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1. INTRODUCTION

In recent years lightweight plate structures have been widely used in many engineering
applications and vibration analyses of plates of different shapes have been carried out
extensively. Annular elliptic and circular plates are used quite often in acronautical and ship
structures and in several other industrial applications.

Annular circular plates are special cases of annular elliptic plates and are quite simple to
analyze using polar co-ordinates. The solution is found to be in the form of Bessel functions
for all the nine cases of inner and outer boundary conditions. A survey of literature on the
vibration of annular circular plates and results for several cases are provided in
a monograph by Leissa [1]. Compared with the amount of information available for
circular plates, studies reported on the vibration of elliptic plates are scarce. The main
difficulty in studying elliptic plates is the choice of co-ordinates. Elliptic co-ordinates may
be used with the exact mode shape in the form of Mathieu functions [1]; however, they are
quite cumbersome to handle. Vibration of elliptic plates were studied using modified polar
co-ordinates by Rajalingham et al. [2-5]. They used a one-dimensional characteristic
orthogonal polynomial shape functions suggested originally by Bhat [6] in the
Rayleigh—Ritz method. Chakraverty [7] and Singh and Chakraverty [8-10] analyzed the
vibration of elliptic plates using two-dimensional boundary characteristic orthogonal
polynomials first suggested by Bhat [11] in the Rayleigh-Ritz method.

In view of the difficulty of studying elliptic plates, annular elliptic plates also have not
been studied in detail until recently. Chakraverty [7] and Singh and Chakraverty [12]
reported the fundamental frequency for different aspect ratios of the annular elliptic plates
for various conditions at the inner and outer boundaries. They encountered difficulties in
the numerical computations of the higher natural frequencies and the convergency was
poor for certain cases of annular elliptic plates.

The present paper provides free vibration natural frequencies of higher modes of annular
elliptic plates for all the nine boundary conditions at the inner and outer edges using
two-dimensional boundary characteristic orthogonal polynomials in the Rayleigh-Ritz
method. Employing a higher computational accuracy than that was used in reference [12],

0022-460X/01/130524 + 16 $35.00/0 © 2001 Academic Press



LETTERS TO THE EDITOR 525

the first 12 natural frequencies of annular elliptic and circular plates are presented. These
results provide benchmark values that can be used to validate results obtained by other
approximate approaches such as the finite element method, the finite difference method and
the boundary element method.

2. ANALYSIS

The detailed analysis can be seen in reference [12]. A brief outline is given below.
The outer boundary of the elliptic plate as shown in Figure 1 is defined as
2 2
xz+y2<1,x,yeR}, (1)

R = {(x,y), a b

where a and b are the semi-major and -minor axes respectively. A family of concentric
ellipses are defined by introducing a variable C, where

2

Y

2
XTt =
mz

1-C, 0<C<C,, (2

with m = b/a and C, defines the inner boundary of the ellipse. The eccentricity of the inner
boundary is defined by k, where

k=.1-C,. 3)

When the structure is undergoing simple harmonic motion, the maximum strain energy,
Vyax, and the maximum kinetic energy, T, of the deformed annular elliptic plate,
respectively, are given by

D
Viax = 3 Jf (Wi + 2vW W, + Wi, + 2(1 —v)WE,] dydx, 4)
R
phw? 5
Tax = —— W=dy dx. (5)
2 Jr

Equating the maximum strain and kinetic energies we obtain the Rayleigh quotient as

W = D ”R (Wi + 2vW W, + W3, +2(1 —v)WZ] dydx
ph [f, W?dydx ’

(6)

3

Y

Figure 1. Geometry of the annular elliptic plate.
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where W (x, y) is the deflection of the plate; subscripts on W denote differentiation with
respect to the subscripted variable.
Substituting a N-term approximation for the deflection,

N

W(X, y) = Z Cj ¢j (X,y), (7)

j=1

and applying the condition for stationarity of w?* with respect to the coefficients ¢; results in

Z )e;=0, i=12,...,N, @®)
where _
a5 = || T@er @+ @er G + 7 (Bdex B+ @i D)
21— W arldar] VX, o)
b;; = Jle dip; dY dX, 12 = %, (10, 11)
and

X =Xx/a, Y = y/a.

The ¢;’s are orthogonal polynomials in two variables [11, 12]. Further, (¢;)xx, (¢:)yy, etc.,
are second derivatives of ¢; with respect to X and Y. The new domain R’ is defined by

YZ
= {(X,Y), X2+ <1, X,Ye R}.
m

Since the ¢;’s are orthogonal, equation (8) reduces to

Z a;; — 22 0;)c; =0, i=12,...,N, (12)
where
=1 ifi=j.

Equation (12) is a standard eigenvalue problem and can be solved to obtain the natural
frequencies.

3. GENERATION OF ORTHOGONAL POLYNOMIALS

For the generation of the two-dimensional orthogonal polynomials, the following
linearly independent set of functions are employed:

Fi(X,Y)=gX.,Y){ fi(X,)Y)}, i=12,...,N, (13)

where g(X,Y) satisfies the essential boundary conditions and the f; (X,Y ) are taken as the
combinations of terms of the form X" Y" where [; and n; are non-negative positive integers.
The function g(X,Y) is defined by

gX,Y)=C(Co - CY, (14)
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where s takes the value of 0,1 or 2 in order to define free, simply supported or clamped
conditions, respectively, at the outer boundary of the annular elliptic plate. Similarly, t = 0,
1 or 2 will define the corresponding boundary conditions at the inner edge of the annular
elliptic plate.

The inner product of two functions ¢; (X,Y) and F;(X,Y) is defined as

(huF> = j f ¢: (X.Y) F,(X.Y)dxdy. (15)

The norm of ¢; is therefore given by

I il =<, d>'7, (16)

Proceeding as in Singh and Chakraverty [12] and Chakraverty [7], the Gram-Schmidt
orthogonalization process can be written as

i-1
¢i=F;— Z %j P;
j=1

o <Fla¢j> . ¢ ’
= gy =12 =D

where the ¢; are the constructed orthogonal polynomials.

¢1=Fy, i=2..,N. (17)

4. NUMERICAL RESULTS AND DISCUSSIONS

Numerical results for the first 12 natural frequencies have been computed by taking the
aspect ratio of the outer boundary, b/a =m = 0.5 and 1.0 with the inner boundary
parameter k varying from 0.2 to 0.8 at the interval of 0.2. Results are provided for the nine
cases of boundary conditions (CC, CS, CF; SC, SS, SF; FC, FS and FF) at both the
inner and outer edges. Here C, S, and F designate clamped, simply supported and free
boundary, and first and second letters denote the conditions at the outer and inner edges
respectively. The Poisson’s ratio, v, is taken as 1/3 in all the calculations. Computations are
simplified by considering the shape functions to represent symmetric-symmetric,
symmetric-antisymmetric, antisymmetric-symmetric and antisymmetric-antisymmetric
groups. First 12 natural frequencies are arranged in ascending order by choosing the first
three frequencies from each of the above mode groups. The convergence of the results is
studied by computing the results for different values of N until the first four significant digits
converge. It was found that the results converged for N values of 26-30 in all the cases. The
convergence of the first 12 natural frequencies is shown in Table 1 taking m = 0.5 and
k = 0.2 for CF and FC boundary conditions. The results of the computations for various
values of m and k and for different boundary conditions at the outer and inner edges are
presented in Tables 2-10.

Results for the special cases such as for (1) full circular (k =t = 0, m = 1.0) and elliptic
(k =t = 0) plates and (2) annular circular plates (m = 1.0) were compared with those from
earlier studies and were found to be in good agreement. The higher modes for annular
circular plates are compared with the axisymmetric results from Leissa [1]. It was pointed
out in references [7, 12] that although the results given in reference [1] are the exact
solutions, their accuracy is poor which explains the difference between the present results
with those in reference [1]. The results of reference [2] have been divided by b/a ( = m) in
order to agree with the frequency parameter employed in this study. It was noted that
Rajalingham et al. [2] presented the results for axisymmetric modes, and for the free



TaBLE 1

Convergence of results (m = 0-5, k = 02 and v = 1/3, & = wa*(ph/D)*/?)

BC

Ay Az A3 7N s 6 Aq /g /o 10 Ay 12
CF 3 29-12 39-87 63-11 70-28 8938 8732 150-7 1247 1789 161-0 2480 2933
10 2876 3972 57-38 69-91 77-60 8621 106-3 1092 1393 1349 1715 2106
15 28:52 39-68 5725 69-78 7743 86:14 103-8 1089 1342 1344 1650 200-1
20 28-39 39-63 57-16 69-69 77-31 86-10 103-6 108-8 1335 1343 164-0 198-5
25 2821 39-58 5707 69-51 77-17 86-06 103-5 108-7 133-4 1342 163-8 198-2
28 2803 39-52 57-00 69-18 77-13 86:03 103-5 108-5 1333 1342 163-7 1982
30 28:03 39:52 5698 6918 7703 86:03 103-5 1085 1332 1342 163-7 1982
FC 3 21-85 24-48 41-07 40-88 72-97 1029 121-6 166-8 152:0 373-4 6769 684-4
10 11-54 12:97 21-65 21-29 2515 3230 36:99 6233 50-17 8507 89-24 1172
15 9771 10-67 18-46 18-43 22-53 28-39 3226 4663 44-83 65-02 68-61 91-69
20 9:698 9-750 17-94 18-40 21-69 26-69 3048 41-72 42-64 59-12 62-39 84-20
25 8:686 9-299 16:58 1675 21-36 2654 30-11 40-19 4244 56-40 60-94 81-89
28 8167 8445 1541 1569 20-78 25-68 2897 3940 41-31 5541 5978 87-12
30 8167 8448 1541 15-69 20-78 25-68 2897 39-36 4131 55-30 5978 81-10

8¢S
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TABLE 2

Frequency parameters for annular elliptic plate with CC conditions (v = 3, . = wa?*(ph/D)'/?)

bl

m k A i I Ja Js Jg b I Jo o Iy Qs
05 00 5867 5988 9989 1037 1052 1062 1329 1352 1534 1623 1869 2180
02 6609 6731 1146 1156 1198 1203 148-1 1517 1633 1723 1954 2274
t 7199
04 9454 9550 1527 1543 1783 179-1 2192 2198 2327 2335 2547 2726
t 98.94
06 1817 1827 2607 2651 3268 3292 3829 386:0 4321 4333 4769 4834
to1848
08 6320 6417 7874 7967 9463 1019 1105 1138 1261 1427 1428 1487
t 6417
10 00 2788 3231 3231 4090 4204 5551 5552 72:29 73-64 8947 8947 1049
: 227
02 3512 3782 3791 4498 4604 5796 5818 7425 7571 9510 9526 117:2
t 3587
$ 3461
1 3623 41-80
04 6188 6304 6304 6687 6717 7497 7500 8688 88:55 1053 1057 1253
t 6191
§ 6187
1 6233 6292 6641
06 1396 1405 1405 1431 1431 1479 1479 1548 1550 1661 166:4 1783
t1396
Y1396
08 5591 5598 5598 5619 5619 5653 5653 5702 5702 5767 5767 5848
T 5591
Y5591

f, From references [7, 12], v = 4; ¥, from reference [1], v = 0-3; ¥, exact solution from references [7, 12], v = §; ¥, from reference [1], v = 1.

JOLIdd HHL OL SYdLLAT
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TABLE 3

Frequency parameters for annular elliptic plate with CS conditions (v = 3, /. = wa*(ph/D)'/?)

m k I Iy ) Ay Js Jg Iy Jg Jo Ao s s
05 00 49-70 50-67 8501 8796 91-49 9400 1175 1189 141-8 1450 172:3 2057
02 5622 56:67 9611 9749 1012 102:8 1254 1263 1483 1519 1773 2100
t 5840
04 7841 7876 1296 1300 1467 1474 1716 1779 1814 1916 2076 236:4
t 7991
06 1427 1430 2138 2145 2618 262:6 3080 3087 3392 3392 3708 3745
t 144-1
08 4678 4686 6009 6017 7229 7306 8359 8367 9449 9680 1044 1051
t 4708
10 00 2315 26:69 26:80 3675 37:09 5192 5198 6391 70-10 7349 7382 91-56
02 26:68 3029 3039 3942 3977 5329 5336 7074 71-19 8583 86:00 100-4
T 2678
: 26:61
s 26:57 29-11 37:54
04 4493 4674 4674 5239 5245 62:60 62:67 77:23 77-90 96:32 96:34 1180
t 4493
: 4493
s 44-89 47-09 5181
06 9879 100-1 100-1 1040 1040 1107 1107 1204 1204 1333 1333 149-4
t 9879
: 9879
99-16 1045
08 3895 3905 3905 3934 3934 3982 3982 4051 4051 4140 4140 4251
t 3895
: 389'5

f, From references [7, 12], v = 4; ¥, exact solution from references [7, 12], v = %; ¥ from reference [1], v = 1.

0¢s
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TABLE 4

Frequency parameters for annular elliptic plate with CF conditions (v = 3, A = wa®(ph/D)"/?)

m k Iy Iy Ay Ay Js Je Js e Ao Ao i i
05 00 27-38 3950 5598 6986 7700 8805 1026 1099 1330 1357 1655 1994
t 27-38 3050 5599 69-86
: 2774 1080
02 2803 3952 5698 6918 7703 8603 1035 1085 1332 1342 1637 1982
§ 2838
04 36:35 4104 5403 6269 7709 8264 1034 1046 1282 1331 1606 1948
s 36:52
06 59-75 5089 8630 9171 9393 1067 1126 1301 1359 1565 1662 1992
s 59-99
08 1515 1516 2185 2188 2625 2630 3006 3013 3306 3315 3505 3583
s 152:0
10 00 1022 2126 2126 3488 3488 3977 5103 5103 6083 6083 6967  84:58
t 1022 2126 34-88 39-77
. 1022 39-77
1 1024 2125 34-88
02 1046 2014 21117 3391 3393 4316 5059 5059 6049 6068 6956 8273
§ 1056
‘ 1034
1 1034 2048 33-86
04 1350 1946 1948 3174 3206 4781 4789 6681 6694 7200 7203 8661
§ 1351
1350
1 1354 1980 3134
06 2524 2850 2850 3642 3643 4811 4812 6318 6367 8256 8273 1051
s 2524
‘ 2524
1 2560 2852 36:60
08 92:81 9432 9432 9878 9878 1061 106:1 1162 1162 1289 1289 1443
s 92:81
‘ 92:81

., From reference [8], v = 0-3; ¥, from reference [2]; %, from references [7, 12], v = 4; ¥, from reference [1], v = %; |, exact solution from references [7, 12], v = 4.

JOLIdd HHL OL SYdLLAT
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TABLE 5

Frequency parameters for annular elliptic plate with SC conditions (v = 3, A = wa®(ph/D)''?)

m k A Ay s A Js Je e Jg Jo Ao A s
05 00 38-52 3943 7304 7343 7635 8178 1010 1082 122:0 1331 1542 186:0
02 43-46 44-52 8225 8270 87-07 9126 1101 117-8 1285 1407 1600 1914
t 4891
04 62:90 6377 1101 111-5 1327 1334 160-8 164-7 1699 1802 1932 2196
t 6721
06 1225 1232 1889 1909 2413 2438 2880 2909 3257 3287 3608 3610
t 126:4
08 4361 4389 5701 5714 7183 7369 8231 8367 9882 1007 1061 1097
t 4437
10 00 1475 22:42 22:51 30-40 3147 4355 4371 5928 60-68 7443 74-82 90-01
: 148
02 2334 26:05 2610 3302 3407 4537 45-54 60-56 62:19 80-32 80-57 99-10
t 24-18
s 2276
1 2279 24-32 3108
04 4127 42:63 42:63 4705 47-52 56:04 5614 6866 70-64 87-11 8743 1071
t 4137
s 4126
1 4123 42:56 46:81
06 94-26 9532 95-32 98-57 9858 1043 104-4 1126 1133 1255 1259 1407
t 94-26
94-26
1 95-16 96:67 98-84
08 3816 3825 3825 3852 3852 3896 389:6 3960 3960 4042 4043 4146
t 3816
s 3816

., From references [7, 12], v = 4; ¥, from reference [1], v = 0-3; ¥ exact solution from references [7, 12], v = %; ¥, from reference [1], v = 3.

(4%
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TABLE 6

Frequency parameters for annular elliptic plate with SS conditions (v =%, 2 = wa?*(ph/D)''?)

m k A I I A Js Je s Jg Jo Ao Ay s
05 00 31-60 32:24 60-61 61-36 67-43 69-83 90-16 9280 1123 1189 1415 1734
02 3574 3586 66-89 67-04 7215 77:20 94-18 9849 1167 1232 1449 176:4
t 3751
04 49-93 50-22 89-66 9030 1018 1059 1187 1280 1355 1480 162:6 1927
t 5133
06 9178 9207 1488 149-4 1859 186:4 219-5 2202 2385 2447 2558 2747
t 93-06
08 3028 3034 3212 4140 4153 5127 5167 598-5 6024 6080 7554 7570
t 3058
10 00 1515 1819 1825 2712 27-44 4076 40-82 5131 57:29 60-14 60-39 76:81
02 1686 20-47 20-53 2883 29-17 41-64 4171 5773 5818 6924 69-41 8348
t 1703
: 1672
s 1739 1991 2755
04 2808 30-09 3009 3627 3645 47-15 4723 61-69 62-40 80-11 8019 1008
t 2808
: 2808
s 2825 30-00 3614
06 62:12 6368 6368 6835 6835 7615 76-15 87-11 8719 1015 1015 1192
t 62.12
: 62:12
s 62:09 6241 68-41
08 2470 2483 2483 2520 2520 2582 2582 2668 2668 2779 2779 2916
t 2470
P 2470

f,From references [7, 12], v = 4; ¥, exact solution from references [7, 12], v = %; %, from reference [1], v

1

=3.
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TABLE 7

Frequency parameters for annular elliptic plate with SF conditions (v = 3, A = wa®*(ph/D)/?)

1459

m k A Ay Iy Ay Js Jg Js Jg Ao o I It
05 00 1327 2372 3843 46:19 57-59 62:81 8131 8307 1072 1096 1352 1673
t 1321 23-64 38-35 4615
: 13-46 80-76
02 1279 2371 38-80 4598 57-63 61-44 81-62 8237 1060 109-7 1340 1664
§ 1307
04 1226 22:53 31-85 4094 56:22 59-43 77-61 8135 1013 108-7 1320 1635
s 12:40
06 1456 2404 2715 4267 48-75 6565 72:87 91-61 9911 1181 1303 1624
s 1459
08 2437 37:27 3831 59-83 6461 8881 92-59 1203 1227 1536 1557 1909
s 2427
10 00 4984 1394 1394 2565 2565 29-76 34:00 34-00 4852 4852 56-88 70-15
t 4935 1390 2561 29-72
: 4935 2972
1 1393 2565
02 4851 1390 1391 2500 2500 3175 39-74 3975 4846 4855 56-82 6852
4930
H 4732
1 4726 1260 2497
04 4748 1206 1210 2356 2382 3791 37:95 4732 5327 53-34 5515 69-74
s 4777
H 4743
1 4752 1166 2309
06 5663 1173 1173 22:16 2221 3498 3502 50-54 51-42 70-17 70-35 91-89
s 5-664
” 5663
1 5664 1227 22:20
08 9455 1678 1678 29-65 29-65 4411 44-11 59-90 56:94 77:27 77-29 96:42
9-455
” 9-455
1 9431 1705 2992

JOLIdd HHL OL SYdLLAT

f, From reference [9], v = 0-3; ¥, from reference [2]; ¥, from references [7, 12], v = %; ¥, from reference [1], v = %; |, exact solution from references [7, 12], v = 3.



TABLE 8

Frequency parameters for annular elliptic plate with FC conditions (v = 3, A = wa*(ph/D)"?)

m k Iy Iy Js I Js Je I I Jo 1o I I
05 00 6982 7535 1336 1417 1774 2376 2698 3748 39-93 5341 5857 80-08
02 8167 8448 1541 1569 2078 2568 2897 39-36 4131 5530 59-78 81-10
t 9750
04 1219 12:50 2235 2278 3312 34:90 39:92 4841 48-66 6325 6589 86:37
t 13-60
06 2538 2568 4244 4291 63-05 6343 77-81 79-39 86:66 94-36 96:47 1123
t 2673
08 9651 9702 1372 1383 1848 1875 2255 2280 2661 2705 2965 2999
t 9893
10 00 4524 4538 4541 6627 6973 1294 12:96 21-86 22:16 3347 33-49 44-43
: 3752 2091
02 5384 5394 5-404 7265 7620 1328 1331 22:05 2242 33-63 33-67 4723
t 5593
s 5214
t 5244 4814 6:345
04 9082 9176 9188 1053 1074 15:34 1535 2333 23-89 34:67 3473 4801
t 9118
s 9071
: 9096 10-37
06 2060 2098 2098 22:43 2245 2577 2578 3175 32:17 4131 4135 5335
t 2060
s 2060
: 2063 2093 21-63
08 8467 8529 85-29 87-17 87-17 9047 90-48 9539 9540 1021 1022 1165
t 84-67
s 84-67

JOLIdd HHL OL SYdLLAT

f, From references [7, 12], v = 4; ¥, from reference [1], v = §; §, exact solution from references [7, 12], v = 3.
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TABLE 9

Frequency parameters for annular elliptic plate with FS conditions (v = 3, 1 = wa?(ph/D)'?)

m k Iy Iy Js Ay Js Je ) Jg Ao 1o Iy )iz
05 00 5010 5684 9556 11-64 1509 2079 2419 3328 37:56 4842 5576 77-56
02 5895 6254 1092 1274 1375 22:09 24:92 34-56 3853 50-15 56:37 7804
t 6823
04 7-666 7770 1068 1469 1505 24-82 2568 38-40 4047 5517 59-04 80-41
t 8215
06 1084 1189 1415 2023 2032 3235 32:45 47-93 48-16 6626 67-32 89-32
t 11-08
08 2222 2566 2833 39-56 41-33 4491 59-24 59-33 80-92 81-68 106:0 1333
t 2124
10 00 3154 3171 3-802 5672 5783 1236 12:37 2155 21-60 26:68 2677 3821
02 3-466 3679 3-699 6081 6195 1249 1250 21-60 2167 3007 30-15 4078
t 3-592
: 3313
s 3312 5513
04 3634 4001 4009 6918 7160 1326 1329 22:06 2222 3345 33-46 4703
t 3654
: 3629
s 3610 3-940 6620
06 4-809 6047 6052 9721 9738 1585 1586 24-40 2470 3567 3572 4896
t 4-809
: 4-809
s 4951 6027 9653
08 8782 1248 1248 2015 2015 29-51 29-51 4028 4029 52:55 52:55 66:47
t 8782
: 8782
s 8779 1255 1995

f, From references [7, 12], v = 4; ¥, exact solution from references [7, 12], v =4; §

, from references [1], v = 1.

9¢¢
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TasLE 10

Frequency parameters for annular elliptic plate with FF conditions (v =%, 2 = wa?(ph/D)/?)

m k A Iy I Ay Js Je Iy Jg Jo 10 i s
05 00 6589 1032 1674 2162 2776 3119 3626 4284 4978 5452 70-53 76:48
t 6597 1035 1676 21:66
E 2454
02 6404 9910 1671 2155 26:34 3115 3590 4279 49-69 5433 70-25 7625
s 6421
04 5876 8807 1598 1991 2386 3178 3506 40-82 49-45 50-89 5457 7502
§ 5-886
06 5201 7403 1473 1632 2521 3133 32:97 4073 4596 50-64 5172 79-00
: 5201
08 5156 6962 1303 1370 2540 26:86 41-87 4335 4698 6423 66:87 6957
s 4417
10 00 5251 5251 9076 1222 1222 20-52 20-52 21:49 21-49 3301 3301 3524
t 5262 9069 1224 20-51
: 9-003
02 5056 5058 8812 12119 1219 20-48 20-49 21:49 2149 3301 3301 3436
§ 5065
1 5049
H 5053
04 4533 4533 8583 1177 1177 17-80 1791 2127 2128 3292 32:92 33:09
§ 4541
1 4532
” 4567
06 3865 3866 10-55 10-57 1057 1821 1821 1986 1990 3164 3165 32:24
3871
1 3-864
” 3-865
08 3197 3-198 8873 8873 1690 1691 18:26 2729 2729 2939 2939 4005
§ 3197
1 3197
H 3200

JOLIdd HHL OL SYdLLAT

f, From reference [10], v = 0-33; ¥, from reference [2]; ¥, from references [7, 12], v = %; ¥, exact solution from references [7, 12], v = %; |, from reference [1], v = 1.
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boundary case they missed the fundamental frequency, which may be because of their
choice of deflection functions. The present values are computed using higher numerical
accuracy than that used in references [7, 12]. Further, the use of symmetry classes enabled
the use of more deflection functions when compared to references [7, 12]. Hence, the
fundamental frequencies reported in references [7, 12] are poor in comparison with the
present results.

It is interesting to note the effects of hole size on the natural frequencies from
Tables 2-10. As k increases for a particular value of m ( = b/a) the frequencies increase, for
all the boundary conditions, except for the exceptional case of the FF boundary in Table 10.
For the FF boundary condition, frequencies decrease as k is increased for a particular value
of m.

In the tables presented below, the results are grouped into three sets corresponding to the
supporting condition of the external boundaries of the plates. Set 1 stands for clamped
conditions on the external edge of the plate (CC, CS and CF), set 2 stands for supported
external boundaries of the elliptic plate (SC, SS and SF) while set 3 stands for free external
boundaries of the plate (FC, FS and FF).

It is seen from Tables 2-4 (set 1) that all the frequencies decrease from CC to CF. Similar
behaviour is also observed for set (2) boundary conditions as seen from Tables 5-7. Here,
frequencies decrease from SC to SF. For set (3) boundary conditions, with smaller hole size,
i.e., for k = 0 and 0.2, Tables 8-10 show that the FC condition gives higher frequencies and
the FS condition gives lower frequencies. But for larger hole size, viz., for k greater than or
equal to 0-4, the results are smaller for the FF boundary, as in set (1) and (2). It may also be
noted that for set (3) with k less than or equal to 0.2 (smaller hole size), the frequencies
(particularly the lower modes) for conditions FC and FF are closer. This behaviour is
analogous to that of the beams with CC and FF boundary conditions, where the frequencies
are identical.

5. CONCLUDING REMARKS

Two-dimensional boundary characteristic orthogonal polynomials in the Rayleigh-Ritz
method have been used to obtain higher modes of annular plate with a curves boundary
(especially for elliptical boundaries) in this study. The effect of boundary conditions and
hole size on different modes of vibrations has been fully investigated. As the hole size
increases, the natural frequencies increase except when the inner and the outer boundaries
of the annular elliptic plate are free, for which they decrease with the hole size.
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APPENDIX A: NOMENCLATURE
a, b semi-major and -minor axes of the outer boundary of the annular elliptic plate
(Figure 1)

X,y Cartesian co-ordinates

R(x,y) domain occupied by the annular elliptic plate

m aspect ratio of the outer boundary, b/a

k eccentricity of the inter boundary of the annular elliptic plate

W (x,y) deflection of the plate

h thickness of the plate

0 mass per unit volume

E Young’s modulus of the material of the plate

v Poisson’s ratio

D flexural rigidity, Eh®/(12(1 — v?))

w angular frequency

2 non-dimensional frequency, parameter, a*>w /ph/D

R (X,Y) new domain occupied by the plate, X = x/a, Y = y/a

¢; (x,y) orthogonal polynomials

N number of terms used in the approximation

C; the coefficients in the expansion

a;; defined in equation (9)

b;; defined in equation (10)

i Kronecker delta

F;(X,Y) defined in equation (13)

g(X,Y) defined in equation (14)

L Fi> inner product of functions ¢; and F;

| i norm of ¢

o coefficients of Gram-Schmidt orthogonalization process

i orthonormal polynomials

C clamped boundary

S simply supported boundary

F free boundary
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