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The motion of a rotor of which both the bearings and the shaft cross-section are
asymmetric is generally governed by ordinary differential equations with periodic
coefficients. In this paper, modifications are made to incorporate the effect of shaft
asymmetry into an existing finite element procedure developed for rotors with symmetric
shaft. The model for the elastic asymmetric shaft takes into account rotary inertia and
gyroscopic inertia. In addition, this paper describes an existing method of investigating the
stability of a general system of differential equations with periodic coefficients, and evaluates
its efficiency when applied to asymmetric rotors. The method described is based on Floquet’s
theory and involves the computation of a transfer matrix over one period of motion. The
detailed presentation of the equations of motion, both in a rotating frame of reference and in
a fixed one, is accompanied by an analysis of specific cases. The equations of motion for
a simpler model are obtained by modal expansion. Numerical examples are given in order to
show the finite element formulation and the transfer matrix method as applied to
asymmetric rotors. Due to the use of linear equations, the results shown in this paper have
limited practical utility, but they are useful tools in analyzing the behavior of periodic
systems with weak non-linearities. © 2001 Academic Press

1. INTRODUCTION

It is important to distinguish between the asymmetry of the rotating part and the
asymmetry of the fixed part of a rotor. If only one of the two is asymmetric, it is possible to
establish a frame of reference in which the coefficients of the equations of motion are
constant. If both parts are asymmetric, the system equations will, in the majority of cases,
have periodic coefficients.

The principal methods used to investigate the stability of systems with periodic
coefficients fall into three groups: perturbation methods [1], variants of Hill’s infinite
determinant method [2, section 7.6, 3], and methods combining the use of Floquet’s theory
[2, section 7.2] with numerical computation of the transfer matrix at the end of one period
[4-6].

The main advantage of the methods from the third group, here called “transfer matrix
methods”, is their high degree of generality. It is not necessary for the equations of motion
to satisfy restrictive conditions (as is the case with the perturbation methods, where the
periodic coefficients need to be expressed in terms of a small parameter), nor are complex
preparatory steps required before numerical procedures can be applied (as is the case with
both the perturbation and the infinite determinant methods). The main disadvantage of
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these methods is the high computational effort required to obtain the transfer matrix over
one period, while the stability of the motion can be evaluated for only one point in the
parameter’s space at a given time.

Many studies deal with rotors having partial asymmetry: either bearing asymmetry or
disk and shaft asymmetry. Typical studies are by EI-Marhomy [ 7], for bearing asymmetry,
and Ardayfio and Frohrib [8], for shaft and disk asymmetry. In this case, it is possible to
describe the movement of the rotor using a system of differential equations with constant
coefficients.

Amongst the papers dealing with rotors having full asymmetry, the majority consider
simple models, such as a massless shaft of uniform cross-section, a disk usually in plane
motion, one or two identical elastic bearings, and environmental damping acting on the
disk. Typical studies using Hill’s infinite determinant method to analyze the motion stability
are those by Brosens and Crandall [9], and Kotera and Yano [10]. Perturbation methods
are used, for example, by Black and McTernan [11], and also Iwatsubo et al. [12]. The
transfer matrix method is considered by Guilhen et al. [13], for a specific model with rigid
bearings at the shaft ends, one elastic bearing and one rigid disk, attached to the shaft at
different stations.

The adoption of simple models of asymmetric rotors facilitates the understanding of the
behavior of such dynamic systems, but the practical use of these studies remains limited.
Nelson and McVaugh [14] developed a finite element model for a rotor-bearing system
with asymmetric bearings and symmetric shaft, which means a rotor with partial
asymmetry. Their procedure is presented also in reference [ 15, chapter 3]. Inagaki et al. [16]
studied a multi-disk fully asymmetric rotor with longitudinal variation of the shaft cross-
section. The temporal equations of motion were obtained using the transfer matrix method
(“transfer” between two stations of the shaft). The unbalance response is deduced by the
harmonic balance method. Genta [17] applied the finite element method to fully
asymmetric rotors, using complex co-ordinates, in order to reduce the size of the problem,
and analyzed the stability of the motion using Hill’s infinite determinant method. Kang
et al. [18] also applied the finite element method to fully asymmetric rotors, studying the
unbalanced response using the harmonic balance method. Neither of the two studies gives
the elements of the matrices related to the shaft asymmetry.

In this paper, the finite element procedure for rotors with asymmetric bearings and
symmetric shaft by Nelson and McVaugh [14] is extended to include shaft asymmetry. The
motion stability and the unsteady response are analyzed using the method developed by
Friedmann and associates [4, 5]. The elements of all matrices involved in the equations of
motion are included in Appendix A.

2. TRANSFER MATRIX METHOD

Rotor systems are constrained by bearings, dampers, seals, etc., to very small lateral
motion. Generally, these mechanisms are dynamic systems with weak non-linearities, and
their motion is governed by ordinary differential equations with periodic coefficients,
represented in a first order state variable form as follows:

(X} =401 {x) + { /O + {N1({x}, 0f + {N2({x}, {x}, 1)}, 1)

with matrix [A(t)] and vectors {f}, {N;} and {N,} periodic, of common period T.
An effective approach [5] to deal with the weak non-linearities combined in vectors {N }
and {N,} of system (1) is quasilinearization, consisting in an iterative evaluation of the
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periodic response of system (1), as a solution of linear periodic systems. This procedure is
initiated with an initial estimation of the solution, obtained from system (1) after dropping
the non-linear terms {N;} and {N,}.

In this paper, the discussion will center on n-degree-of-freedom dynamic systems
governed by the linear system of m = 2n first order differential equations and m unknown
functions,

[} = [AO]{x} + {/(0)} @

where {x(t)} is the state variable vector, [A(f)] is the system matrix, and vector
{ f(t)} describes time-dependent forces, both [A(t)] and { f(¢)} being periodic, of common
period T.

It is of major interest to find the steady state response of system (2), i.e., the periodic
solution, and to evaluate its stability.

2.1. STABILITY

The study of the stability of the steady state solution of system (2) can be reduced (see
reference [2, Chapter 7]) to the study of the stability of the trivial solution of the associated
homogeneous system:

{x} = [A@0]{x}. 3

It should be noted that this result is more general, being valid for system (2) replaced with
a non-autonomous system

(X} = {x({x}, 0} (2b)

with the functions X; being periodic, of period T and system (3) replaced with the
variational system attached to system (2b) and to its periodic solution {p(?)},

{0} = la@®1{y}, (3b)

where {y(t)} contains the small perturbations from {p(t)}, and matrix [a(t)] is periodic, of
period T.

For system (3), the time transfer matrix is defined as an m x m matrix [@(t)] with its
columns consisting of a set of linearly independent solutions.

Since matrix [ A(t)] is periodic, of period T, an extension of Floquet’s theory (see reference
[2, Chapter 7]) shows that [@(t)] is fully known when its variation during one period T is
known. Furthermore, it is shown that the stability of the trivial solution of equation (3) is
fully defined by the eigenvalues of the transfer matrix over one period [@(T)], known as the
characteristic multipliers of system (3). The trivial solution is asymptotically stable if the
modulus of all m eigenvalues is less than one, and is unstable if the modulus of at least one of
the eigenvalues is greater than one.

2.2. STEADY-STATE RESPONSE

For non-homogeneous system (2), without considering the periodicity of matrix [A(t)]
and vector { f(t)}, the general solution is given by (see reference [2, Chapter 6])

(x(0) = [B(]{x(0)) + J L0051 f09) ds @)
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in which [®(t)] is the transfer matrix of the homogeneous system satisfying the initial
conditions [@(0)] = [1,.], and matrix [®(t, s)] is given by

[t s)] = [2OT[P(s)] " )

It is clear that the first term on the right-hand side of expression (4) is the general solution
of the homogeneous system (3), denoted by {x,(t)}. Matrix [®(t, s)] makes the transfer
between the values at moments “¢” and “s” of {x,(t)}:

{xn(0)} = [D(t, s)] {xn(s)}- (6)

If matrix [A(¢)] and vector { f(t)} are periodic, of common period T, and if the modulus of
every characteristic multiplier of the corresponding homogeneous system (3) is different
from one, system (2) has one and only one periodic solution [ 3]. This periodic solution is the
steady state response of the periodic non-homogeneous system only if the associated
periodic homogeneous system is stable, that is to say, only if the modulus of every
characteristic multiplier is less than one.

To obtain the initial conditions corresponding to the steady state response, condition
{x(T)} = {x(0)} is substituted into equation (4). An algebraic system for {x(0)} is derived:

([] = [T xO) = [ T 9f09) s )

The steady state response can be obtained by taking the initial conditions {x(0)} given by
equation (7) and numerically integrating system (2) over one period. If {x(T)} is not close
enough to {x(0)}, the integration is continued over another few periods, until the desired
convergence is obtained.

In order to calculate the transfer matrix over one period [@(T)], Friedmann et al. [4]
considered the division of the period T into a number of equal parts. By denoting the
division points as

0=t0<t1<...<tN71<tN=T, (8)
a useful relation can be derived from equation (6):

[Q(T, t)] = [D(T, t;+ )] [P(ti+1, )] ©)

Matrix [@(T)] = [®(T, 0)] is generated by an iterative calculation, based on relation (9)
and starting with [&(T, ty)] = [1,.]. The elementary transfer matrix [@(t; . , t;)] is obtained
by numerically integrating the homogeneous system (3) over the corresponding elementary
interval. The iterative calculation not only gives matrix [@(T)], to be used in the stability
evaluation, but also matrices [@(T, t;)], appearing in the right-hand term of the algebraic
system (7) for the initial condition {x(0)}, if an integration scheme using division points (8) is
considered.

It has been shown in reference [4] that a very efficient way to obtain the elementary transfer
matrix is by considering the fourth order Runge-Kutta scheme with Gill coefficients.

3. CONFIGURATION

The mathematical model (Figure 1) consists of a flexible horizontal shaft, one or more
rigid disks and two or more flexible bearings.
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Figure 1. General model of the rotor.

(@) (b)

Figure 2. (a) Co-ordinate systems: OX YZ and Oxyz, fixed and rotating frames of reference; Cx'y’z’, system of
principal axes of inertia of shaft cross-section. (b) Mass unbalance and external damping.

The shaft cross-section is asymmetric, having different principal moments of inertia, and
varies step-by-step along the longitudinal axis (Figure 2(a)). However, the principal
directions of inertia of the cross-section do not vary along the shaft.

The mathematical model for a bearing is a massless spring-damper system (Figure 3). Its
characteristics (stiffness and damping) in horizontal and vertical directions are different.
The cross-coupled characteristics in the horizontal and vertical directions are also
considered. This linear and anisotropic model with eight coefficients (four for stiffness and
four for viscous damping) is the same as in reference [14].

We analyze the unbalance response using concentrated masses placed on disks (point
B in Figure 2(b)) and we consider an environmental viscous damping acting on the disks
(Figure 2(b)).

Two co-ordinate systems can be seen in Figure 2(a). On the fixed system OXYZ, the
Y-axis is along the undeflected horizontal shaft and the Z-axis is oriented vertically upward.
The rotating system Oxyz has the y-axis coincidental with the Y-axis of the fixed system,
and x- and z-axis parallel with the principal axes x’ and z’ of the shaft cross-section (if the
angular deflections are neglected).

The finite element procedure for rotors with symmetric shaft, developed by Nelson and
McVaugh [14], will be considered. Modifications will be made to accommodate the effect of
shaft asymmetry. The shaft model includes the effect of rotary inertia and the gyroscopic
effect. Shear of the cross-section and internal damping will be neglected.
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Figure 3. Bearing stiffness and damping.

4. KINEMATICS

We consider (Figure 4) two frames with the origin at the center of the shaft cross-section,
CXYZ, having the axes parallel with the axes of the fixed frame OXYZ, and Cx'y’z’, whose
axes are the principal directions of inertia of the cross-section. The link between the two
frames is made through the set of Euler’s angles ¢, 6 and . To bring the shaft cross-section
from its undeflected position to the current one, three rotations are to be applied
successively: one of angle iy about the Z-axis, one of angle 6 about the new axis x, denoted as
X1, and one of angle ¢ about the new axis z, denoted as z,.

Assuming the angles 6 and y to be small and the rotational speed ¢ constant and denoted
as (2, the instantaneous angular velocity of the shaft cross-section has, in the x'y’z’ frame, the
components

w, = 0cosp —sing, wyzQ—HﬁH, w, = 0sin ¢ + 1 cos ¢. (10)

See reference [15, Chapter 1], for the general expressions.

In the fixed frame OXY Z (Figure 2), the position of the shaft cross-section is defined by
the displacements of its elastic center u, w, and by the angles v, 6. The angles 0 and  are
approximately equal to the angular deflections collinear with the X- and Z-axis,
respectively (Figure 5):

Y =——u, 0=—w. (11

In the rotating frame Oxyz (Figure 2), the position of the shaft cross-section is defined by
the displacements &, w and the slopes y, 6. The transformation of displacements and slopes
from the fixed frame to the moving frame are defined by

b-emafeh {3} g

with matrix [T,] given in Appendix A.
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] Z=z

Figure 4. Euler’s angles.

u

Figure 5. Displacements of the shaft elastic axis.

5. EQUATIONS OF MOTION OF ROTOR ELEMENTS

5.1. DISKS

The center of mass of the rigid disk coincides with the elastic center of the shaft
cross-section. The nodal displacements vector of the disk in fixed co-ordinates is given by

{50} = {“0 Wo o QO}T,

its components being the displacements of the shaft at disk attachment.

5.1.1. Equations of motion of disk in fixed frame
The kinetic energy of the disk has the expression

T = 3m(iig + W3) + 3(Jyw? + Jyo; + J.o?), (13)
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where w,, o, and w, are the angular velocities given by equation (10), while m, J, = J, and
J,, are the mass and the moments of inertia of the disk.

By substituting equation (10) into equation (13), and also considering the effect of the
unbalance, we obtain

Tp = im@ud +w3) + 3 J.(03 + yid) + Jlep.oeo
+ m, dQ[1g cos(Qt + f) — wesin(Qt + f)], (14)

where Q is the angular speed of the rotor, m, is the unbalance mass (assumed to be small if
compared with m), d and f are the radius and the angle defining the location of the
unbalance.

The four terms in equation (14) give, in order, the translating inertia effect, the rotary
inertia effect, the gyroscopic effect, and the unbalance effect.

The virtual work of the disk weight and of damping forces acting on the disk can be
written as

OLp = — mgdwy — cligdug — cWodWwy, (15)

where ¢ is the damping coefficient, m is the mass of the disk, and g is the gravitational
acceleration.
The application of Lagrange’s equations for the disk only gives

[Mp1{d0} + [Cp} {00} = {Qp} + {QL}, (16)

where [M ] and [Cp] are the mass and damping matrices of the disk, {Qp} is the load
vector and {Q;} is the vector of liaison forces which will disappear at the assembly of the
elementary matrices.

Matrices [M)] and [Cp], and also vector {Qp} are given in Appendix A.

5.1.2. Equations of motion of disk in rotating frame

The nodal displacements in fixed co-ordinates are related to those in rotating
co-ordinates by the transformation equation

{00} = [Tal{do}, (17)

with the matrix [ T,] given in Appendix A. The substitution of equation (17) into equation
(16), yields the equations of motion in rotating co-ordinates as

[Mp]1{00} + [Cpl {00} + [Rp1{30} = {Op} + {01}, (18)

where [Mp] =[Mpl, [Cp]l=2Q[Mp][H.]+ [T.]'[Cp][T4], [Kpl=—Q*[Mp]
+ Q[T,]" [Cp]l[T41[H4] and {Qp} = [T4]"{Qp}, with matrices [T,] and [H,] given in
Appendix A. {Q;} contains liaison forces that will disappear at the assembly of
the elementary matrices. Matrices [Kp] and [Cp], and also vector {Qp} are given in
Appendix A.

5.2. THE SHAFT

While the shaft element has two nodes, the nodal displacement vector includes four
displacements and four slopes. Its expression in fixed co-ordinates is {J,} =
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{uy wy ¥y 0y uy wy Y, 0,}7. The nodal displacements in fixed co-ordinates are related to
those in rotating co-ordinates by the transformation equation:

{0} = [T,1{0.}. (19)

with matrix [T,] given in Appendix A.
In fixed co-ordinates, the displacements and the slopes along the shaft elements are
represented by shape functions as

{fv} = N0} (20)
and
_9,
Yl | | [—-10
T o o
a—yw

where [ N] is the matrix of shape functions

N, 0 —N, 0 Ny 0 —N, 0 0
[N] = and [D]=|—N|
0 N, 0 N, 0O Ny, 0 N, oy

N;(y) are the typical displacement functions of a beam in bending:
Ni(y)=1=39+27°,  No(y)=Ly(l =2 + 7%,  Ns(y) =35> —25°

Nu(y) = L(—= 7% + §°), with j = y/L. (22)

5.2.1. Kinetic energy

The kinetic energy for the shaft element has a form similar to the one derived for the disk
and is

1 L L
T, = 3 ij0 % + w?Hdy + %pj (I3 + Lo} + Lw?)dy, (23)

0

where w,, ®, and o, are the angular velocities given by equation (10), I, and I, are the
second moments of area about principal axes x" and z’ of the shaft, I, = I, + I, is the polar
moment of area, 4, L and p are the cross-section, the length, and the density of the shaft
element.

By introducing equation (10) in equation (23), we obtain

Ty=T,+ T, + Ty.cos(2Qt) + T, sin(2Qt) + T, (24)

where T, = 3 pA [§(u? + w?)dy, is the translating term, T, =3 pl, [5(0> + y*)dy is the
rotatory term), Ty, = 3 pI, [5(? + 0?)dy is the deviatory-cosine term, T, , = pI, (50 dy is
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the deviatory-sine term and T, = pl,Q j’gnﬂ@ dy is the gyroscopic term, with
Imz%(lz—i_lx)’ Idz%(lz_lx) and Ipzzlm

5.2.2. Strain energy

If the shear deformations are neglected, the strain energy of the shaft element is

U %r [EL (") + EL(%")?]dy, (25)

where @t and w are the displacements of the center of the cross-section in rotating co-
ordinates, I, and I, are the second moments of area about principal axes, E is Young’s
modulus, L is the length of the shaft element, (-)’ = (02/0y*)(-), and #” and Ww" are the
deflections of bending in the directions of the principal axes.

Substituting the transformation equation (12) into equation (25), the strain energy can be
expressed as

L

U= %JL EL,[(u")* + (w")*]dy + %J EI,{[(u")? — (W")*] cos(2Qt) — 2u”"w" sin(2Qt)> dy,
(0] 0

(26)

where u and w are the displacements of the center of the cross-section in fixed co-ordinates,
I,, and I, are the mean and the deviatory area moments, and Q is the angular speed of the
rotor.

5.2.3. Virtual work of the shaft weight
The virtual work of the shaft weight has the expression

L

0Ly = — gJ (pAow)dy
0

L L L

L

0 0

dey + 5W2J\

0

Nsdy + 502j

0

where N,(y) are the shape functions given by equation (22), A, L and p are the cross-section,
the length and the density of the shaft element, and g is the gravitational acceleration.

5.2.4. Equations of motion of shaft in fixed frame

Upon substituting equations (20) and (21) into the expressions (24), (26) and (27),
Lagrange’s equations provide the system

[M4(6)] {0} + [Cal (0.} + [Ka(01{3.} = {Qu} + {O1}. (28)

with [M4(t)] and [ K 4(t)] being periodic matrices of period /R, and [C,] being a constant
matrix, given by

[M4()] = [M.] + [M,] + [Mq] cos(2Q1) + [M] sin(2€Q1), (29)

[Cd=Q[G],  [Ki0)]=[Ku]+| Kac]cos(2Q1) + | Ky Jsin(2Q0). (30,31
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In equation (28), vector {Q 4} represents the shaft weight, while vector {Q,} contains the
liaison forces that will disappear when the elementary matrices are assembled.

The gyroscopic matrix, mass matrices and stiffness matrices of equations (29)-(31) may be
expressed as

L

[G] = %plpj

0

DTO -1 D1d
[][1 0}[])@

L L

[NT'[N1dy, [M,]= pImJ [D]'[D]dy,

0

[M.]= PAJ‘

0

L 1 0 L 0 1
Mo = ol | [D]T[O ) J[D]dy, [Mad == pla | [DJT[1 O][D]dy, (32)

0

L

[K,] = EI,, j IBITBldy.  [Kud = ElL f

0

BT1 0 B]d
[][O _l]tjy,

L 0 1
(K] = EI, f [B]T[1 O}EB] ay,

with [N], the matrix of shape functions, [D] = [(0/0y) N] and [B] = (0%/0y*)[N].

The elements of the matrices defined by the above equations, and also of vector {Q 4} are
shown in Appendix A.

Matrices [Mg..], [M,], [Ka.] and [K, ] are proportional to the deviatory moment of
area of the shaft I,;, and will vanish for a symmetric shaft. Matrices [M,], [M,], [K,.] and
[G], specific for a symmetric shaft, can be found also in reference [14].

5.2.5. Equations of motion of shaft in rotating frame

Substituting transformation equation (19) into equation (28), we obtain
[M] (3.} + [C{6) + [Ri1{5.) = {040} + (Qu), (33)

where [M,], [C,] and [K,] are constant matrices given by
[M=[M]+[M]+[M] [ GCl=2Q[M][H+Q[Gl, (3435
[K] = [K,] + [K. — Q*[M,] + Q*[G][Hs), (36)

with matrix [Hg] given in Appendix A.

In equation (33), the weight vector {Q 4(t)} is periodic, of period 27/Q. Its elements are
shown in Appendix A. Vector {Q,} contains the liaison forces.

In equations (34)—(36), matrices [M,], [M,], [ K,.] and [ G] are as defined by equation (32),
while matrices [M,] and [K,] are given by [M,] = [M,.] and [K,;] = [K4.], with [M ]
and [K, ] as defined by equation (32).
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5.3. BEARINGS

The nodal displacement vector of the bearing in fixed co-ordinates is given by

{517} = {up WP}T’
its components being the displacements of the shaft center at bearing attachment.

5.3.1. Equations of motion of bearing in fixed frame

The virtual work of the forces acting on the shaft can be written as
0L, = — kyu,0u, — KyW,ou, — kyu,ow, — k,,w,0w,
— CuulipOU, — CopgW,0U, — CopllyOW, — CrpyW,0W ), (37)
where k,,, k... k.. and k,,, are the stiffness coefficients, and c,,, ¢, ¢y, and c,,, are the

damping coefficients.
The application of Lagrange’s equations gives

[Cp1{0,} + [Kpl{0,) = {Qu}, (38)
where [Kp] and [Cp] are the stiffness and damping matrices of the bearing, and {Q,} is

a vector containing the liaison forces between bearing and shaft. Matrices [Kp] and [Cp]
are given in Appendix A.

5.3.2. Equations of motion of bearing in rotating frame

The nodal displacements in fixed co-ordinates are related to those in rotating co-
ordinates by the transformation equation

{0, = [T21{5,} (39)

with the matrix [T,] given in Appendix A.
Substituting equation (39) into equation (38), we obtain

[Cp(01{0,} + [Kp(t)]{0,} = {Ou}, (40)

where [Cp(t)] and [Kp(t)] are periodic matrices, of period 7/Q, given by
[CP] = [Tz]T[CP][Tzl [KP] = [Tz]T[KP][T2] + Q[C_P] [H:], (41,42)
with matrices [T,] and [H,] given in Appendix A. The vector {0} contains the liaison
forces between bearing and shaft. Matrices [Cp(t)] and [Kp(t)] are given in Appendix A.
There are particular cases when these two matrices are constant, the most general case being

defined by the conditions

kuu = kww: kwu = - kuw» Cuy = Cyw = 0 and Cywu = — Cuw-
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6. GLOBAL EQUATIONS OF MOTION

6.1. GENERAL CASE

By assembling the elementary matrices of shaft elements, disks and bearings, we obtain
a system of 4N, second order differential equations and 4N, unknown functions, where
N, is the number of nodes of the shaft partition. The global equations of motion in fixed
co-ordinates are

[M®1{3} + [C1{S} + [K(01{5} = {Qu(®)} + {0}, (43)

where [M(t)] and [K(t)] are periodic matrices of period T; = ©/Q, for which the time
dependency is due to the shaft asymmetry, matrix [C] is constant, {Q,(¢)}, the unbalance
vector, is periodic, of period T, = 27/Q, and {Q,,}, the weight vector, is constant.

In equation (43), {9} is the vector of global DOF in fixed reference frame, given as

{5} = {”1 Wi Yy @ - uy, Wy, Yy, (PN,,}T-

In rotating co-ordinates, the assembled global equations are

[M]{5} + [C0]{5} + [R®1{5) = {0.} + {00}, (44)

where [M] is a constant matrix, [C(t)] and [ K ()] are periodic matrices of period T = 7/Q,
for which the time dependency is due to bearing asymmetry, {Q,}, the unbalance vector, is
constant, and {Q,,(t)}, the weight vector, is periodic of period T, = 27/Q.

Each of the above systems can be transformed into a first order differential system, with
8N, equations and 8N, unknown functions. From a numerical point of view, it is more
convenient to consider the equations of motion in rotating co-ordinates, because mass
matrix [M] is constant. Substituting also ¢ = Qt for the variable t, system (44) can be

expressed as
d f{6} 1 _ {0}
@{{5,}} = [A(o)] {{5,}} + o)}, (45)

with

(0] (1] {0}
[A@l= | . | V= o
— M1 [K(@)] = 5[M]17'[Clo)] o2 [M171{0 ()]

Matrix [ A(¢)] has a periodic variation with frequency of ©, due to bearing asymmetry,
while vector {f(¢)} has a periodic variation with frequency of 2x, due to rotor weight.

To study only the stability of the motion, the transfer matrix [@(T)], with T ==, is
calculated using the method described in section 2, and its 8N, eigenvalues are evaluated.

In order to study the stability and to obtain the steady state response at the same time,
the period to be considered is T = 2x. Calculated values of matrix [@(T, ¢)] at the division
points of the period T are used to build the algebraic system of type (7) for the initial
conditions {x(0)}. If the periodic non-homogeneous system (45) is integrated using
Simpson’s rule, the number of intervals per period N must be even.



316 F. ONCESCU ET AL.
6.2. MASSLESS SHAFT, ASSOCIATED WITH UNDAMPED BEARINGS

If the shaft mass is ignored, matrix [ M] in equation (43) becomes constant. Reordering
the equations of system (43) and also the elements of the global DOF vector {J}, we can
highlight the contribution of the N, disks, as follows:

[Mud [0417] ({84} N [Cad [0417] ({34} N [Kad [Kal]((0a)] ({04
[0,] [0.] || {3} [0,.] [C.] ||} (K.} {K.]|[|{5} 0, [
(46)

where index “d” refers to disks, and index “r” refers to the rest of the rotor. Vector {J,}
contains the 4N, displacements associated with the N, disks.
If the damping of the bearings is also ignored, we have [C,.] =[0,.] and the last

4(N, — N,) equations of system (46) give
{0, = = [Kn] ' [Knad {0d}- (47)
Consequently, the first 4N, equations (46) become
[Maa] {04} + [Caal {0a) + [KE(®I{3a} = {Qu} (48)
with
[K3(0] = [Kad] — [Kar (] K (0] [Ka(0)]: (49)

In equations (48) and (49), the variable matrices are periodic, of period T; = 7/Q, and the
time dependency is due to the shaft asymmetry.

System (48) can be transformed into a first order differential system of type (45), with 8N,
equations and 8N, unknown functions. The advantage of this formulation is the capability
to refine the finite element partition of the shaft, without increasing the size of the motion
equations system.

6.3. SYMMETRIC SHAFT

If the shaft cross-section is symmetric, matrices [M] and [K] from equations (43) are
constant, and the motion is governed by a linear system with constant coefficients, defined
as

[M]{3} + [C1{3} + [K1{3} = {Qu(0)} + {O.}. (50)

To evaluate the motion stability, we have only to analyze the eigenvalues of a constant
matrix. The evaluation of the steady state response, with its components, the weight
response and the unbalance response, is given below. The weight response is the solution of
the algebraic system defined as

(K] {5w} = {Qw} (51)

To obtain the unbalance response, we express the unbalance vector from equation (50) as
{0.(t)} = Re({V}e'@ +/), where {V} is a constant vector with complex elements. It is easy
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to show that the unbalance response will be obtained as
{8.(0)} = Re({zo} '), (52)

where {z,} is a constant vector with complex elements, defined as the solution of the
algebraic system

([K]— Q*[M] +iQ[Cl){zo} = {V}e". (53)

7. EQUATIONS OF MOTION, BY MODAL EXPANSION

In order to test the finite element formulation, the equations of motion for a simpler
model will be obtained using the Rayleigh-Ritz method.

The new model consists of a flexible horizontal shaft, a rigid disk and two flexible
bearings (Figure 6). The shaft is of uniform cross-section along its longitudinal axis and has
two different stiffnesses along its two principal directions (Figure 2(a)). Its mass is supposed
to be small compared with that of the disk, and consequently negligible. For bearings, only
the direct stiffnesses, denoted as k, and k,,, are considered. The unbalance is defined as
shown in Figure 2(b). The only damping considered is the external one, acting on the disk
(Figure 2(b)).

The shaft displacements in the x and z directions can be expressed as

u(y, 1) = (1 - %)ulm + 2 ua(0) + ()0, w0 = (1 - %)wl(t)

+ 5w (0) + ()00 (54)

where L is the shaft length, u;, wy, u, and w,, are the displacements of the shaft ends, g, and
q,, are generalized independent co-ordinates, and f(y) is the displacement function.

-

<—>’0—>‘

et} L

(@) (b)

Figure 6. Simplified model of the rotor: (a) location of the disk, (b) bearing stiffness.



318 F. ONCESCU ET AL.

By substituting equations (54) into equation (11), we obtain the slopes of the shaft axis:

wy, —w;  Of U, —uy  of
- d t)=— — = q,. 55
.+ oy & and Y (y,1) L ay & (55)

0(y, 1) =

For y = y,, the four equations (54) and (55) provide the displacements of the shaft ends
(uq, wy, Uy, w,) as functions of the displacements of the center of the disk (ug, wo, Yo, 89) and
of the generalized co-ordinates (g, ¢.):

uy = o + Yoo — (fo — Yogo) x>

uy =uo — (L = yo)¥o — [fo + (L — y0)go14x.

w1 =wo — Yoo — (fo — V0g0)q=»

wy =wo + (L — yo)0o — [ fo + (L — y0)go14:, (56)

where fo = f(yo) and go = (df/dy)(vo)-

The kinetic energy of the disk and the strain energy of the shaft are given by the
expressions (14) and (26) respectively.

By introducing equations (54) in equation (26), the strain energy may be expressed as

U = 3kn(q? + 42) + 3kal(qz — ¢2) c08(2Q1) — 2q.4.5in(2Q1)], (57)
where k,, and k, are the mean and the deviatoric stiffnesses of the shaft, given by
L L
b = Bl | 1020y and k= EL | 707y
0 0

Assuming the displacement function to be the first mode shape in the bending of a beam
with constant cross-section, simply supported at both ends, ie., f(y) = sin(ny/L), the
stiffnesses become

n* EI,, n* El,
kn=71s and k=775

The expression for the virtual work is
oL = — ku1u15u1 — kw1W15W1 — ku2u25u2 — kW2W25W2 — Cd05u0 — CW05WO — mgéWO,
(58)

where u;, wy, u, and w,, are the displacements of the shaft ends, u, and w, are the
displacements of the center of the disk, k.1, k1, k., and k,,, are the stiffness coefficients of
the bearings, ¢ is the damping coefficient, m is the mass of the disk, and g is the gravitational
acceleration. Substituting equations (56) into equation (58), the virtual work becomes
a function of the disk displacements ug, wy, Yo, 0, and generalized co-ordinates ¢, ¢..

Considering the expressions for the kinetic energy, strain energy and virtual work, the
application of Lagrange’s equations gives

[M] [045]] ({S0} N [C]  [04217] ({50} . (Kol [Ko,J | [{00}] _ {10}
[0,.] [052] [|{0,} [054] [025] || {04} [Kpol [KJd |]{04) (05} [

(59)
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where matrices [M], [C] and vector {Q} are identical to [M ], [Cp] and {Qp}, respectively,
from equation (16):

{50} = {uO Wo 1#0 GO}T’ {5(1} = {qx (/IZ}Ts

kuy + kua 0 ky1yo — kuz (L — yo) 0
kyi + Ky 0 — ky1yo + kw2 (L — yo)
[KO:l = 5 5 P
k1Yo + k(L — po) 0
(Sym) kwlyg + ka(L - yO)2

ki1 (fo — yogo)2
(K] =]| + kil fo + (L — yo)gol*
0

0

kyi(fo — )’ogo)2
+ kw2 [ fo + (L — y0)gol?

1 0 cos 20t — sin 2Qt
+ ki, + ky ) ,
0 1 —sin2Qt — cos2Qt

— ky1(fo — yogo)

0
—kupx[fo + (L — yo)go]
0 — kywi(fo — Yogo)
[KOq] = [KqO]T = - sz 0 L — J0J)&0
— ku1yo(fo — yogo) Lo +¢ yogol
0

+ kuz(L — yo) [ fo + (L — yo)go]

0 ky1yo(fo — Yogo)

— kw2 (L — yo) [ fo + (L — y0)go] |

The last two equations of system (59) give
{04} = = [K,(0] ' [K401 {00},
and therefore, the first four equations provide the system, and
[M1{00} + [C1{00} + [K(0]{0o} = {Q1)}, (60)
where
[K(6)] = [Ko] — [Kog] [K,(t)] ™" [K 0]

System (60) gives a first order differential system of type (45), with eight equations and
eight unknown functions.
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8. NUMERICAL RESULTS

Two models are used for testing the finite element method and the transfer matrix method
as applied to asymmetrical rotors. Model 1 is as shown in Figure 6, but the mass of the shaft
is not neglected, and the bearings are as shown in Figure 3. The fixed characteristics of
model 1 are given in Table 1. The variable parameter is the factor of shaft asymmetry,
defined as the rate between the deviatory and the mean arca moments of the shaft
cross-section, I,4/1,,. Model 2 is similar to model 1, only the bearing damping is replaced by
an external damping of coefficient ¢ = 50 N's/m, and the stiffness cross-coefficients of the
bearings are neglected.

Using the finite element formulation, the shaft is simulated by two elements, delimited by
disk station and shaft ends. It was proven that when using four elements (dividing each of
the previous elements by two), the effect on calculated critical speeds and steady state
response is insignificant.

The number of intervals per period was set at N = 90 for stability analysis and N = 360
for steady state response evaluation. These values were established as the minimum
acceptable by testing the convergence of numerical calculations. The response amplitude is
observed at the disk-to-shaft attachment.

If the shaft is symmetric, the motion of the rotor can be observed in both the fixed and the
rotating frames of reference. In the first case, the steady state response is obtained as the
solution of a system of differential equations with constant coefficients (see section 6.3),
while in the second case we are dealing with the numerical integration of a periodic system
(see section 6.1). Figure 7 gives the results obtained by the two methods, for model 1. The
rotational speed was varied from 75 to 300 rad/s, in increments of 5rad/s. As can be
observed, there are two peaks, corresponding to principal critical speeds excited by the mass
unbalance. The relative error has an average value of 1:3% and a maximum value of 3-4%
(at 75 rad/s). The accuracy of the algorithm used to find the steady state solution of
a periodic system is verified by this example.

The effect of shaft asymmetry on the steady state response is studied next, using model 1,
and the results are plotted in Figure 8(a), for a rotational speed increment of 5 rad/s, and in
Figure 8(b), for a rotational speed increment of 1 rad/s. As can be observed from Figure 8(a),
when the factor of shaft asymmetry passes from 0 to 0-2, each one of the two peaks from
Figure 7 splits into two other peaks. Additionally, there are two new peaks, corresponding
to secondary critical speeds excited by the rotor weight (at 105 and 115rad/s). To
understand this behavior, we need to analyze the stability of the motion.

TaBLE 1
Details of model 1

Element Details
Disk m=2kg, J, =J. = 0005 kgm?, J, = 001 kgm?
m,d = 0004 kgm, f =45°
Shaft yo=04m L=1m, E=2x10"' Nm?, p = 7750 kg/m?
I,=4x10"8m* 4 =0693x 10" 3m?
Bearing—y =0 35 —1 26 —8
(K= | o5 |¥10°Nm [Gl=| T0  '{Ns/m
Bearing—y =L 45 —1 24 —4
|:Kp:|=|:1 3}><105N/m, [CP]=[4 30}Ns/m
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Figure 7. Steady state response for model 1, with symmetric cross-section of shaft. Comparison between the
responses obtained using the autonomous system of motion in fixed frame of reference and the periodic system of
motion in rotating frame of reference: ——, fixed frame; A, rotating frame.
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Figure 8. Steady state response for model 1. (a) Effect of shaft asymmetry: ——, symmetrical; - ——-— , factor of

shaft asymmetry 0-2. (b) Detail of the region of main critical speeds.

Figure 9 gives the regions of instability obtained for model 1, for factors of shaft
asymmetry varying from 0 to 0-3, with increments of 0-05. The results were obtained by
varying the rotational speed between 75 and 300 rad/s, in increments of 1 rad/s. For the
symmetric shaft, no instability interval has been identified. For the asymmetric shaft, there
are three regions of instability, of widths increasing with the shaft asymmetry until joining
into a single band. For a factor of shaft asymmetry of 0-2, the 6 critical speeds delimiting the
three regions of instability are 200, 210, 213, 223, 226 and 239 rad/s. Consequently, the split
of the two peaks observed in Figures 8(a) and (b) indicates two regions of instability. The
evaluation of the steady state response could not identify the middle region of instability.
One may note that the periodic solution is meaningless inside the instability regions.

The response amplitudes of models 1 and 2 are compared next, for a factor of shaft
asymmetry of 0.2. For model 2, Figure 10 shows two peaks corresponding to principal
critical speeds excited by the mass unbalance and one peak for a secondary critical speed
excited by the rotor weight. A stability analysis shows a single instability region, bounded
by the speeds of the two principal peaks. The different behavior for model 1 is due basically
to the bearing cross-stiffness. Replacing the bearing damping with the external damping
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Figure 9. Instability regions for model 1; effect of shaft asymmetry.
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Figure 10. Steady state response, for a factor of shaft asymmetry of 0-2. Comparison between models 1 and 2:
------- , model 1; ——, model 2; - ---—, model 2, massless shaft.

¢ =50 N's/m has a smaller effect, while the direct damping of the two bearings equals the
external damping (¢ = ¢, + Cu2 = Cp1 + Cy2).

Figure 10 shows also that if we ignore the mass of the shaft, the instability region of model
2 passes from 210-235 rad/s to 345-385 rad/s. This effect is very big because the mass of the
shaft is 2-7 times larger than the mass of the disk (see Table 1).

The response amplitudes obtained by finite element formulation are compared next with
those obtained by the Rayleigh—-Ritz method. Two factors of shaft asymmetry are used for
model 2. As can be observed from Figure 11, the results obtained by the two methods are
very close, which validates the finite element formulation developed for asymmetric rotor-
bearing systems.

9. CONCLUSIONS

In this paper, a finite element procedure for rotor-bearing systems is generalized to
include the effects of the shaft asymmetry. In order to deal with the particular form of the
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Figure 11. Steady state response for model 2. Comparison between the responses obtained using the finite
element method (FEM) and the Rayleigh-Ritz method (RRM), for two factors of shaft asymmetry (fsa): ——,
FEM, fsa 0-2; -, RRM, fsa 0-2; ———-— , RRM, fsa 0-4.

equations of motion (ordinary differential equations with periodic coefficients), the finite
element method is applied in conjunction with a time-transfer matrix method, based on
Floquet’s theory. The time-transfer matrix method was tested by observing the motion of
a rotor with symmetric shaft in both fixed and rotating frames of reference. The finite
element procedure was compared, for a rotor-bearing system with a massless shaft and
undamped bearings, with a modal expansion method.

Numerical examples have shown that the finite element method in conjunction with the
time-transfer matrix method is a convenient way to predict the behavior of asymmetric
rotors.
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APPENDIX A: MATRICES

A.1. TRANSFORMATION MATRICES

| cos Qt sin Q¢ _ [T,] _ [T4]
[T2]= |: —sinQt cos Qt]’ [Tl = [ [Tz]T:|’ [Te] = |: [Tﬂ}

(A.1-3)
[o 1 _ [1H] _[[HJ]
[HZ:l - |: i 1 O:|’ [H4:| - |: [Hz]]":|7 [H8] - |: [H4]:|
(A.4-6)
A.2. DISK MATRICES
m C
M= " 1= ¢ A7, 8
[ D]_ Jx 5 [D]_ 0 Jy.Q 5 (’)
J. -2 0

sin(Qt + ff) 0
(0p) = my dQ? cos(Q2t + p) g 1 ’ (A9)

0 0

0 0

c 20m

cg=| "M ¢ A.10
Lol = 0 QU,—2J) | (410

—QUJ, —2J,) 0
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— Q%’m Qc
(K, —Qc —Q’m
Dl = s
QZ(Jy —Jy)
QZ(Jy —Jy)
sin(f) sin (Qt)
_ cos cos(Qt
{0p} = m,dQ* @) + mg (0 .
0 0
0 0
A.3. SHAFT ELEMENT MATRICES
(156 0 — 22L 0 54 0 13L 0
156 0 22L 0 54 0 — 13L
412 0 — 13L 0 —3L7 0
AL 417 0 13L 0 —3L?
(M =222
420 156 0 22L 0
(sym) 156 0 —22L
412 0
i 412
36 0 —3L 0 —36 0 3L 0 |
36 0 3L 0 — 36 0 3L
412 0 3L 0 — L2 0
ol,, 4> 0  —3L 0 —1L?
[Mr] = 3nT 9
30L 36 0 3L 0
(sym) 36 0 — 3L
4172 0
(36 0 —3L 0 ~-36 0 —3L
— 36 0 — 3L 0 36 0
412 0 3L 0 —L?
ol, —412 0 3L 0
M, ]=[M]=212
(M ] =[M,] 30L 36 0 iL
(sym) — 36 0
4172

325

(A.11)

(A.12)

(A.13)

(A.14)

— 3L

L2

3L

— 412

(A.15)
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[0 —36 0 —3L 0 36 0  —3L]
0 3L 0 3 0 3L 0
0 4> 0 —3L 0 —12
I 0 3 0 —L* 0
Mool = 3poz 0 -3 0 3L | (A.16)
(sym) 0 —3L 0
0  4L2
L 0 |
[0 —36 0 —3L 0 36 0 —3L]
0 —3L 0 -3 0 —3L 0
0 412 0 —-3L 0 —L?
Pl 0 —3L 0 L? 0
1= 50, 0 -3 0 s | A1
(skew—-sym) 0 3L 0
0  4L2
L 0 |
(12 0 —-6L 0 —12 0 —6L 0 |
2 0 6L 0 —12 0 6L
412 0 6L 0 212 0
(K,] = Cln 4> 0 —6L 0  2L? ws)
o 2 0o 6L 0 | '
(sym) 12 0 — 6L
412 0
L aL? |
(12 0 —6L 0 -12 0 —6L 0 |
—12 0 —6L 0 12 0 — 6L
41> 0 6L 0 212 0
2 2
(Ko = [KiJ = w0 e 0 At
(sym) —-12 0 6L
412 0
L —4L? |

(A.19)
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[0 —12 0 —6L 0 12 0 — 6L

0 6L 0 12 0 6L 0
0 —6L 0 212

0 417
EI 0 6L 0 2L 0
[Kisl =~ :
L 0o —12 0 6L
(sym) 0 — 6L 0
0 4172
- 0 -
0 — sin Qt
1 cos Qt
0 1L sin Qt
, . i _ . 1L cosQt
{04} = 2pgAL . 104} = —2pgAL .
0 — sin Qt
1 cos Qt
0 — L LsinQt
—iL —L1LcosQt

A.4. BEARING MATRICES

kuu kuw _ Cuu CVW
[KP] = |:kwu kww:|> [CP] - |:Cwu wa:|>

[Kp] = < 7 0 1
kuu - kww Cuw — Cyu COS(2QI) sin(ZQt)
+ < 2 e 2 >[sin(2Qt) — cos(2Q1)

N kuw + Kiu Lo Cuw — Crow —sin(2Qt) cos(2Qr)
2 cos(2Qt)  sin(2Q1) |

2

Cuw + Cow| 1 0O N Cow — Cwu| O 1 N Cuy — Cyow | COS(2Q1)
2 -1 0 2 sin(2Qt)

[C”sz 0 1

N Cuw + Cou| — SIN(2Q1) cos(2Q1)
2 cos(2Qt)  sin(2Q1) |
APPENDIX B: NOMENCLATURE

cross-section area of the shaft
periodic matrix of dimension m xm
matrix defined by [B] = (6%/06y*) [N]

A
[A(D)]
[B(y)]

kuu + kww Cuw — Cyu 10 kuw + kwu Cuu — Cyww
S DRI G et |
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(A.20)

(A21, 22)

(A.23, 24)

0 1
-1 0

(A.25)

sin(2Q1)
— cos(2Qt)}

(A.26)
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c external damping coefficient

Cuw> Cuws Cous Cry  damping coefficients of the bearings, Figure 3

[C] damping matrix (subscripts D, A, P: disk, shaft, bearing)

d radius defining the unbalance position, Figure 2

[D(y)] matrix given by [D] = [(d/dy)N]

E Young’s modulus

f) displacement function

{f} force vector of dimension m

g gravitational acceleration

[G] gyroscopic matrix

|Hjlj-2.45 constant transformation matrices, Appendix A

[1.] m X m unity matrix

1 second moments of area for shaft (subscripts x, z, m, d, p: along x’- and z'-axis,
mean, deviatoric, polar)

J moment of inertia of the disk (subscripts x, y: transverse, polar)

K> Kuws Kwus ki  stiffness coefficients of the bearings, Figure 3

Ky ka mean and deviatory stiffness of the shaft

[K] stiffness matrix (subscripts D, A, P: disk, shaft, bearing)

L length of a shaft element, also shaft length

oL virtual work of external forces (subscripts D, A, P: disk, shaft, bearing)

m mass of the disk

m, mass of the unbalance

[M] damping matrix (subscripts D, A, P: disk, shaft, bearing)

N number of intervals in a period

N4 N, number of disks, number of nodes of the shaft partition

[N(y)] matrix of shape functions for shaft elements
generalized displacements (subscripts x, z: along X- and Z-axis)

{0} forces vector (subscripts D, 4, P, L, u, w: disk, shaft, bearing, liaison, unbalance,
weight)

t time

T period

T kinetic energy (subscripts D, A: disk, shaft)

LT |j=2.48 periodic transformation matrices, Appendix A

u,w lateral deflections of the shaft in the in fixed frame

U strain energy

{x} vector of dimension m, containing displacements and velocities

(xyz) rotating frame

(x'y'z") principal axes of the shaft cross-section

(XYZ) fixed reference frame

y axial distance along shaft element or shaft
angle defining the unbalance position, Figure 2

{6} nodal displacements vector (subscripts 0, e, p: disk, shaft element, bearing)

0,y angular deflections of the shaft

P mass per unit volume for shaft

angle of rotation of the rotor

o, 0, Euler’s angles

[@(t)], [@(t,s)] transfer matrix of system (1)

0y, ®, and o, angular velocities of the shaft cross-section
rotational speed of the rotor

Special symbols
X = dx/dt differentiation with respect to time
X' =dx/do differentiation with respect to angle of rotation

X, {x}, [X] with reference to the rotating frame (for scalars, vectors or matrices)
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