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1. INTRODUCTION

The study of the reflection and transmission coefficients of acoustic waves in ducts of
continuously varying cross-sectional area has been of interest to many researchers in the
past. Thus, various numerical methods for predicting these coefficients have been
developed, such as the method of weighted residuals [ 1-3], the finite element method [4, 5],
the perturbation method [6, 7], the boundary element method [8], and the matricial Riccati
equation method [9]. Another approach adopted by several researchers [10-12] is to
represent a non-uniform duct with a series of stepped uniform ducts and systematically
account for the reflection and transmission process which occurs at each intersection of the
stepped elements. These conventional methods require an iterative calculation or solution
of a very high-dimensional numerical problem due to the segmentation of the duct into
many subsections. In the author’s previous paper [13], a more efficient analytical method
was presented, which requires neither segmentation nor iterative calculation. In this
method, spherical co-ordinates were introduced according to the geometry of the
non-uniform section of the duct, thereby determining analytically a system of characteristic
functions for various profiles of the non-uniform portion.

The present study is an extension of the previous work. The new points of the present
paper are as follows:

(1) A more efficient formulation based on a variational principle is presented.

(2) A numerical computation is carried out for the case in which a slight change of the
duct profile is helpful in applying the present method. The previous paper pointed out
such a case, but did not present numerical examples for it.

2. METHOD OF SOLUTION

The system model to be considered is shown in Figure 1. Two semi-infinite uniform
duct sections are joined by a non-uniform transition section of length L. For all sections, the
side wall of the duct is assumed to be rigid. The cylindrical co-ordinates r, ¢ and z are used
to express the solution in the uniform sections z <0 and L < z, while the spherical
co-ordinates R, 0 and ¢ are introduced to determine analytically the characteristic functions
for the non-uniform portion 0 < z < L. The origin O of the spherical co-ordinates is chosen
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Figure 1. Computational model and co-ordinate systems (diverging (a) and converging (b) tapered transition
sections).

Figure 2. Diagram of duct and symbols.

as the apex of a cone having a side wall tangent to the duct wall at the largest cross-
section.

To derive the governing equations in terms of a weighted-integral form, a variational
principle is introduced. Considering harmonic motion of the form €', the variational
principle can be expressed as

3
5y M 5[<Vpi)2—k2p31dvi+af f <p2—p1)pw2u1dsl+5f J (ps — pa)p®us dS, =0,
i=1JJJ¥ 5, 52
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where Vi, V, and V5 are the domains within the range z <0, 0<z<L and z> L,
respectively, as shown in Figure 2, S; is the interface between V; and V;, {, p; is the sound
pressures in the domain V;, u; is the fluid particle displacement in the z direction on the
surface S;, k is the wave number, p is the fluid density, and o is the angular frequency of
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interest. The wave number k is given by
k=w/c, )

where ¢ is the speed of sound. By using Green’s theorem and the momentum equation
pw?u; = 0p;/0z, equation (1) can be transformed into

n
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where N; represents the outward normal of the duct wall W; (Figure 2). Equation (3) yields
the following governing equations:

Vipi+kp;=0 inV, (i=12,3), )
_ dpi _ 0ps _

P1 = D2 oz oz onz =0, (5)
0 0

D2 = Ps, P2 _ P onz=1L, (6)
0z 0z

Pi_ o onw, (=123 ()

aNi - i — Ly .

Equation (4) represents the wave equation in each domain. Equations (5) and (6) indicate
that the sound pressure and the fluid particle velocity are continuous at the interfaces
between the uniform and non-uniform portions. Equation (7) corresponds to the condition
that the fluid particle velocity in the direction normal to the rigid duct wall vanishes.

In the subsequent analysis, we first determine admissible functions for the sound
pressures py, p, and p; by solving the wave equation analytically. We then use the Galerkin
method to transform the variational principle (3) into algebraic linear equations that are
solved to determine the reflection and transmission coefficients.

Applying the cylindrical co-ordinates as shown in Figure 1 to equations (4) and (7) for
i =1 and 3, the admissible functions for p; and p; can be expressed as

P1 = [Clvam(.ulmvr) eXp( - iklmvz) + Z C2anm(.u1mnr) exp(iklmnz)]

x cos m exp(imt), @®)
D3 = Z C3anm(:uZmnr) exp[ - iklmn(z - L)] cosmo exp(lwt) (9)

n= Ny
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with
(klmn)2 = [wz - (c:ulmn)z]/c2 (kZmn)2 = [a)Z - (CIuZmn)Z]/CZ, (10)
Npin =0 (form=0), nu,=1 (form=1), (11

where Cy,,,, Com, and Cs,,, are complex constants, J,, is the Bessel function of the first kind
of order m, and py,,, and p,,, are the nth roots of J,(na;) = 0 and J,(ua,) = 0 respectively.
Note that the constants p;99 = 200 = 0 are defined such that equations (8) and (9) include
the plane wave mode having a constant sound pressure distribution throughout the
cross-section of the duct.

In equations (8) and (9), Ciymy Coms and Cs,, represent the incident, reflected and
transmitted waves respectively. Since the purpose here is to determine the reflection and
transmission coefficients for a prescribed mode (m, v) of the incident wave, the incident wave
is expressed in terms of the mode (m, v) alone. The summation over n in equations (8) and (9)
can be physically explained by the fact that the divergence or convergence, under a modal
excitation with mode (m, v), will generate reflections and transmissions following a series of
radial modes having the same circumferential wave number m. A summation for m is not
necessary here, since the three sections, z <0, 0 <z < L and L < z, are coaxial. This
method can be applied to non-coaxial cases by using admissible functions expressed in
terms of a series of circumferential modes.

Expressing equation (4) for i = 2 in terms of the spherical co-ordinates shown by Figure 1
and solving the resulting equation leads to [13]

Mpax 2
D2 = z z Amnl anl(R) @mn(g) Cos m(peiu)t (12)
n=R,,;, =1
with
anl(R) = (kR)7 UZJ\/W(I(R)! an2(R) = (kR)7 1/2J _ \/m (kR)s (13)
0,,,(0) = sin™ OF¢ 4yss(im — o, « + m + 1, m + 1, (1 — cos 0)/2), (14)

where F; 4uss denotes the Gaussian hypergeometric series, A is the characteristic value, and
o is a parameter determined by o(o + 1) = A. The characteristic value /4 is determined such
that solution (14) satisfies the boundary condition

de _
— = =0. 1
qp =0 at0=0 (15)

Substituting the admissible functions (8), (9) and (12) into equation (3) and considering the
variation with respect to Cy,y, Comm Camn and 4,,,; leads to a system of algebraic linear
homogeneous equations for the generalized co-ordinates Cy,,,, Comp Czmn and A,,.;. By
solving this system of equations, we can determine the following reflection coefficient R,,,
and transmission coefficient T,,, for a specified incident mode (m, v):

Rmv = |C2mv/C1mv|: va = |C3mv/clmv|' (16)

In the previous paper [13], the boundary conditions were derived through physical
intuition and then the conventional Fourier-Bessel expansion technique was used to derive
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algebraic equations with respect to the generalized co-ordinates. As a result, it was
necessary to treat the diverging and converging cases separately (see pp. 741-742 in
reference [13]). In the present study, on the other hand, the combined and integrated form
(3) of the governing equations based on the variational principle (1) requires only a routine
substitution of the admissible functions (8), (9) and (12) into equation (3) to obtain algebraic
equations for the generalized co-ordinates.

3. NUMERICAL EXAMPLES

To verify the present analysis, numerical computation was carried out for identical cases
given in the previous paper [13]. The results obtained from the present analysis completely
agree with those shown in Figures 4 and 5 in the previous paper. For brevity, these figures
are not presented here.

Numerical calculation is conducted for the case in which a slight change of the duct
profile effects the use of the spherical co-ordinates (for details, see p. 740 of the previous
paper [13]). Figure 3 shows the geometry of the transition section employed as a numerical
example. Only the diverging transition section is shown, because the converging transition
section is exactly the reverse of the diverging one. The geometry of the diverging transition
section is determined by

r=ry(z)=Az>+Bz+C (0<z<L), (17)

where the constants A, B and C are determined such that ry|.—-o =a; = 0021 m,
rwl.=1 = a; = 0:03 m, and dry/dz|,—o = 0-2(a, — a,)/L (L = 0-015 m).

Figures 4 and 5 show the solutions for the diverging and converging tapered transition
sections respectively. These results are shown within the frequency range
@ > Max(CLlimy Cllamy), iIN Which the mode (m, v) is an advancing wave in all portions of the
duct, and hence extremely useful in engineering applications. Below this frequency domain,
the mode (m, v) does not propagate since both or either of the wave numbers k4,,, and k,,,,, is
a pure imaginary number, as can be seen from equation (10).

To verify the numerical results, numerical computation was carried out according to
a conventional method that represents the non-uniform section with a series of stepped

Figure 3. Profile of transition section employed as numerical example (only the diverging case is shown; the
converging case is exactly the reverse of the diverging one).
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Figure 4. Reflection coefficient R,,, and transmission coefficient T,,, for diverging tapered transition section
shown in Figure 3: ——, present method; @ and O, conventional method; (a) incident mode (m, v) = (0, 0), (b)
incident mode (m, v) = (1, 1), (c) incident mode (m, v) = (2, 1).

uniform ducts and applies the method described in reference [14]. The number of the
elements is 10. The result obtained by the conventional method are marked in Figures 4 and 5.
Acceptable agreement can be confirmed between the results obtained by the present
analysis and those of the conventional theoretical prediction.

4. CONCLUSION

A method of solution based on a variational principle has been presented in this paper for
the acoustic wave propagation in ducts having a continuous change in cross-sectional area.
This method is more efficient than the previous approach [13] using the conventional
Fourier-Bessel expansion technique, because the present method requires only a routine
substitution of the admissible functions into the combined and integrated form of the
governing equations for obtaining linear algebraic equations for the generalized co-
ordinates. The numerical results obtained by the present method are in good agreement
with the solutions given in the previous paper [13].

A numerical study in this paper addressed the case in which a slight change of the duct
profile is helpful to effect the use of the proposed analytical approach. As a verification of
the numerical results, these are compared with the results obtained by a conventional
method that approximates the cross-sectional area variations as a series of stepwise
expansions and contractions, and applies the method described in reference [14].
Acceptable agreement was confirmed between the results from the present and the
conventional methods.
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Figure 5. Reflection coefficient R,,, and transmission coefficient T,,, for converging tapered transition section
which is exactly the reverse of the diverging one: ——, present method; @ and O, conventional method; (a) incident
mode (m, v) = (0, 0), (b) incident mode (m ,v) = (1, 1), (c) incident mode (m, v) = (2, 1).
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