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In their paper [1] Lundgren, Sethna and Bajaj have made a theoretical and experimental
study of self-induced non-planar vibrations of a #exible tube conveying a #uid. The tube
was "xed at one end and the #uid issued from a nozzle inclined to the axis of the tube at the
free end. In order to study the stability boundaries for #ow-induced motions of the tube,
when the nozzle angle is small, authors of the paper [1] have used the following, represented
in operator form, equations for small in-plane (u) and out-of-plane (v) motions

K(o, h
j
)t"0 (1)

with boundary conditions

t"Lt/Lm"0 at m"0, L2t/Lm2"0 at m"1, B(o, h
j
)t"0 at m"1, (2)

where t is either u or v, o"J(M;2¸2/EI) (A/A
j
), M is the #uid mass per unit length,; is

the #ow rate, ¸ is the tube length, EI is the #exural rigidity, A
j
, A are the cross-sectional

areas of the nozzle and the tube, respectively, h
j
is an angle, with the z-axis of a Cartesian

co-ordinate system, which is being made by a nozzle when the tube being in its straight
undeformed state extends along the z-axis, m"s/¸, where s is the arc length along the
deformed tube. Since the tube is inextensible s is used as a material variable. K and B are

linear di!erential operators in q and m with o and h
j
as parameters, q"t/J(m#M)/EI¸2,

q being a dimensionless time, and m is the tube mass per unit length. Both K and B have
been expanded by Lundgren et al. in powers of h

j
as follows:

K(o, h
j
)"K

0
(o)#h2

j
K

1
(o)#2, (3)

where

K
0
(o),L4/Lm4#o2 (L2/Lm2)#L2/Lq2#2ob1@2(L2/LqLm), (4)

B (o, h
j
)"L3/Lm3#h2

j
B

1
(o), (5)

b"MM/(m#M)N(A
j
/A). (6)
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The linear operators K
1

and B
1

are di!erent for the u and v problems. Those for u take the
form

K
1,u

(o)"
L
Lm G!

1

2
o2

L
Lm

#

3

2 A
dU

0
dm B

2 L
Lm

#3U
0

dU
0

dm
L2

Lm2
#U

0 P
1

m CP
m

0

dU
0

dm
L2( )

Lq2
dmDdmH ,

(7)

B
1,u

(o)"!o2 (1!cos o)(L/Lm), (8)

while those for v take the form

K
1,v

(o)"
L
Lm G!

1

2
o2

L
Lm

#

3

2 A
dU

0
dm B

2 L
LmH , (9)

B
1,v

(o)"o2P
1

0

dU
0

dm
L
Lm

( ) dm, (10)

where U
0
(m)"cos o!coso (1!m).

It is immediately apparent that equations (1) cannot be simply solved. They can be used,
however, to calculate the critical o by using, for example, Galerkin's method. In the analysis
presented here Galerkin's method is used with the following shape functions, which satisfy
the boundary conditions (2):

φ
n,u

"φ0
n,u

#h2
j

φ1
n,u

"

1

2n~1 Gsino(1!m)#om cos o

#

o3

(nn)3
[nnm!sin(nnm)]!sino#C

u
h2
j
[nnm!sin(nnm)]H , (11)

φ
n,v

"φ0
n,v

#h2
j

φ1
n,v

"

1

2n~1 Gsino(1!m)#om cos o

#

o3

(nn)3
[nnm!sin(nnm)]!sino#C

v
h2
j
[nnm!sin(nnm)]H , (12)

Here

C
u
"

o3 (1!cos o) (1!coso!(2o2/(nn)2))

(nn)3[1#(2o2h2
j
/(nn)2) (1!coso)]

, (13)

C
v
"

o3

2(nn)

sin2o!2(1!cos o)(o2/(nn)2#cos o)#(2o4/(nn)2[(nn)2!o2])(1#coso)

(nn)2#o2h2
j
[1!cos o!(o2/(nn)2!o2 )(1#coso)]

,

(14)

n is an odd integer.
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One can check by substitution that the shape functions (11) satisfy the boundary
conditions (2). Substitution and di!erentiation shows that at m"0

φ
n,u

(m"0)"
1

2n~1 Gsino (1!m)#om coso#
o3

(nn)3
[nnm!sin(nnm)]

!sino#C
u
h2
j
[nnm!sin(nnm)]H

"

1

2n~1 Gsino (1!0)#o0 coso#
o3

(nn)3
[nn0!sin(nn0)]

!sino#C
u
h2
j
[nn0!sin(nn0)]H

"

1

2n~1
Msino!sinoN"0,

dφ
n,u

dm
"

1

2n~1 G!o cos o (1!m)#o cos o#
o3

(nn)3
[nn!nn cos(nnm)]

#C
u
h2
j
[nn!nn cos(nnm)]H

"

1

2n~1 G!o cos o (1!0)#o cos o#
o3

(nn)3
[nn!nn cos(nn0)]

#C
u
h2
j
[nn!nn cos(nn0)]H

"

1

2n~1 G!o cos o#o cos o#
o3

(nn)3
[nn!nn]#C

u
h2
j
[nn!nn]H"0.

Substitution and di!erentiation shows that at m"1

d2φ
n,u

dm2
"

1

2n~1 G!o2 sino (1!m)#
o3(nn)2

(nn)3
[sin(nnm)]#C

u
h2
j
[(nn)2 sin(nnm)]H

"

1

2n~1 G!o2 sino (1!1)#
o3(nn)2

(nn)3
[sin(nn1)]#C

u
h2
j
[(nn)2 sin(nn1)]H"0.
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Further, substituting equation (11) into equation B (o, h
j
)φ

n,u
"L3φ

n,u
/Lm3#h2

j
B
1,u

(o)φ
n,u

"0 and performing the elementary di!erentiation at m"1 gives

B (o, h
j
)φ

n,u
"L3φ

n,u
/Lm3#h2

j
B
1,u

(o)φ
n,u
"

d3φ
n,u

dm3
!h2

j
o2 (1!cos o)

dφ
n,u

dm

"

1

2n~1 Go3 cos o(1!m)#
o3(nn)3

(nn)3
[cos(nnm)]#C

u
h2
j
[(nn)3cos(nnm)]H

!h2
j
o2 (1!coso)

1

2n~1 G!o coso (1!m)#o coso

#

o3

(nn)3
[nn!nn cos(nnm)]#C

u
h2
j
[nn!nn cos(nnm)]H

"

1

2n~1 Go3 cos o(1!1)#
o3(nn)3

(nn)3
[cos(nn1)]#C

u
h2
j
[(nn)3cos(nn1)]H

!h2
j
o2 (1!coso)

1

2n~1 G!o coso (1!1)#o coso

#

o3

(nn)3
[nn!nn cos(nn1)]#C

u
h2
j
[nn!nn cos(nn1)]H

"

1

2n~1
M!C

u
h2
j
(nn)3N!h2

j
o2 (1!cos o)

]
1

2n~1 G!o#o coso#
2(nn)o3

(nn)3
#C

u
h2
j
2(nn)H

"

1

2n~1
M!C

u
h2
j
(nn)3N!h2

j
o2 (1!coso)

1

2n~1 G!o#o cos o

#

2(nn)o3

(nn)3
#C

u
h2
j
2(nn)H

"!

1

2n~1
h2
j
(nn)3C

uC1#
2o2h2

j
(nn)2

(1!coso)D
#

1

2n~1
h2
j
o3 (1!cos o)A1!cos o!

2o2

(nn)2B"0.

That is to say, the shape functions (11) satisfy the boundary conditions (2). Similarly, it can
be shown that the shape functions (12) also satisfy the boundary conditions (2). In
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particular, substituting equation (12) into equations

B (o, h
j
)φ

n,v
"L3φ

n,v
/Lm3#h2

j
o2 P

1

0

dU
0

dm
Lφ

n,v
Lm

dm"0

and performing the elementary integrations gives

B (o, h
j
)φ

n,v
"L3φ

n,v
/Lm3#h2

j
o2 P

1

0

dU
0

dm
Lφ

n,v
Lm

dm

"

1

2n~1
Mo3 cos o (1!m)#

o3

(nn)3
(nn)3 cos nnm#C

v
h2
j
(nn)3 cos nnmN

!

1

2n~1
h2
j
o3 P

1

0

sin o(1!m)Ao cos o!o coso (1!m)

#

o3

(nn)2
!

o3

(nn)2
cos nnm#C

v
h2
j
nn!C

v
h2
j
nn cos nnmBdm

"

1

2n~1
[o3 cos o (1!1)#

o3

(nn)3
(nn)3 cos nn1#C

v
h2
j
(nn)3 cos nn1]

!h2
j

1

2n~1 Ao4 coso P
1

0

sino (1!m) dm!o4 P
1

0

sin o (1!m) coso (1!m) dm

#o3A
o3

(nn)2
#C

v
h2
j
nnB P

1

0

sino (1!m) dmB

#

1

2n~1
h2
j
o3A

o3

(nn)2
#C

v
h2
j
nnB P

1

0

sino(1!m) cos nnmdm

"!

1

2n~1
C

v
h2
j
(nn)3!

1

2n~1
h2
j
o3 coso (1!coso)#

1

2n~1
h2
j

o3

2
sin2o

!

1

2n~1
h2
j
o2A

o3

(nn)2
#C

v
h2
j
nnB (1!coso)

#

1

2n~1
h2
j

o4

(nn)2!o2 A
o3

(nn)2
#C

v
h2
j
nnB (1#cos o)
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"!

1

2n~1
h2
j
C

v
(nn)C(nn)2#o2h2

j C1!coso!
o2

(nn)2!o2
(1#cos o)DD

#

1

2n~1

h2
j
o3

2 Csin2o!2(1!coso) C
o2

(nn)2
#cosoDD

#

1

2n~1

h2
j
o3

2 C
2o4

(nn)2[(nn)2!o2]
(1#coso)D"0.

That is to say, the shape functions (12) also satisfy the boundary conditions (2). Note that in
deriving the above equations, expressions (13) and (14) for C

u
and C

v
have been used.

The partial di!erential equation (1) can be solved to the required approximation by
Galerkin's method. Then, by developing t (m, q) on the functions φ

n
(m), which satisfy the

boundary conditions, Galerkin's conditions can be expressed as

P
1

0

K(o, h
j
)t

n
(m, q)φ

m
(m) dm"0, m"1, 3, 5,2, N, (15)

with

t (m, q)"
N
+

n/2k~1

t
n
(m, q)"

N
+

n/2k~1

r
n
(q)φ

n
(m), k"1, 2, 3,2, (16)

where r
n
(q) are the time-dependent amplitude coe$cients to be obtained from the ordinary

di!erential equations (15) by a suitable integration technique, φ
n
(m) are the shape functions

(11) or (12).
At the outset one must make the major hypothesis that equations (1) have possible

solutions having the form (16) which converge on the true solutions as NPR.
Following Lundgren et al. the stability boundary is found by seeking a solution of the

form

t (m, q)"
N
+

n/2k~1

t
n
(m, q)"

N
+

n/2k~1

C
n
φ

n
(m)ejq, k"1, 2, 3,2 (17)

and establishing the parameter values for which Re j"0. Here C
n
, the coe$cients, form

a "nite set of generalized co-ordinates, to be determined. Before solving the problem, note
that φ

n
(m), φ

m
(m) are real functions and o, b are real non-negative parameters.

First consider the case h
j
"0. Substituting equation (17) into equation (15), one obtains

ejq
N
+

n/2k~1

C
n P

1

0
C
d4φ

n
dm4

#o2
d2φ

n
dm2

#j2φ
n
#2ob1@2j

dφ
n

dm Dφ
m
dm

"ejq
N
+

n/2k~1

C
n P

1

0
C
d4φ

n
dm4

#o2
d2φ

n
dm2

#(j2
R
!j2

I
)φ

n
#2ob1@2j

R

dφ
n

dm Dφ
m
dm

#i2j
I
ejq

N
+

n/2k~1

C
n P

1

0
CjRφ

n
#ob1@2

dφ
n

dm Dφ
m
dm"0, m"1, 3, 5, 72 (18)
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where j
R
"Re j, j

I
"Im j, j

I
is the dimensionless circular frequency, J(m#M)/EI¸2X,

X is the circular frequency of oscillation.
Equations (18) yield a system of linear equations in C

n
of the form

AC"0, (19)

where A is the matrix with the elements

a
nm
"P

1

0
C
d4φ

n
dm4

#o2
d2φ

n
dm2

#(j2
R
!j2

I
)φ

n
#j

R
2ob1@2

dφ
n

dm Dφ
m
dm

#i2j
I P

1

0
CjRφ

n
#ob1@2

dφ
n

dm Dφ
m

dm (20)

and C is the vector with the components C
n
. It is in general possible to determine values of

o and b which reduce the real part of j to zero. Such values of o and b follow from the
equation

detA"0, with j
R
"0. (21)

For simplicity, one can consider a single mode approximating equation (15) for the
u problem: i.e., case k"2, n"m"N"3, φ

n
"φ

3,u
. Then, from equation (21) by

separating into real and imaginary parts, one obtains

P
1

0
C
d4φ

3,u
dm4

#o2
dφ

3,u
dm2

#(j2
R
!j2

I
)φ

3,u
#j

R
2ob1@2

dφ
3,u

dm Dφ
3,u

dm"0, (22)

2j
I P

1

0
CjRφ

3,u
#ob1@2

dφ
3,u

dm Dφ
3,u

dm"0. (23)

From equation (23), it is obvious that in the case j
I
O0, the factor 2 :1

0
[j

R
φ

3,u
#

ob1@2(dφ
3,u

/dm)]φ
3,u

dm must be equal to zero: i.e.,

2 P
1

0
CjRφ

3,u
#ob1@2

dφ
3,u

dm Dφ
3,u

dm"2j
R P

1

0

(φ
3,u

)2dm#P
1

0
Cob1@2

d(φ
3,u

)2

dm Ddm"0.

(24)

It is immediately clear that for bO0 and :1
0
(φ

3,u
)2dmO0 equation (24) can be re-written as

j
R
"!Gob1@2 P

1

0
C
d(φ

3,u
)2

dm DdmHNG2P
1

0

(φ
3,u

)2dmH
"!ob1@2[φ

3,u
(m"1)]2NG2 P

1

0

(φ
3,u

)2dmH . (25)

Since o, b and :1
0
(φ

3,u
)2dm remain positive j

R
remains non-positive and hence #utter does

not occur. Substituting the appropriate expression for φ
3,u

at h
j
"0 from equation (11) into
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equation (25) gives the following condition of neutral stability (j
R
"0):

φ
3,u

(m"1)"o
0N

coso
0N

!sin o
N0

#o3
0N

/(3n)2"0, (26)

where o
0N

is the value of the mass #ow parameter, corresponding to the case of neutral
stability. From equations (25) and (26), it follows that j

R
"0, if

o
0N

+4)28. (27)

In the case where b"0 equation (25) reduces to

j
R
,0. (28)

Thus, the single mode approximation cannot exhibit #utter. This coincides with results in
reference [2] and others. With two or more modes, however, the #utter behaviour might be
expected to appear.

In a subsequent paper the authors hope to "nd the critical value of the mass #ow
parameter for instability of #utter type by using the two-mode approximation.

In the case of instability of divergence type when j
I
"0, equation (23) becomes identically

zero and equation (22) reduces to

P
1

0
C
d4φ

3,u
dm4

#o2
d2φ

3,u
dm2

#j2
R

φ
3,u

#j
R
2ob1@2

dφ
3,u

dm Dφ
3,u

dm"j2
R P

1

0

(φ
3,u

)2dm

#j
R
ob1@2 P

1

0
C
d(φ

3,u
)2

dm Ddm#P
1

0
C
d4φ

3,u
dm4

#o2
d2φ

3,u
dm2 Dφ

3,u
dm"0. (29)

From equation (29) the condition for the existence of a real pair j
R
"!a$b,

where

a"ob1@2[φ
3,u

(m"1)]2/2 P
1

0

(φ
3,u

)2dm, (30)

b"$SG
ob1@2[φ

3,u
(m"1)]2

2:1
0
(φ

3,u
)2dm H

2
!

1

:1
0
(φ

3,u
)2dm P

1

0
C
d4φ

3,u
dm4

#o2
d2φ

3,u
dm2 Dφ

3,u
dm, (31)

has the form

P
1

0
C
d4φ

3,u
dm4

#o2
d2φ

3,u
dm2 Dφ

3,u
dm)0. (32)

Obviously, condition (32) for the existence of j
R
'0 in the case bO0 and that

corresponding to the case b"0 coincide. Substituting the appropriate expression for φ
3,u

at
h
j
"0 from equation (11) into equation (32), integrating from m"0 to 1 and taking into

account that φ
3,u

"0 at m"0, one obtains the following expression for determination of
the critical value of the mass #ow parameter in the case of an instability of divergence type:

P
1

0
C
d4φ

3,u
dm4

#o2
d2φ

3,u
dm2 D φ

3,u
dm

"

o4
0D
2 CA

o
0D

3n B
2
!1D CA

o
0D
3n B

2
#2 cos o

0DD!2o3
0D

sino
0DCA

o
0D

3n B
2
!

1

2D"0. (33)
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Here o
0D

is the critical value of the mass #ow parameter for an instability of divergence type.
Equation (33) yields

o
0D

+4)44. (34)

Now, admissible functions (11) and (12) can be used to obtain the expressions for the
perturbation of o (since o"o

0
#h2

j
o
1
#2, where o

0
"o

0D
"4)44 for instability of

divergence type) at which instability occurs. One can use equation (6.17) of reference [1]:

d4φ
1

dm4
#o2

0

d2φ
1

dm2
#j2

0
φ
1
#2o

0
b1@2j

0

dφ
1

dm
"!o

1 C2o
0

d2φ
0

dm2
#2b1@2j

0

dφ
0

dm D
!j

1C2j
0
φ

0
#2o

0
b1@2

dφ
0

dm D!¸
1
(o

0
, j

0
)φ

0
(m). (35)

Then, for example, for the out-of-plane problem with Re j
0
"0 and Re j

1
"0 equation (35)

can be written as

d4φ1
3,v

dm4
#o2

0

d2φ1
3,v

dm2
!(Im j

0
)2φ1

3,v
#i2o

0
b1@2(Im j

0
)
dφ1

3,v
dm

"!o
1,vC2o

0

d2φ0
3,v

dm2
#i2b1@2(Im j

0
)
dφ0

3,v
dm D#2(Im j

0
) (Imj

1
)φ0

3,v

!i2o
0
b1@2(Im j

1
)
dφ0

3,v
dm

!

d

dm C!
1

2
o2
0

dφ0
3,v

dm
#

3

2 A
dφ

0
dm B

2 dφ0
3,v

dm D. (36)

Next, separating the real and imaginary parts of equation (36), one obtains

d4φ1
3,v

dm4
#o2

0

d2φ1
3,v

dm2
!(Im j

0
)2φ1

3,v
#o

1,v C2o
0

d2φ0
3,v

dm2 D!2(Im j
0
) (Im j

1
)φ0

3,v

#

d

dm C!
1

2
o2
0

dφ0
3,v

dm
#

3

2 A
dU

0
dm B

2dφ0
3,v

dm D"0, (37)

2o
0
b1@2(Im j

0
)
dφ1

3,v
dm

#o
1,vC2b1@2(Im j

0
)
dφ0

3,v
dm D#2o

0
b1@2(Im j

1
)
dφ0

3,v
dm

"0. (38)

By using appropriate expressions for φ0
3,v

, φ1
3,v

from equation (12), equation (37) can be
re-written as

d4φ1
3,v

dm4
#o2

0

d2φ1
3,v

dm2
!(Im j

0
)2φ1

3,v
#o

1,v C2o
0

d2φ0
3,v

dm2 D!2(Im j
0
) (Im j

1
)φ0

3,v

!

1

2
o2
0

d2φ0
3,v

dm2
#3

dU
0

dm
d2U

0
dm2

dφ0
3,v

dm
#

3

2 A
dU

0
dm B

2 d2φ0
3,v

dm2
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"!C
v
h2
j
(3n)4 sin(3nm)#C

v
h2
j
(3n)2o2

0
sin(3nm)

!(Im j
0
)2C

v
h2
j
[3nm!sin(3nm)]#2o

0
o
1C!o2

0
sino

0
(1!m)#

o3
0

3n
sin(3nm)D

!2(Im j
0
) (Imj

1
)Gsino

0
(1!m)#o

0
m coso

0

#

o3
0

(3n)3
[3nm!sin(3nm)]!sin o

0H!
o2
0
2 C!o2

0
sino

0
(1!m)#

o3
0

3n
sin(3nm)D

!3o3
0
sino

0
(1!m)coso

0
(1!m)G!o

0
cos o

0
(1!m)#o

0
cos o

0

#

o3
0

(3n)2
[1!cos(3nm)]H#

3

2
o2
0
sin2o

0
(1!m)C!o2

0
sin o

0
(1!m)

#

o3
0

3n
sin(3nm)D"0. (39)

Then, for m"0, it is easily veri"ed that equation (39) can be written as

!C
v
h2
j
(3n)4 sin(3n0)#C

v
h2
j
(3n)2o2

0
sin(3n0)

!(Im j
0
)2C

v
h2
j
[3n0!sin(3n0)]#2o

0
o
1 C!o2

0
sino

0
(1!0)#

o3
0

3n
sin(3n0)D

!2(Im j
0
) (Im j

1
)Gsino

0
(1!0)#o

0
0 coso

0
#

o3
0

(3n)3
[3n0!sin(3n0)]!sino

0H
!

o2
0
2 C!o2

0
sino

0
(1!0)#

o3
0

3n
sin(3n0)D

!3o3
0
sin o

0
(1!0) cos o

0
(1!0)G!o

0
cos o

0
(1!0)#o

0
coso

0
#

o3
0

(3n)2
[1!cos(3n0)]H

#

3

2
o2
0
sin2o

0
(1!0)C!o2

0
sin o

0
(1!0)#

o3
0

3n
sin(3n0)D"!2o3

0
o
1,v

sino
0

#

o4
0
2

sin o
0
!

3

2
o4
0
sin3o

0
"0. (40)

Next, assuming sin o
0
O0, one can re-write equation (40) as

o
1,v

"

o
0
4

(1!3 sin2o
0
). (41)
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Solving this equation for the case of instability of divergence type results in

oD
1,v

+!1)98. (42)

By following a similar procedure, the critical value of the perturbation of o at which
instability occurs with in-plane motions can also be obtained:

o
1,u

"

o
0
4

(1!9 sin2o
0
). (43)

Substituting the value of o
0

obtained for the case of an instability of divergence type into
equation (43) gives

oD
1,u

+!8)16 (44)

Thus, since oD
1,u

(oD
1,v

the tube becomes unstable to u perturbations as the #ow parameter
is increased slowly from zero.
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