3, the frequency parameters show linearly incremental behavior for large
value of b/hy. While decreasing the value of b/hy, the frequency parameters become
non-linear in fashion due to the effects of the transverse shear deformation and rotary
inertia.

Table 6 shows the effects of the location of a clamped edge, b/hy and hy/hy on the first
eight frequency parameters, n* = wb?./pho/D, of cantilevered, skew Mindlin plates
(a/b = 1-0 and 6 = 45°) with linearly varying thickness. The value of h, /h, varies from 1-0 to
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TABLE 3

The frequency parameters, n* = wb?./phy/Dg of clamped skew Mindlin plates with linearly
varying thickness: 0 = 45°, CC-CC and M, = M, = 16

Modes
a/b b/hg hy/hg 1st 2nd 3rd 4th 5th 6th 7th 8th
10 1-0 4126 4779 5906 73-80 8954 9707 1044  104-8
Liew et al. [6] 4124 4784  59-15 7374 8944 9698 104-5 105-3
15 47-86 5577 6842 8466 101-5 1086 1173 1186
2:0 52-82 6209 7565 92:74 109-8 1166 1267 1285
20
5 10 3173 3644 4425 5389 6356 6576 70-80  72-59
Liew et al. [6] 31:67 3642 4422 5375 6336 6557 7072 7259
1-5 34-60 39-79 4809 5812 6786  69-35 7489 7719
2:0 3649 4203 5064 60-88 7044  71-69 7747  80-06
10 1-0 55-26 8384 1108 1162 1396 157-1 168-0 187-8
Liew et al. [6] 5531 8367 1106 1163 1392 1567 1677 1881
1-5 63-88 9501 1239 1298 1545 1727 184-5  204-3
2:0 70-49 1032 1330 1394 1648 1835 1956 2152
1-0
5 1-0 41-09 5847 7471 7697  91-34 1000 107-4 117-1
Liew et al. [6] 41-05 58:25 7444  76:89 9096 99-61 107-0 117-1
15 4446 6225 78-88 80-83 95-87 1044 112-1 121-7
2:0 46:61 6463 81-42 8322 9864 1073 1149 1244
10 1-0 1269 145-7 1770 2156 2542 2630 2832 2904
1-5 1386 1591 1925 2328 2723 2771 299-3 3090
2:0 1460 1679  202-:8 2442 2839 2856 309-3 3209
05
5 1-0 79-08 90-96 1094 130-8 149-0 150-7 162-3 1694
1-5 81-84 9438 1135 1351 151-8 1548 1659 1694
2:0 83-31 9635 1159 1375 1535 1553 1572 1680

2-5, and b/hy of 10 and 100 are used. Figure 4 also depicts the effect of the location of
a clamped edge on the fundamental frequency parameter, n} of cantilevered skew Mindlin
plates (a/b = 1-0, b/hq = 10 and 0 = 45°) with linearly varying thickness in the x direction.

It is found that the frequency parameters of cantilevered skew Mindlin plates with
varying thickness are influenced by the location of a clamped edge and hy/hy. The frequency
parameters show linear increment for h,/h,, except for the case of CF-HF.

Table 7 shows the effects of varying cross-sections with five types depicted in Figure 2 on
the frequency parameters, n* = wb?./pho/D, of skew Mindlin plates (a/b =10 and
b/hy = 10). The skew angle of 0 varies from 15 to 60°, and h,/hy of 2-0, 1-5 and 1-0 are used.
Type 1 is in linearly varying fashion, Types 2 and 3 are of varying thickness in convex
fashion, and Types 4 and 5 are in concave fashion of varying thickness respectively.

It is found that the frequency parameters of clamped skew plates with convex
cross-sections show larger than those of concave cross-sections, and the parameters of
cross-section in linearly varying fashion are in the middle of those cross-sections. In view of
engineering designs, it is possible to change effectively the frequency properties and flexural
rigidities of the plates by varying the thickness.

Table 8 shows the effects of the location of a clamped edge and the variation of
cross-sections on the frequency parameters, n* = wb?./pho/D, of cantilevered skew
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TaBLE 4
Comparison of accuracy of frequency parameters, n* = wb*./pho/Dy of tapered square
Mindlin plates: 0 = 0°, b/hg = 10-0, a/b = 1-0 and M, = M, = 16
Modes
Boundary
conditions  hy/hg 1st 2nd 3rd 4th 5th 6th 7th
SS-SS 1-0
Present method 19-04 4544 4544 6971 8504 8504 106-6
Liew et al. [6] 19-07 4548 4548 6979 8504 8504 1067
Mikami et al. [17] 19-06 4545 4545 6972 8493
Mizusawa [18] 1906 4545 4545 6972 8493 8493
20
Present method 2710 6142 6178  92:09 1085 110-0 1353
Mikami et al. [17] 2711 60-56 6173  92:02 1083 1099
Mizusawa [18] 2712 6138 61-74 9201 1083 109-9
Ccc-CC 10
Present method 32:52  62:03 62-03 86:93 1024 103-4 1239
Liew et al. [6] 32:52  62:04 6204 8695 1024 1034 1239
20
Present method 4348 7900 7916 1085 1247 1263 149-8
FC-FF 10
Present method 3423 8017 2000 2549 2808 4729 53-98
Liew et al. [6] 3-431 8061 2009 2550 2825 4753 54-12
20
Present method 7275 1362 3068 3497 3869 6298 70-12
110
100 -
90 -
= 80 -
70 |+
60 -
50 1 1 |
0-75 1-25 1-75 225 275

! hy

Figure 3. The effect of b/h, on the fundamental frequency parameter, n¥ of skew Mindlin plates with tapered

thickness: CC-CC, a/b = 1-0 and 0 = 45°: (—o—), b/hy = 10; (—O—), b/hy = 20; (—a—), b/hy = 100.
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TABLE 5

The effect of skew angle on the frequency parameters, n* = wb*./pho/Do of tapered skew
plates: b/hy = 10, a/b =10 and M, = M, = 14

Modes

Boundary
conditions 0° hyi/ho 1st 2nd 3rd 4th 5th 6th 7th 8th

CC-CC 0 1-0 3252 6203 6203 86:93 102-4 103-4 1239 1239
1-5 38:53 71-66 7174 9928 1155 1167 1390 1392
2:0 43-47 7900 7916 1085 124-7 126-3 149-8 1502

15 1-0 3432 6152 6876 8769 1070 1115 1191 1349
1-5 40-58  71-:09  79:08 1000 1203 1253 1341 1505
2:0 4569 7840  86:81 1092 129-6 1350 1450 1615

30 1-0 4062 6752 8420 9363 122:6 122:8 1356 1537
1-5 4768 7756 9570 1063 1355 1388 150-8 1687
2:0 53:33 8514 1040 1157 144-7 1500 1613 1792

45 1-0 5521 8384 1108 1160 1396 1571 1680 1875
1-5 6383 9501 1238 1296 154:5 1727 1844 2040
2:0 7043 1032 1329 139-0 164-8 1835 1955 2149

60 1-0 91-16 1243 153-6 184:0 1877 2137 2355 2445
1-5 102-2 137-1 1681 199-7 2026 2306 2519 2624
20 1099 1459 1779 2102 212:1 2418 262:6 2741

SS-SS 0 1-0 19-04 4545 4545 6971 8497 8504 1066 1066
1-5 2326 5416 5430 8205 9842 9903 1229 1231
2:0 2710 6142 6178  92:09 1085 110-1 1353 1359

15 1-0 20-08 4450  51-11 69-81 89-:02 9250 1011 1174
1-5 2450 5315 6073 82:15 103-1 1070 1172 1346
2:0 2851 6042 6870  92:17 1137 1182 129-8 1475

30 1-0 23-81 4828 6394 7361 102-8 102-8 1151 1346
15 2895 5752 7527 8649 116:5 1205 1319 1514
2:0 3353 6523 8439 9693 127-2 133-8 1447 1639

45 1-0 3299  59-61 8626  91-61 1154 1339 144-8 1656
1-5 3976 7049 100-1 106-7 1322 1527 163-8 1856
2:0 45-61 79-:37 1107 118-8 144-5 166-7 1774 199-8

60 1-0 5816 8970 120-5 1519 159-6 1837 2085 2161

15 68-:64 1042 1378 171-6 179-6 2051 2313 2391
2:0 7706 1154 150-6 1856 1942 2201 2472 2548

Mindlin plates (a/b = 1-0, 0 = 45° and b/h, = 10) with varying thickness in the x direction.
Here hy/hqy of 2:0, 1:5 and 1-0 are used.

It is found that the frequency parameters of cantilevered skew Mindlin plates are
influenced by the variation of cross-sections compared with those of clamped skew Mindlin
plate, and are also dependent on the location of a clamped edge.

4. CONCLUSIONS

The spline element method has been used to predict the natural frequencies of vibration
of skew Mindlin plates with varying thickness in which account is taken of the effects of
both transverse shear deformation and rotary inertia.
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TABLE 6

The effect of b/hy and hy/ho on the frequency parameters, n* = wb?./phy/Dy of cantilevered
skew plates with linearly varying thickness: 0 = 45°, a/b =1-0 and M, = M, = 14

Modes

Boundary
conditions  b/hy  hi/hy  1st 2nd 3rd 4th Sth 6th 7th 8th

CF-FF 10 1:0 4336 1053 2456 2814 4497 5150 6620  71-58
125 4360 1090 2675 3032 4946 5590 7208 7793
-5 4387 1125 2865 3238 5345 5976 7721 83:36
175 4413 1158 3028 3435 5702 6314 8176 8798
20 4437 1189 3167 3624 6021 66-10 8580  91-87
225 4458 1217 3233 3804 6305 6869 8940 9510
25 4478 1243 3381 3976 6556 7095 9260 9774
100 1.0 4461 1123 2683 3131 50-55 5881 7699 8756
1-25 4501 1174 2988 3419 5716 6578 8653 9911
15 4544 1226 3281 37-00 6353  72:54 9564 1103
1-75 4585 12776 3563 3977 6970  79-14 1044 1212
20 4625 1325 3834 4251 7569 8561 113:0 1318
225 4663 1373 4095 4523 8153 9198 1213 142-2
25 4699 1421 4345 4796 8723 9827 1294 1524

FC-FF 10 10 4336 1053 2456 2814 4497 5150 6620  71-58
1-25 5353 1254 2739 3168 4917 5661 7213 7703
15 6366 1452 3005 3497 53:05 6123 7737 8199
175 7375 1646  32:56 3805 5668 6545  82:04 8656
2.0 8380 1836 3495 4093 6007 6932 8623 9079
225 9378 2022 3723 4363 6326 7289 9003 9473
25 1037 2204 3940 4616 6626 7619 9349 9838
100 10 4461 1123 2683 3131 50-55 5881 7699  87-56
125 5539 1351 30132 3610 5626 6617  86:00 9727
15 6629 1581 3374 4083 6180 7331 94-57 1067
175 7730 1812 3710 4552 6724 8028 1028 1160
2.0 8843 2045 4044 5018 7260 8712 1109 125:1
225 9968 2280 4375 5482 7790 9385 1187 1340
25 1111 2516 4705 5946 8316 1005 126:5 142-8

FF-CF 10 10 4336 1053 2456 2814 4497 5150 6620  71-58
125 4991 1194 2803 3120 4889 5757 7196 7885
-5 5655 1335 3122 3409 52449 6309 7688 8520
175 6318 1474 3420 3674 5586  68:08 8126 90-55
20 6974 1609 3699 3914 5903 72-61 8524 9497
225 7621 1741 39-61 4128 6202 7671 88-:86 9854
25 8255 1867 4204 4323 6484 8044 9214 1014
100 10 4461 1123 2683 3131 50-55 5881 7699  87-56
125 5173 1295 3098 3607 5608 67-:60 8558 101-5
1.5 5906 1476 3490 4115 6139 7633 9345 1154
175 6654 16:63 3870 4639  66:59 8495 1009 1291
20 7411 1854 4245 51-71 7175 9347 1082 142-6
225 8175 2048  46:18 5707  76:88 1019 1153 1158
25 8943 2245 4992 6243 82:00 1102 122:3 168-7
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The effect of variation of thickness and h,/h, on the frequency parameters, n* = wb?./phy/Dy
of skew Mindlin plates: b/hy = 10-0, v =0-3, CC-CC, a/b =1-0 and M, = M, = 14

Modes

0 hy/ho Type 1st 2nd 3rd 4th 5th 6th 7th 8th
15° 2:0 1 4570 7840 86-83 109-2 129-6 1350 145-0 1615
2 4846 8269 91-36 1144 1357 141-3 151-1 167-9

3 49-79 84-63 93-51 116:8 1385 144-4 153-8 1709

4 42-58 7302 81-50 102-8 121-6 1277 137-4 153-4

5 4098 70-11 7878 9928 1173 1241 1330 149-0

1-5 1 40-58 71-09 79-09 100-0 120-3 1253 1341 150-5

2 4225 73-86 8203 103-5 124-3 129-5 1383 1549

3 43-08 7518 83-48 1051 1263 131-6 1402 157-0

4 38-81 6798 7591 96:19 1156 120-8 129-4 145-6

5 3792 66:37 74:32 94-18 1131 1186 1269 143-0

1-0 34-32 6152 6877 8770 1070 111-5 119-1 1349

30° 2:0 1 53-35 8514 1041 1157 144-7 150-0 161-5 179-2
2 56:19 89-44 1086 1209 151-0 155-8 167-7 186-2

3 5754 91-38  110-8 123-3 1542 1582 170-6 189-6

4 50-11 79-79 9840 109-2 1366 142-6 153-7 170-2

5 4841 76:89 9546 105-5 1327 1382 149-6 165-8

1-5 1 47-69 7756 9575 106-3 1355 138-8 150-9 168-7

2 49-46 80-39 98-83 109-8 1397 142-8 1552 173-5

3 50-34 81-74 100-30 111-5 142-0 144-6 157-3 1759

4 45-81 74-40 92-32 1024 1307 1342 1462 163-3

5 44-85 7276 90-59 100-3 1284 131-6 143-7 160-7

1-0 40:63 6752 84-24 93:64 1226 122-8 1357 153-7

45° 2:0 1 7049  103-2 133-0 139-4 164-8 1835 195-6 2152
2 7331 1073 1381 143-8 1709 189-1 202-1 221-8

3 7462 109-2 140-5 145-6 173-6 191-5 2051 224-8

4 6718 97-88 1265 133-8 157-1 176:0 187-2 2067

5 6539 9493 1229 130-5 153-0 171-6 182-8 202-3

1-5 1 63-88 9501 1239 129-8 154-5 172-7 184-5 204-3

2 6576 9789 1274 133-0 1587 1769 189-0 2089

3 6668 9926  129-2 1344 160-7 178-8 191-2 2111

4 61-85 9176 119-8 126-2 149-8 1679 179-3 199-0

5 60-80 90-:05 1177 124-5 147-3 165-4 1766 196-4

10 5526 83-84 110-8 1162 139-6 157-1 168-0 187-8

60° 2:0 1 110-1 1459 1779 210-2 2127 241-8 262-6 2740
2 112-3 149-3 182-3 2154 2157 2475 2672 280-1

3 1132 1507 1842 2167 2177 2500 269-1 282-8

4 107-5 141-5 172-1 2033 2082 2342 2561 265-8

5 1059 1388 168-7 199-3 205-4 229-8 252-2 261-1

15 1 1024 1372 1681 1997 203-2 2301 252:0 262-3

2 104-1 139-8 171-4 2035 2059 234-8 2557 266-8

3 1049 141-0 173-0 205-3 207-1 236-8 257-3 269-0

4 100-5 134-1 164-3 1952 200-0 2257 247-5 2569

5 99-47 1325 1623 192-8 1982 2230 2451 2540

1-0 91-35 124-3 1537 1839 1883 2137 2355 244-3
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Figure 4. The effects of the position of a clamped edge and h, /h, on the frequency parameter, n§ of cantilevered
skew Mindlin plates with linearly varying thickness: 6§ = 45°, a/b = 1-0 and b/hy = 10: (—¢—), CF-FF; (—0—),
FC-FF; (—a—), FF-CF.

It is found that stable convergence and high accuracy in computed solutions are
obtained. The frequency parameters of a skew Mindlin plates with varying thickness are
dependent on the tapered thickness parameter of h, /hg, the aspect ratio, the ratio of width
to thickness and boundary conditions. The frequency parameters show linearly incremental
behavior for the large value of b/h,. While decreasing the value of b/h,, the frequency
parameters become non-linear in fashion due to the effects of the transverse shear
deformation and rotary inertia. The frequency parameters of skew plates with convex
cross-sections show larger than those of concave cross-sections, and the parameters of
cross-section in linear varying fashion are in the middle of those cross-sections.

In view of engineering designs, it is possible to change effectively the frequency properties
and flexural rigidities of the skew Mindlin plates by varying the thickness.
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APPENDIX A
K =sec® O[ I >0 — (a/b) sin O1n>J o8 — (a/b) sin 01 > J 0 + (a/b)? sin® 0100 J ol ]

+05(1 — v)(a/b)212?3J,}1 + 6(1 — v)(b/ho)k 1221 J22,
Ko, = sec? O[—sin 0L, >J o + (a/b)Ine> Tt + (a/b) sin® OIp>J !
— (a/b)?sin I3 J o 1T + 0-5(1 — v)(a/b) I T — (1 — v)(a/b)IL0* T2 ]
— 6(1 — v)(b/ho)ic sin 0L Ty,
Ko W' = 6(1 — v)(b/a)(b/ho)*k[(b/a)cos O IO + sin O tan O(bja) L' J 20
— sin 0sec 01201011,
Ko, p, =sec? O[—sin 01, >,y +(a/b)1,?,,13.]ns +(a/b) sin? 01> J ' —(a/b)? sin 01,0y J ' ]
+ 0-5(1 — v)(a/b)In2 T — V) (a/b) I3 T
— 6(1 — v)(b/ho)r sin 0T T
Ko, = sec? O[sin 01, > J > — (a/b)sin 01, T — (a/b) sin 0Ly, >J o + (a/b)? Iy J o' ]
+ 05(1 = Ve T+ 6(1 = V)(b/ho) >k, ' T
K¢, W' = 6(1 — v)(b/ho)*k[sec O6ny  Jus — (b/a) tan 0Ly " J 0],
KW', =6(1 —v)(bja)(b/ho)?k[(b/a)cos OI " T +(b/a)sin O tan OI 0" T2
— sin 0'sec 0120 J 107,
KW', = 6(1 — v)(b/ho)*k[sec 0L gy " Ja. — (bja)tan 01, T 0],
KW'W' = 6(1 —v) (b/ho)*k[(bja)* I T2 + (bja)® tan? OI .+ T,
— (b/a)tan 0 sec 01,21 T — (b/a)sec 0 tan 010} T2 + sec? 01 ' T ]
and
Mo = (15)(ho/b) Iy T,

Mé.hy = —sin 0(5)(ho/b)* 1T,
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My, = (15)(ho/b)* T T,
My = = sin 05)(ho/b)> 1> T,
MW'W’' = IOOIJOO

where the integrals Uk and JY are defined by

0

Ik =f [Ny ((&)/dE x PN, (/AT H(O)4] de,

1
Ji = j [N, . (n)/dn x AN, ()] din.
0
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