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This paper studies the vibrator vertical motion of a metallic sphere placed in a
time-varying magnetic field. The magnetic field is produced by a set of coaxial loops carrying
high-frequency electric currents. A mathematical model for the motion of the sphere is
developed and examined via numerical simulations for various materials and magnetic field
parameters. The contribution of this paper is the development of the levitation force as
a function of the specimen velocity.
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1. INTRODUCTION

The process of electromagnetic levitation (EML) is now a well-known metallurgical
technique to produce pure homogeneous melts. The procedure consists of placing a piece of
metal in a time-varying magnetic field produced by a coil carrying a high-frequency electric
current. The magnetic field induces eddy currents in the metal which lead to two major
effects. On one hand, the interaction between the eddy currents and the applied magnetic
field generates a Lorentz force that can support the specimen against gravity for
appropriate values of the system parameters. On the other hand, the eddy currents heat or
melt the specimen by Joule effect. This technique prevents the metal from contamination
with impurities due to the container wall which is used in classical melting methods.

A difficulty encountered during the EML experiments is the stability of the suspended
droplet inside the excitation coil. The stability problem has been discussed since the earliest
works on electromagnetic levitation melting [ 1]. Static stability was formulated in terms of
the optimal coil geometry, current intensity and frequency and Lorentz force acting on the
specimen. Several analytical models to compute the Lorentz force were developed. All these
models considered the levitation coil as a stack of current loops or helices.

Brisley and Thornton [2] performed an analysis of the electromagnetic levitation of
a conductive sphere in an axially symmetric field produced by circular current loops.
Formulas for the magnetic field both inside and outside of a sphere were developed. The
levitation force was derived by considering the force on the loops due to the field of the
induced eddy currents.

In deriving the experience for the Lorentz force, Rony [3] considered the specimen as
a magnetic dipole interacting with a homogeneous magnetic field which varies slightly over
the region of the dipole.

Lohofer [4] re-examined Rony’s assumptions and reported a solution based on
solving the exact Maxwell’s equations. The equations were solved analytically for a
non-ferromagnetic conducting sphere placed arbitrarily in a sinusoidally alternating
magnetic field.
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Cummings and Blackburn [5] observed that the first mode of oscillation of a levitated
specimen corresponds to the translational motion of the specimen, whereas the other modes
are related to its surface oscillation. For certain values of the levitation system parameters,
the vibratory motion of the specimen could be unstable. Mestel [6] suggested that one way
to reduce the instabilities is to design the coil such that the specimen is stable with respect to
small horizontal and vertical displacements.

The dynamic stability problem was also addressed. For dynamic stability analysis, the
equations of motion of levitated specimens were first developed and then linearized about
the operating point. Studying the linearized equation of motion, one can obtain useful
information in terms of the damping and the stiffness of the specimen-coil system. Also,
stability criteria can be derived. To investigate the stability of levitated specimens, Bocian
and Young [7] developed a circuit model for a levitation system to form the linearized
equation for the vertical motion of specimens. Two types of instabilities that often occur in
practice were considered, namely, the growing vertical oscillation, leading to the ejection of
the specimen through the supporting coil and the rupture of the suspended droplets.
Regarding the former type, the system may become unstable when a capacitance is
considered in the circuit of the levitation coil. If the capacitance is too small, the damping
coefficient in the linearized equation of vertical motion of the specimen may become
negative, leading to an unstable motion.

Holmes [8] proposed the linearized equations of horizontal and vertical motion for small
specimens levitated in coils with axial symmetry. Stability criteria in terms of the natural
frequencies of the system were also derived. The criteria are always satisfied for levitated
non-magnetic specimens in regions of constant field gradient on the coil axis. No
damping-related issue was addressed in this work.

Hence, to develop the equations of motion and to study the dynamic stability of levitated
specimens, the availability of the expressions for the damping and stiffness forces is
a prerequisite. Bocian [7] derived the levitation force as a function of the velocity of the
specimen by using the circuit model of the specimen-coil system. Both damping and
stiffness coefficients are available in the resulting linearized equation of motion. To obtain
the expression for the levitation force, Holmes [8] first linearized the expression for the
magnetic field intensity about an equilibrium position of the specimen along the coil axis.
Then, the levitation force was derived by using the magnetic dipole model [9]. The resulting
linearized equations of motion are in the form of free undamped vibration equation in
which the stiffness coefficient must be positive for stable levitation. In this work, we propose
an expression for Lorentz force due to the motion of the specimen with respect to the coil by
considering the exact solutions of Maxwell’s equations for the specimen—coil system. We
used this expression for the Lorentz force to obtain non-linear and the linearized equation
for the vertical motion of spherical specimens. Hence, the damping and stiffness of the
specimen—coil system can be calculated in terms of the geometric and source parameters of
the coil.

The mathematical model is developed in section 2. The results of the numerical
simulations are discussed in section 3. Finally, several concluding remarks are made.

2. MATHEMATICAL MODEL

Let us consider the levitation system shown in Figure 1. It is composed of N coaxial
circular loops of current lying in parallel planes (stack of loops). The radius of each loop is
denoted by by, k = 1, ..., N. The loops carry an alternating electric current R[I,&’*"], where
I, is the peak value, o is the angular frequency (o = 2z f, where f'is the frequency), t is the
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Figure 1. Levitation system.

time, j =,/ — 1 and ‘R(-) denotes the real part of the complex current. The current is
positive for the lower loops and negative for upper loops. The body to be levitated is
a conductive sphere of radius R, mass M, electric conductivity o, and magnetic permeability
w; and its center lies on the axis of symmetry of the system. The Cartesian reference frame
(x', ¥, z') is fixed at the center of the bottom loop and the unit vector of the z'-axis is denoted
by k'. The Cartesian and spherical reference frames, (x, y, z) and (r, 6, @) respectively, are
attached to the conductive sphere in motion and their origins are at the center of the sphere.
In this presentation, z is constrained to be parallel to z’ and the sphere does not spin. The
unit vector of z-axis of the Cartesian reference frame (x, y, z) is denoted by k and the unit
vectors of the spherical reference frame (r, 0, @) by e,, e,, e, respectively. The kth loop is
defined by (r = g, 6 = o), with respect to the spherical reference frame. The conductive
sphere moves along z’-axis with velocity v’. Its center has the co-ordinate z' = z'(t) with
respect to the fixed Cartesian reference frame (x', y', z'). No motion parallel to the plane of
the loops is considered in this model.
The time-averaged Lorentz force density exerted on the sphere is given by

f=1RJ xB¥), (1)

where J is the induced eddy current density, B is the magnetic flux density, underscore
denotes a complex variable and R(-) and = are the real part and the complex conjugate of
a complex variable respectively. In the above equation, the magnetic field quantities are
measured with respect to the unprimed reference frame which is attached to the body in
motion. From now on, the unprimed symbols denote quantities measured in the moving
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reference frame, while the primed symbols denote quantities measured in the fixed reference
frame.

The time-averaged Lorentz force density in equation (1) can be expressed with respect to
the fixed reference frame by considering the following set of transformations [10]:

J=1J, B=B, E=E +vxB, (2-4)

where E and E’ are the electric field intensity measured in the mobile and fixed reference
frames respectively. Applying Ohm’s law, which states that

J =oE, (5)

along with equations (2)-(4), and considering the fact that the force is independent of the
reference frame in which it is measured, that is, f = f’, the time-averaged Lorentz force
density in equation (1) reads

= IR[o(E'xB*) + o(v' x B) x B*] ={ + f;. (6)
We called the first part of the time-averaged Lorentz force density in equation (6),
f{ =3 R[o(E xB*)],
the stiffness component, and the second part,
fi=3R[a(v' xB)x B*],

the damping component.

In developing the expression for f;, the effects of the motion were neglected. The magnetic
field quantities can be computed with respect to either fixed or mobile reference frames. For
convenience, the spherical reference frame (r, 0, ¢) was chosen to develop the expression
for f,. Therefore, the stiffness component of the time-averaged Lorentz force density reads

fs = %ER[( - j(,{)O'A(/,) X B*:L (7)

where A, and B are the magnetic vector potential and the magnetic flux density in the
sphere, respectively, as they were reported by Brisley and Thornton [2].

The damping component f; was obtained by neglecting the diffusion of the magnetic
field into the spherical conductor during the motion. Therefore, the damping component is
given by

— 1R[o(v x B,p) x B, ®)

where B, is the applied magnetic flux density. The expressions for the magnetic field
produced by a single loop computed in a spherical reference frame with the origin placed on
the axis perpendicular to the plane of the loop at its center are available in the book by
Smythe [9]. These expressions, when they are written with respect to the spherical reference
frame (r, 0, ¢) defined in Figure 1, read, respectively,

Moo Isingg & r\" !
Bapp.r = 3 Z TR Tk Z (cos oc,QP(cosQ)( > , ©)
k=1 9k a= qk
N : '] n—1
Wi I sin oy r
Bupo == k Z Pl (cos ) P,(cos 9)< > , (10)
k=1 4k = qk
Bapp,<p = Oa (11)
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where P,(-) is the Legendre polynomial of degree n and P,(-) the associate Legendre
polynomial of degree n and order 1. To use the expressions for the applied magnetic field in
equations (9) and (10), the damping component of the time-averaged Lorentz force density
has to be computed with respect to the spherical reference frame (r, 0, ¢). Therefore, the
damping component has the form

fd = %ER[O-(_ VX l_?'app) X B:zkpp]a (12)

where v is the velocity of the magnetic field as if the conducting sphere is fixed and the
magnetic field moves along the z-axis with a velocity equal to v/, but in the opposite
direction.

The time-averaged Lorentz force density f measured with respect to the mobile spherical
reference frame was obtained by summing equations (7) and (12), result in

f=1f +1f,=3R[(—jocA,) x B*] — 3R[a(vx B,,,) x Bj,,]. (13)

Then, the levitation force which supports the sphere against gravity was found by
integrating f in equation (13) over the volume of the sphere. With respect to the reference
frames shown in Figure 1, the volume integral to be sought is of the form

FZ:J f-kd(Vol)
Sphere

=J fs~kd(Vol)+J £,-kd(Vol)
Sphere

Sphere

= F;,s + Fz,d) (14)

where

F = J f,-kd(Vol) (15)
Sphere
is the stiffness component and
F .= J f,-kd(Vol) (16)
Sphere

is the damping component of the Lorentz force.
In the next two subsections, the expressions for damping and stiffness components of the
levitation force were considered.

2.1. THE DAMPING COMPONENT E ,

Expanding the vectorial product in equation (12), with v = uk = v(cos fe, — sin Oey),
gives

f; = 3R [ov(B2,p.6€080 + Byp,.9Bapp.rsinO)e,

— 60(Bapp.rBupp.0€0s 0 + B2, . sin 0)e,]
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= 300(BZpp.0€08 0 + Byyp o Bapp.»sin O)e,
— 300(Bupp.rBupp.o€0s 0 + BZ,, . sin 0)e,. (17)

Substituting equation (17) into equation (16) and rearranging the terms, the damping
component of the Lorentz force reads

E,= j £, k,d(Vol)
Sphere

R 1
= vnaf J (Bapp.o €08 0 + B, ,sin 0)*r dr d(cos 0). (18)
-1

0

Substituting equations (9) and (10), which provide the expressions for B,,,, and B,,, .
respectively, into equation (18), the damping component can be written as

Iisinoy X Iisinog & & PL(coso)PL(cosoy)

Z z M71q£71

A k=1 4 m=1n=1 qi

oy o

4 1;1

Eq.=v

R 1
x J rmndy [ [sin 0P, (cos 0) + % P} (cos 9)}
-1

0

x [sin 0P, (cos 0) + &;0 Pl(cos 6)} d(cos 0). (19)

The expression for F, ; in equation (19) can be further simplified. Solving the integral with
respect to r, which simply gives

R Rm+n+1
J Pt dr = — (20)
0 m+n+1

expanding the product in the second integral in equation (19), using the following
relationships for Legendre polynomials:

1
XPY) = 5 TP () 1+ DPL (o] ell
and
T2 Py = R 0~ By, @)

and the orthogonality of the Legendre polynomials,
1 05 m # n,
[ Poreac={ 2 e 23)
-1 mtrim—pnr M0
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re-indexing and rearranging, the double summation in m and n in equation (19) was
transformed into a single one as shown in the final expression for the damping component,

na,u, —1

Fa,=v Z I;sina z I, sin o, Z 1)
R\' [/ R\"
><<> <> Pl(cosay)Py(cosay). (24)
qi di

2.2. THE STIFFNESS COMPONENT F,

To develop the expression for F,,, the procedure was straightforward. First, the
expression for f; given by the first term in equation (13) was obtained and, then, the dot
product and the integration over the volume of the sphere in equation (15) were performed.
The expressions for A, and B in equation (13) developed in the paper by Brisley and
Thornton [2] were considered. Since the procedure applied in this work to obtain the
expression for F,  is similar to that reported in Li [11] for the case of a single loop, only the
final form of the expression for F, ; is given, namely,

R n+1 R n+1
F. =— na)a,u, z I,;sino, Z I, sin oy, Z < ) <—>

q qk
X [CIkPiH(COS O‘I)Prlz (cosay) My 1.+ qlPr% (cos O‘l)PrluH(COS o) Nront 115 (25)
where
1 22n + 1
Mys1,=NR In—l/z(Z*R)In—s/z(XR) - 7) IB1
Zfn+1,n R
- 1 22n + 1)
#3 g (R R 4 22 2 )| 0
and
L+ 1/2(“/*R)In—1/2(”/R) In+1/2(“/R)In—1/2(V*R)
N, =R = = -3 = = . 27
et |: %l,n+l J %l,n-%-l ( )

In equations (26) and (27), R(-) and J(-) denote the real and imaginary parts of a complex
variable, respectively, I, 4 1,2(+) and I, ; 32(-) are the modified Bessel function of the first

kind of complex argument yR (or y*R), y = /jwop; and #, IB1 and IB2 are given by the
following expressions, respectively:

r_%m,n = |:ZRIm—1/2(zR) + <Zl - 1>MIm+ I/Z(ZR):|

(4

Hi
X |:Z*R1n—1/2(Z*R) + <,u - 1>Vl1n+ 12(0* ):|



566 B. O. CIOCIRLAN ET AL.

R s} 0 1 1
IBl = | I, L, - rydr = T(n+p+32)
L +12(y) L= 12(2%r) ,,Zo SZO p!T'(n+p+3/2)

1 1 7 n+2p+1/2 ))* n+2s—1/2 R2(n+p+s)+1
- SR 4 - ———— (28
Xs!r(n+s+1/2)<2> <2> ntpra+l B

and
R 1
IB2=| L,ia,(yP)L,4q,0%r)dr = .
Jo ra2(pn)laaapr dr = ,,Zo szo p!T(n+p+5/72)
n+2p+3/2 x\n+2s+1/2 2(n+p+s)+3
LS S v R )
siT(n+s+3/2)\2 2 2m+p+s)+3

In equations (28) and (29), the following series expansion for the modified Bessel functions of
the first kind was considered:

['e] 1 1 )_C v+2p
b= S i) 0

where I'(-) is the Gamma function of a complex argument Xx.

2.3. EQUATION OF MOTION

The equation of vertical motion of the conductive sphere was derived by applying
Newton’ second law, that is,

d?z
M ? = sz — Mg, (31)

where d?z'/dt? is the acceleration of the sphere, F, Lorentz force measured with respect to
the primed reference frame, and g the gravitational acceleration. The levitation force in
equation (31) is measured with respect to the fixed reference frame and, consequently, the
stiffness and damping components of the levitation force need also to be expressed in that
reference frame. In their expressions, the quantities which depend upon the vertical
co-ordinate z are the sine and cosine functions,

b —(he —h
sing, = 2% cosqy = — 21— =) (32, 33)
qk qdk
= /bt + [z — (e — )12, (34)

where z; is the distance from the origin of the unprimed reference frame to the plane of the
bottom loop. Therefore, to express the forces with respect to the fixed reference frame, the
transformation

zy =2(0)] = 2'(t) — Iy (35)

was applied in equations (32)-(34). The velocity of the moving sphere has to be computed in
the fixed reference frame too. The relationship between the velocities measured in the
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mobile and fixed reference frames,
vV=—V, (36)

was also considered.
Upon substituting equations (32)-(36) into equations (25) and (24), writing the velocity of
the spheres as v' = dz’/dt, and manipulating, the equation of vertical motion reads

d2/ C/dr Kr
z Cl)dr  K()

il = =0 37
T M AT oM 8T (37)
where C(z') and K(z) are given by the expressions
1 na,u, N N © n—-1 R\" /[ R\"
C(z)=—-FE, I / I / — =) =
T\ AV
x P;(cosa;)PL(cos o) (38)
and
K(z')=—F.,
R n+1 R n+1
nwa,ul Z I;sina) Z I, sin oz Z < > <—,>
q qx
X [qiPa+1(cos o) P, (coS o) My 1,0+ iP5 (cos ;) Py 1 (cos o) N pn+ 115 (39)
where
b/ ! t _ h/
sinoj = —, Cos o = — L,k, (40, 41)
13 di
= b+ [Z(0) — P (42)

and 4, , and N, ,+ are given by equations (26) and (27) respectively.

2.4. LINEARIZATION OF THE EQUATION OF MOTION

Small perturbations from the equilibrium position of the levitated sphere can be
predicted approximately by linearized equations of motion [10]. Assuming that z'(¢) has the
form

Z(t) = ze + {(1), (43)

where z, is the equilibrium position and () the small perturbation, the non-linear damping
and stiffness coefficients C(z’) and K (z') can be expanded in Taylor series about z,, resulting

1 dC(z) 1 d2C(z)

C(Z)=Clz) + T | fta a4 _C2+

=Co+ Cil+ClP + -, (44)
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K — Kz + L 9K 1 d2K(2)

4+ — 24 ..
T Ea TR Fo e I

:K0+K1§+K2§2+ (45)

Retaining the first term in equation (44), the first two terms in equation (45), and observing
that Ko/M + g = 0, the linearized equation of motion, which approximates equation (37),
reads

d? Codl K,
et vatut=" (46)

The expressions for Cy and K; can be developed from equations (38) and (39), respectively,
by computing Cy = C(z,) and K; = dK(z')/dz'|, = .;.

Comparing equation (46) with the equation for the viscously damped free vibration of the
form [12]

S
@+2gwn$+wn5—0 (47)

and identifying the coefficients, the expressions for the damping factor ¢ and natural
frequency w, were obtained, respectively,

_ G _ &
R NS 72 (48, 49)

Depending on the damping factor &, the following three situations can occur: underdamped
motion (¢ < 1-0), critically damped motion (¢ = 1-0), and overdamped motion (¢ > 1-0).

3. RESULTS AND DISCUSSION

Some comments regarding the mathematical model in section 2 should be made at this
point.

The expression for the damping component f; of the Lorentz force density in
equation (12) was obtained by neglecting the diffusion of the magnetic field in the conductor
during the motion. It was also assumed that the magnetic field induced by the sphere
current (v x B,,,) is negligible compared with the imposed field B,,,. Therefore, special
attention must be paid to the selection of the conductive materials to which the
mathematical model developed in section 2 can be applied. One way to decide whether the
applied magnetic field B,,, is altered by the motion is to compute the dimensionless
quantity called the magnetic Reynolds number. It can be defined by the relationship

R,, = polv,

where u; = u, 1 is the magnetic permeability, u, the relative magnetic permeability, 1, the
magnetic permeability of free space, o the electric conductivity, [ a reference length, and
v a reference velocity. If R, is significant compared with unity, the applied magnetic field is
altered appreciably by the motion. If R,, is small compared with unity, then the magnetic
field induced by the current o (v x B,,,) can be neglected. The length / can be chosen as the
same order as the radius R of the spherical specimens considered for numerical simulations,
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that is, | = R ~ 0-001 m. Let us discuss first the class of diamagnetic conductors, or.
generally, the conductors with y; = g = 47 x 10”7 H/m and electric conductivity of the
order 107 S/m. For this type of conductors, the magnetic Reynolds number is of the order
R,, = 0-01v. Typical values for the velocity measured during levitation experiments of such
materials are in the range 0-1-1-0 m/s. Therefore, R,, ~ 0:001-0-01 and, in this case, the
applied magnetic field B,,, is not altered by the motion. Now, let us consider linear
ferromagnetic materials with u, &~ 100-1000. The same values for the electric conductivity
and velocity as in the previous case can be applied, resulting R,, ~ 0-1-10-0. It follows that
the applied magnetic field B,,, is altered by the motion depending upon the properties of
the particular material. For example, the magnetic Reynolds number computed for
aluminum and copper, with the electromagnetic properties listed in Table 1 [13, 14] and
v=10m/s gives R,, ~ 005 and 0-08 respectively. Therefore, the mathematical model
proposed in this work is appropriate for aluminum and copper, and, in general, for all
diamagnetic conductors. Instead, the magnetic Reynolds number gives R,, ~ 4-0 for nickel,
which is a ferromagnetic material. Since this value of R,, is comparable with the unity,
special attention must be paid in interpreting the results of the theory for this class of
materials.

Figure 2 shows the typical plots for stiffness and damping coefficients, K(z') and C(z'),
respectively, with respect to position z’ of the sphere for a levitation system composed of two
loops and an aluminum specimen. Similar plots can be obtained for copper specimens. As
one can notice from Figure 2(b), the damping coefficient C(z’) given by equation (38) is
positive for any position of the sphere. Therefore, the damping component of the levitation
force F, ;= —v'C(z') and the velocity v have opposite directions, which means that
E.. , tends to retard the motion of the sphere. This result is entirely consistent with Lenz’s
rule, which states that the effect of the motion of a conductive body in a non-uniform
magnetic field tends to cancel out the cause that producers it. For the levitation system
studied here, the cause that initiates the motion is the stiffness component F, ;, which
pushes the specimen towards the equilibrium position. The effect is the damping component
E. 4, which opposes the action of the stiffness component, giving rise to a damped
oscillation about the equilibrium position.

The linearization procedure in section 2.4 for equation (37) is also shown in Figure 2. The
equilibrium position z, in equation (43) is given by the solution of the equation K(z,) = Mg.
The expressions for K(z') and C(z') were expanded in Taylor series about the resulted
equilibrium position, as described in section 2.4. Retaining the first two terms for K(z') and
the first term for C(z’), the plots of the linearized expressions versus z" are represented by the
straight lines in Figures 2(a) and 2(b) respectively. For small perturbations about z,, the
stiffness and damping coefficients can be approximated by the values of the coefficients K
and C, respectively.

TaBLE 1

Physical and electromagnetic properties of the considered materials

Relative magnetic

Density (p) (kg/m®)  Electric conductivity (c) (S/m) permeability (u,)
Aluminum 2700 3902 x 107 1
Copper 8960 6293 x 107 1

Nickel 8880 1:636 x 107 200
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Figure 2. Typical plot for (a) K(z), (b) C(z’) versus z’ for an aluminum specimen. I; = I, = 600 A, f'= 300 kHz,
R =20 mm, by = b, = 6:0 mm, h, — h} =46 mm.

Regarding the numerical computation of the infinite series in equations (38) and (39),
truncation at six terms for the series in n, and at 18 terms for the series in p and s are
sufficient to obtain correct results to four significant figures within an upper error bound of
0-1%. The Mathematica 3-0 [15] package was used to integrate numerically6 the equation
of motion (37).

Numerical simulations were performed for a levitation system composed of two current
loops having the radii b} =b, =60 mm and the position co-ordinates h; and h),
respectively, with respect to the fixed reference frame. Calculations were done for spherical
specimens of aluminum and copper. The initial position was %(h; + h5). Every loop carried
an electric current +600 A r.m.s. which is positive for the lower loop and negative for the
upper loop (I; = — I, = 600 A). The frequency of the current was f= 300kHz Ten
equally spaced values for the radius R in the range 0-5-2-0 mm and for the distance h’, — h}
in the range 4:6—10-0 mm were considered. Figure 3 shows the results for the integration of
equation (37) for three different geometric parameter sets. The values of the considered
parameters were R =0-5mm, h), — h} =46 mm, R = 1-25mm, h), — h} =46 mm, and
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Figure 3. Numerical simulations of the non-linear equation of motion for (a) R = 0-5 mm, h — h} = 4:6 mm,
(b) R=125mm, hy —hy =46mm, (c) R=20mm, hy —hy, =46mm. I, = — 1, =600A, f=300kHz,
b}y = b5 = 6:90 mm.

R =20mm, b, — h}y =46 mm and the results shown in Figures 3(a), 3(b) and 3(c)
respectively.

The linearized model developed in section 2.4 was used to estimate the damping and
natural frequency. After identifying the coefficients of the linearized equation of motion (46),
the damping factor and natural frequency were computed by using equations (47) and (48)
respectively. Figures 4(a) and 4(b) show the contour plots for the damping factor ¢ for
aluminum and copper specimens respectively. The dimensionless quantities (h; — h})/b}
and R/d, where 6 = 1/x fi,o is the skin depth, were considered. Similarly, Figures 5(a) and
5(b) show the contour plots for the natural frequency f,, = w,/2n. The natural frequency was
also computed by applying Holmes linearized theory [8] in Tables 2 and 3. These tables list
the values of the natural frequency for aluminum and copper, respectively, obtained from
equation (48) (denoted by f,) and equation (24) (p. 3104 in Holmes paper (denoted by f, ).
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Figure 4. Contour plot for the damping factor ¢ calculated for (a) aluminum
I, =1,=600A, f=300kHz, b, = b’ = 6:0 mm.

specimens, (b) copper specimens.

One can observe a very good agreement between the results obtained in both ways. This

outcome helps validate our mathematical model.

The approach proposed in this work may be a start point for the coil design. The
expression of the levitation force due to the motion of specimens developed in section 2.1
can be used to estimate the damping in the levitation system. Linearizing the equation of
motion about the equilibrium position of the specimens, one can calculate the damping

factor and the natural frequency. Hence, regions of stable and

desired damped levitation

along the vertical axis of the coil can be predicted, a fact that helps design good levitation

coils.
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Figure 5. Contour plot for the natural frequency f, calculated for (a) aluminum specimens, (b) copper
specimens. I; = I, = 600 A f'= 300 kHz, b} = b5 = 6:0 mm.

4. CONCLUSIONS

The vertical motion of a spherical metal levitated by two parallel loops carrying electric
currents in opposed direction was considered. The mathematical model of the motion was
developed and simulations were performed. The behavior of aluminum and copper
specimens was studied for various parameter sets of the levitation system. The equation of
motion was linearized about the equilibrium position and the damping factor and natural
frequency were estimated. The natural frequency was also computed and favourably
compared with other reported works.
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TABLE 2

The natural frequency computed by applying our approach ( f,) and Holmes theory ( f,u) for
aluminum specimens

hy — hy = 46 mm hy — hy =58 mm
R (mm) Ju (H2) Jurr (H2) Ju (H2) Jurr (H2)
0-50 29-47 29-36 3126 31-20
095 33-98 3390 36:16 3612
1-25 3427 34-07 3674 36-70
170 33-26 33-04 36-23 36-11
2-:00 3194 31-69 3534 3522
5 —hy =70 mm 5 — hy = 10-:0 mm
0-50 30-81 30-76 2471 2471
095 35-81 3578 2897 2898
125 36:62 36-59 2997 2998
1-70 36:63 36'55 30-73 30-75
2-:00 36-18 36:11 31-02 31-02
TABLE 3

The natural frequency computed by applying our approach ( f,) and Holmes theory ( f,g) for
copper specimens

hy — hy = 4-6 mm S — hi =58 mm
R (mm) Ju (Hz) Jonr (Hz) Ju (Hz) Jonr (Hz)

0-50 14-10 11-85 16:66 1552
095 1686 1540 19-10 1831
125 16:84 1535 19:25 1849
1-70 1568 13-84 18:62 17:79
2-:00 12-68 9-52 16-44 1525

hy — hy =70 mm hy — hy = 10-0 mm
0-50 1699 1623 1432 14-21
095 19-33 18-81 16:15 16:06
1-25 19-62 19-13 16:56 16:50
170 19-35 18-87 1678 16:76
2:00 1742 1676 1539 1535
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