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Assumed mode shapes are often used to determine the responses of a bridge deck under
the passage of moving loads. However, the use of these mode shapes in the inverse problem
of force identification would lead to unnecessary errors due to their inherent inaccuracy.
Direct differentiation of the measured responses is usually used to obtain the velocities and
accelerations, and this practice leads to large errors when measurement noise is included.
This paper derives the analytical vibration mode shapes of a continuous beam on rigid
supports from the eigenvalue and eigenfunction analysis, thus eliminating the modelling
errors from the assumed mode shapes. A generalized orthogonal function approach is
proposed to obtain the derivatives of the bridge modal responses, and this eliminates the
errors due to measurement noise. The moving loads are identified using the regularization
method on the equations of motion. Computational simulations and laboratory test results
show that the method is effective and accurate for identifying a group of moving loads.

© 2001 Academic Press

1. INTRODUCTION

Accurate estimation of dynamic loads acting on a structure is very important for the
structural design, control and diagnosis. The indirect load determination is of special
interest when the applied loads cannot be measured directly, while the responses can be
measured easily. It is an ill-posed inverse problem because the response typically is
a continuous vector function in the spatial co-ordinates, and it is defined at a few points of
the structure only. Therefore, solutions to the problem are frequently found unstable in the
sense that small changes in the responses would result in large changes in the calculated
load magnitudes. Lee and Park [1] have analyzed the characteristics of the force
determination error in a structural dynamic system, and they proposed a regularization
procedure to reduce the error. Tikhonov’s regularization method was used by Busby and
Trujillo [2] in a modal-based load identification. In a more recent work, Busby and Trujillo
[3] used a first order regularization, where the penalty is in terms of the derivative of the
force rather than the force itself, and the regularization parameter is determined by the
L-curved method [4] and the generalized cross-validation method [5]. Later, a time
domain method was presented for estimating the discrete input forces acting on a structure
based on the system Markov parameters [6]. The regularization technique was employed to
stabilize the computation.

This paper aims at exploring the theory of the moving load identification without
knowledge of the load system characteristics in the time domain. O’Connor and Chan [7]
modelled a bridge as an assembly of lumped masses interconnected by a massless elastic
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beam element to interpret time-varying moving forces from the equations of motion of the
system. Chan et al. [8] modelled the bridge as a Euler-Bernoulli beam to form the
equations of motion under a set of independent moving forces. Law et al. [9] assumed the
force to be a step function in a small time interval to relate the bending moment and
acceleration of the beam with the time-varying forces, and the equations of motion were
solved in the time domain. Later Law et al. [10] performed a Fourier transformation on the
independent equations of motion of the system that is obtained through modal co-ordinate
transformation. Exact solution on the time history of the forces is obtained by performing
the inverse Fourier transformation. Zhu and Law [11] investigated the dynamic behavior of
a multi-span continuous bridge with a non-uniform cross-section under moving loads using
the assumed mode method. The intermediate supports are assumed to have large stiffnesses,
and a damped least-squares method was presented to identify the moving loads. The use of
assumed mode shapes and the assumption of large stiffness at the intermediate support in
the last reference would lead to errors in the identified forces. Lin [12] has mentioned that
the selection of support stiffness is problem dependent, and it should be used with care if
numerical stability in the solution has to be maintained.

This paper eliminates the modelling error from the assumed mode shapes by using an
exact solution on the mode shapes. Rigid intermediate supports are allowed for in
a continuous bridge. A generalized orthogonal function approach is proposed to obtain the
derivatives of the bridge modal responses from the strain measurements instead of direct
differentiation [8, 11]. This would reduce the error due to measurement noise. The accuracy
of the identified moving loads on the bridge is improved using the regularization method on
the modal co-ordinate equations of motion of the bridge in the time domain. Moving forces
on a single-span beam, on a two-span beam, and the axle interaction forces from
a four-DOFs vehicle on a triple-span bridge are studied in the simulation. Laboratory
study is also conducted on a single-span beam. Computational simulations and laboratory
test results show that the method is effective and accurate for identifying a set of moving
loads.

2. MOVING LOADS IDENTIFICATION THEORY

2.1. EQUATION OF MOTION

A continuous uniform Euler-Bernoulli beam subjected to a set of moving forces P,
(I=1,2,...,N,) is shown in Figure 1. The forces are assumed to be moving as a group at
a prescrlbed velocity v(t) along the axial direction of the beam from left to right. Assuming
the forces as step functions in a small time interval, the equation of motion of the beam can
be written as

2 0 Hw Ny
AT DDy TVD S st — 01 0

where A is the cross-sectional area; E is the Young’s modulus, I the moment of inertia of the
beam cross-section, ¢ the damping of the beam, w(x, t) the transverse displacement function
of the beam, X;(t) the location of moving force P,(t) at time ¢, and J(t) the Dirac delta
function. Express the transverse displacement w(x, t) in modal co-ordinates as

wix, 1) = Y, $ilx)q(t), )]
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Figure 1. A continuous beam subjected to moving forces.
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Figure 2. An R-span continuous beam.

where ¢;(x) is the mode shape function of the ith mode, which is determined from the
eigenvalue and eigenfunction analysis proposed by Hayashikawa and Watanabe [13] as
shown below; ¢;(¢) is the ith modal amplitude. Substituting equation (2) into equation (1),
and multiplying by ¢;(x), integrating with respect to x between 0 and L, and applying the
orthogonality conditions, we obtain

d?q;(t )
de?

261 (O] + U) =3 r Z Pl xl(t) (3)

lll

dgi(t
t

where w;, &;, M; are the modal frequency, the damping ratio and the modal mass of the ith
mode, and

M, = f pARIB ) d @

2.2. EIGENVALUE AND EIGENFUNCTION OF A CONTINUOUS BEAM

The eigenfunction of an R span Euler-Bernoulli continuous beam as shown in Figure 2
can be written in the following form:

ri(Xi) = Ai sin ﬁx,- + Bi COS ﬂxi + Ci sinh ﬁxi + Di cosh ﬂxi (l = 1,2, ,R), (5)

where r;(x;) is the eigenfunction for the ith span, and £ is the eigenvalue. Hayashikawa and
Watanabe [13] have presented the formulation of the eigenfunction with arbitrary
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boundary conditions. The same problem is solved for a multi-span continuous beam by the
authors, and the boundary conditions are listed as follows:

ri(xi)|xi=O = ri(xi)|x,-=l, = 0) (l = 17 27 5R)

0%r1(xy) _ 0*rg(xg) —0
5xf x,=0 B axlzi xg=0 B
ori(x;) _ Oriq1(Xi41)
0x; x=1 0Xit1 le:O’
a2”1'(9%') _ a2”1‘+1(xi+ 1) (i=12 R—2)
axi2 x;i=1 axi2+1 X1 =0 T ’
Org—1(xg—-1) _ Org(xg)
OXR—1 Xeo1=lg 1 Oxg xx=lg
0%rg—1(xr—1) _ 0*rr(xg)
axlzz—l Xeo1=lg 1 axlzz xR=lR.

Substituting the boundary conditions into equation (5), the mode shape of the continuous
beam can be written as

A, (sin(Bx) —% sinh(Bx)), 0<x<I,,

oo~ £0)) 22 o5 —'50))) st -5
d(x) = — cosh <B (x B i.iil’)) * COSh(glril)h?ﬁ‘l:;)S(ﬁli) sinb <ﬂ<x B liilj>>> ’

YLi<x< Yl (i=23..,R-1),
j=1

Ag(sin(B(L — x)) — sin(Bl) sinh(BL —x)), L—Ilg<x<L,

sinh(flR)

(6)

where parameters f§, Ay, 4;, B;(i =2,3,...,R — 1), Ay are determined from equation (7) by
solving the following set of equations [147]:

[F1{A} =0, ™
where
A={Ay,As,Bs,...,Ax—1, Br—1, Az}
The elements in matrix F are given by
fi1 =cos(Bly) — 0y cosh(ply),  fio=0,—1, fia=—d,,
f21 =sin(Bly), faz=—1,
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J2i—1.2i-1) = cos(pl;) — 0; cosh(pl)),
Sri—1.2i—1 = —sin(pl) — sinh(Bl}) + ¢; cosh(pl)),
Sric12i =01 — 1,
frim1,2i41 = —Pis1,
fai,26-1) = —sin(Bl) — 0; sinh(Bl;),
J2i.2i—1 = —cos(Bl;) — cosh(fl;) + ¢; sinh(pl;),
frizie1=2 (=23,...,R—2),
far—1,2(r—2) = —cos(Plr_1) + Og 1 cosh(Blr_ ),
Jar—1.2r—1 = sin(Blg—1) + sinh(Blr 1) — Pr—1 cosh(flg 1),

for-120-1y= QR cosh(flg) — COS([?ZR),
Sai-1),26-2) = sin(flg—1) + Or— 1 sinh(Blg 1),

f2(i—1),2i—1 = cos(Blg—1) + cosh(flg 1) — ¢r—1 sinh(Blg_ 1),
fz(i—l),Z(i—l) = —2sin(plg),

where

_sin(Bl) __cosh(pl;) — cos(Bl;)
"~ sinh(BLy i = sinh(B1,)

(i=12..,R)

and the other coefficients f;; equal to zero.

2.3. GENERALIZED ORTHOGONAL FUNCTION EXPANSION

The strain in the beam at a point x and time ¢t can be written as

*w(x, t)
ox?

e(x, t)=—h @®)

where h is the distance between the lower surface and the neutral plane of bending of the
beam. Substituting equation (2) into equation (8) and assuming there are N modes in the
responses, we have

e(x, 1) = 9Q, )
where
¢ = —{hd1(x), hd3(x), -, hox(x)}, Q= {q1(1), 42(), ..., qn (D)}
and ¢7(x) is the second derivative of ¢;(x).

The strain can be approximated by a generalized orthogonal function T(¢) as

e(x, 1) = % Ti(1)Ci(x) (10)

1
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where {T;(t),i =1,2,...,N;} are the generalized orthogonal functions; {C;(x),
i=1,2,...,N,} is the vector of coefficients in the expanded expression. The strains at the N;
measuring points can be expressed as

¢ =CT, ()
where
T = {To(1), T1(t), ..., T, (1)},

& = {e(xy, 1), e(x2, 1), ..., &(xn, )},

Cio(x1)) Ciqlxy) - CIN,(xl)
C= C1o0(x2) Cy1(x,) CzN, (x2)
Crolxy) Cnilxy) -+ Cyn . (xn,)

and {x, X,,...,xy} is the vector on the location of the strain measurements. By the
least-squares method, the coefficient matrix can be obtained as

C=T"(TT") . (12)
Substitute equation (9) into equation (11),
Q=(®"®) '®'CT, (13)
where

hei(x1)  hez(xy) - hoy(xy)

- h¢’{.(x2) h(bﬁ.(Xz) hqﬁ&(Xz)

hi(xn) hda(xy) - honlxy)

and it can be obtained from equation (6).

2.4. REGULARIZATION

The vector of generalized co-ordinates obtained from equation (13) can be substituted
into equation (3), and rewritten it in a matrix form to become

1Q + C,Q + KQ = BP, (14)
where
C, = diag(2¢;wy),
K = diag(w?),

G (R (O)/My G (R2)/ My - PRy, (1)/ M4

B— G2(R1(O)/ My P2 (R2(0)/ My - (X, (1))/M

OnEL (O My dn(EO)/ My - dn(Ry, (1)/My
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The required ) and Q can be obtained by directly differentiating equation (13) to have

Q=(@"®) '®d'CT,
Q= (®"®) '®'CT.
The moving forces obtained from equation (14) using a straightforward least-squares
solution would be unbound. Let the left-hand side of equation (14) be represented by U.

A regularization technique can be used to solve the ill-posed problem in the form of
minimizing the function

J(P,2) = |BP — U||> + 4| P2, (15)

where A is the non-negative regularization parameter.

2.5. OPTIMAL REGULARIZATION PARAMETER

The success of solving equation (15) lies in how to determine the regularization parameter
A. Two methods are used in this paper. If the true forces are known, the parameter can be
determined by minimizing the error between the true forces and the predicting values as

S=|P—P|. (16)

In the real case when the true forces are not known, the method of generalized
cross-validation (GCYV) is used to determine the optimal regularization parameter. The
GCYV function to be minimized in this work is defined by [5]

IBP — U3

&) = Frace[1 — B(B'B + 1) "B 172"

(17)

where P is the vector of estimated forces.

3. NUMERICAL EXAMPLES

3.1.MOVING FORCES

The proposed method is illustrated in the following simulation studies. The effect of
discarding some of the information contained in the measured responses on the
identification errors is studied. This aspect has not been studied in previous works reported
by the authors or by other researchers.

3.1.1. Single-span beam

A single span simply supported beam is studied with two varying forces moving on top at
a constant spacing of 427 m.

£1(t) = 99152 x 10*[1 + O-1 sin(10nt) + 0-05 sin(40nt)] N,
(13)
£o(t) = 99152 x 10*[ 1 — 0-1 sin(10nt) + 0-05 sin(50mt)] N.

The parameters of the beam are as follows: EI =2-5x10'° Nm? pA = 5000 kg/m,
L =30m, h = 1 m. The first eight natural frequencies of the beam are 3-9, 15-61, 3513,
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TaBLE 1

Identified errors for single-span beam

Noise level

1% 5% 10%
Number of First Second First Second First Second
mode shapes force force force force force force
2 31-51 31-53 45-11 45-05 174-27 112-50
3 11-56 12-:00 13-04 13-24 16-31 16:08
4 678 618 7-05 695 847 869
5 516 3-62 507 3-89 546 4-80
6 390 310 4-02 328 4-14 366
7 343 2:99 345 313 3:66 344
8 315 2-86 319 301 342 329
9 9-52 896 9-48 8-94 9-48 8:94
10 18-02 17-30 18-51 17-99 18-42 17-88

62-48, 97-58, 140-51, 191-25 and 249-8 Hz, and they are used in the computation of the
analytical mode shapes from equation (6). The forces are moving at a speed of 30 m/s.
Random noise is added to the calculated strains to simulate the polluted measurement and
1, 5 and 10% noise levels are studied with

& = &Ecalculated + Ep ’ Niose'var(gcalculated) (19)

where ¢ is the vector of strains; Ep is the noise level; N;,,. is a standard normal distribution
vector with zero mean and unit standard deviation; &.,..4eq 1 the vector of calculated
strains; var (&.4euarea) 18 the standard deviation of €.14:04- The errors in the identified forces
are calculated as

P-P
IP = Prvcll 100%. (20)

Error =
HPTrueH

Table 1 shows the errors of identification from the use of different number of mode shapes
in the identification. The time step is 0-001 s in the calculation. The strain consists of
responses from the first eight mode shapes polluted with 5% noise level. Ten measuring
points are available in the identification and they are evenly distributed along the beam
length. The different combinations of number of mode shapes used in the identification and
the number of measuring points are studied. Figure 3 shows the identified results using three
and six mode shapes. The following observations are obtained.

(1) Results in Table 1 show that the errors in the identified forces are insensitive to the
noise level in the responses. This is because orthogonal functions have been used to
approximate the strains in the identification, and this approximation suppresses the
errors due to high-frequency measurement noise.

(2) When the number of mode shapes used in the identification is the same as the number
of mode shapes in the responses, i.e. eight mode shapes, the identified errors are the
smallest. The errors in identification become large when the number of mode shapes
used in the identification is either larger or smaller than the number of mode shapes
in the responses. This indicates that the pairing of the number of mode shapes in both
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Figure 3. The identified results with different number of mode shapes: ——, (a) The first axle force, (b) The
second axle force. true loads; - - — —, identified results with three modes; -+ - , identified results with six modes.

3.1.2.

the responses and the identified forces has a large effect on the errors in the
identification. The correct pairing can be determined from an inspection of
the frequency content in the measured responses.

Figure 3 shows that there are large discrepancies in the identified forces near the
beginning and the end of the moving forces when only three modes are used in
the identification. These discrepancies are much less when six modes are used. This is
because of the sudden appearance and disappearance of the forces at these points
which can be represented by an equivalent impulse force. These impulsive forces
excite the beam with a broadband vibration that covers a large number of modal
frequencies. Therefore, more mode shapes should be used in the identification to take
advantage of the information of the forces at higher modal frequencies in the
responses at the beginning and the end of the time histories.

Two-span-continuous beam

Table 2 shows the errors in the identified moving forces on a two-span continuous beam
with different number of mode shapes and number of measuring points. The parameters of
the beam are the same as for the single-span beam except each span measures 30 m long.
The first eight natural frequencies of the beam are 3-9, 6:1, 15-61, 19-75, 35-12, 41-22, 62-43
and 70-48 Hz. Figure 4 shows the identified forces from using strains polluted with 5% noise
level at six measuring points. Inspection of the results in Table 2 and Figure 4 gives the
following observations:



TABLE 2

Identified errors for two-span beam

Noise level

1% 5% 10%
No. of mode shapes No. of mode shapes No. of measuring First Second First Second First Second
in responses N, in identification N, points N force force force force force force
10 10 14 7-85 9-07 18-48 19-44 27-64 28-99
10 10 10 7-78 898 1667 17-98 26-28 2742
10 9 10 890 10-61 1595 1723 2424 2512
10 8 10 11-54 1371 2305 2412 3137 32:59
10 7 10 13-81 16:19 17-02 19-01 2199 2370
10 6 10 17-05 19-55 20-76 22:99 2661 28-54
6 6 6 1599 18-15 2015 2191 2626 2778
6 6 8 16:06 1821 20-93 22:69 2774 29-24
6 6 10 1598 1815 19-98 2177 26-11 27-69
6 6 12 15-90 18-08 1890 2073 2402 25-65
6 6 14 15-85 18:04 1819 20-06 22:47 24-14

8¢€

MVT'S 'S ANV NHZ 'O 'X
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Figure 4. The identified results with different number of mode shapes: (a) The first axle force. (b) The second
axle force. ——, true loads; — - — -, identified results with three modes; ----- , identified results with six modes.

(1)

Results in Table 2 show that the errors increase as the noise level in the response
increases. The errors are more than twice of that under similar conditions for the
single-span beam. Therefore, moving load identification in a multi-span beam would
be less accurate than that in a single-span beam.

When the number of mode shapes used in the identification equals to that in the
responses as shown in the first two rows and the lower part of Table 2, the errors in
the identified forces vary only slightly with more measuring points. The number of the
measuring points is best selected to be equal to the number of mode shapes.
Results from the upper part of Table 2 also show that the errors would be smallest
when the number of mode shapes in the identification is the same as that in the
responses. This confirms the observation made in the case of the single-span beam.
The identified forces in Figure 4 have large fluctuations close to zero at the point of
the intermediate support at 1-0 s. This is again due to the presence of the equivalent
impulsive force with the sudden appearance or disappearance of the forces at this
point.

3.2. BRIDGE-VEHICLE INTERACTION FORCES

Figure 5 shows a vehicle system with 4-d.o.f.s with damping included [15]. The axle
spacing is 427 m. The vehicle is simulated as moving on top of an unequal three-span
uniform bridge deck at a velocity of 30 m/s. The parameters and natural frequencies of the
bridge and vehicle are shown in Table 3. The bridge responses and the interaction forces are
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Figure 5. A bridge-vehicle system.

TABLE 3

Parameters of the three-span bridge and the 4-d.o.f.s vehicle

Parameters of the three-span bridge Parameters of the vehicle (Mulcahy, 1983)
Li=L;=30m, L, =50m M, = 17735 kg, m; = 1500 kg, m, = 1000 kg
p =50x10% kg/m I, = 1-47 x 10° kgm?
EI =2:5x10'° Nm? kg =247x105Nm™ 1, ky, =423 x 10°N/m
I =18 x10° kg/m? ky =374x10°Nm™ !, k,, = 460 x 10° N/m
E=2% ¢s1 = 30000 Ns/m; ¢;, = 40000 N's/m

. ¢;1 = 3900 N's/m; ¢,, = 4300 N's/m
Natural Frequencies (Hz) ay = 0:519; a, = 0-481; H = 1-80

2:07, 4-44, 521, 7-69, 13-82, 17-24,
18-82, 25-63, 3512, 38-18, 41-84, 54-23

calculated by the method proposed by Henchi et al. [16]. The time step in the calculation is
0-005 s. The road surface roughness of the bridge is not included in the simulation. The
measuring points are evenly distributed along each span. The identified axle loads from the
following two cases using different number of modes and measuring points are shown in
Figure 6. The number of mode shapes in the identification is taken to be equal to that in the
measured responses.

Case 1: The first six modes and eight measuring points are used in the identification.
There are two measuring points spaced at one-third span on the first span and the third
span, and four measuring points spaced at one-fifth span on the second span.

Case 2: The first 12 modes and 14 measuring points are used in the identification. There
are four measuring points spaced at one-fifth span on the first span and the third span, and
six measuring points spaced at one-seventh span on the second span.

1% noise is included in the responses. Figure 6 shows that the identified results are close
to the calculated interaction forces except near the supports, and Case (2) gives more
accurate results than Case (1) particularly at locations close to the supports. Therefore, the
proposed method is also effective for identifying the bridge-vehicle interaction forces.

Comparison with previous published results shows that the identified forces at the
supports are discontinuous in this work while those from Zhu and Law [11] are
continuous. This is because the large stiffness support assumption in the latter case enables
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Figure 6. The identified results with different modes and measuring points: (a) The first axle force. (b) The
second axle force. ——, calculated interaction forces; -+ - , identified results with six modes and eight measuring
points; — — — —, identified with 12 modes and 14 points.

small continuous responses of the beam when the force is over the support, while those of
the beam in the present case equal to zero when the force is over the support.

4. EXPERIMENT

4.1. EXPERIMENTAL SETUP AND MEASUREMENTS

The experimental setup is shown diagrammatically in Figure 7. The main beam, 3678 mm
long with a 100 mm x 25 mm uniform cross-section, is simply supported. There is a leading
beam for accelerating the vehicle and a tailing beam to accept the vehicle when it comes out
of the main beam. A U-shaped aluminum section is glued to the upper surface of the beams
as a direction guide for the car. The model car is pulled along the guide by a string wound
around the drive wheel of an electric motor. Thirteen photoelectric sensors are mounted on
the beams to measure and monitor the moving speed of the car. Six strain gauges are evenly
located on the beam to measure the bending moment responses of the beam. A TEAC
11-channels magnetic tape recorder and an §-channel dynamic testing and analysis system
are used for data collection and analysis in the experiment. The sampling frequency is
2000 Hz. The recorded length of each test lasts for 6 s. The model car has two axles at
a spacing of 0-557 m and it runs on four steel wheels with rubber band on the outside. The
mass of the whole car is 16:6 kg with 9-8 and 6-8 kg as the first and second static axle forces
respectively.
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Figure 7. Diagrammatic illustration of the experimental setup.

TaBLE 4

The correlation coefficients between measured and reconstructed responses at 5/8L

Number of Correlation
Case mode shapes Measuring locations coefficient
A 3 1/4L, 1)2L, 3/4L, 0-9809
B 4 1/8L, 1/4L, 1/2L, 3/4L 0-9470
C 5 1/8L, 1/4L, 1/2L, 3/4L, 7/38L 09752
D 3 1/8L, 1/4L, 3/8L, 1/2L, 3/4L, 7/8L 0-9853
E 4 1/8L, 1/4L, 3/8L, 1/2L, 3/4L, 7/8L 0-9837
F 5 1/8L, 1/4L, 3/8L, 1/2L, 3/4L, 7/8L 0-9822
G 6 1/8L, 1/4L, 3/8L, 1/2L, 3/4L, 7/8L 09716

4.2. FORCE IDENTIFICATION

Strains at 1/8L, 1/4L, 3/8L, 1/2L, 3/4L, 7/8L are used in the identification. Table 4 shows
the correlation coefficients between the measured and the reconstructed strains at 5/8L
from the identified forces with different number of mode shapes in the identification. The
number of measuring points and the number of mode shapes are shown in Table 4. Figure 8
shows the identified forces from Cases (A) and (G) of the study using three and six sensors
respectively. The combined force is also presented in Figure 8(c). The following observations

are made.

(1) Table 4 shows that the correlation coefficients are all larger than 0-9 for different
combinations of modes and measuring points. It shows that the proposed method is

effective to identify the moving forces in practice.
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Figure 8. Identified results from using different modes. (a) The first axle force. (b) The second axle force. (c) The
resultant force. ——, static load; — - - —, with three modes (Case A); -~ - , with six modes (Case G).

(2) There is a low-frequency component in the identified individual forces in Figure 8.
This is the pitching motion of the moving car.

(3) The identified forces from using six modes are closer to the static forces at the
beginning and the end of the time histories than that obtained from using three
modes. This gives experimental evidence of the fact that more mode shapes in the
computation should be used to identify the moving forces near these locations.

5. CONCLUSIONS

This paper presents several improvements on the accuracy of moving force identification.
An improved formulation on the analytical vibration mode shapes of a continuous beam on
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rigid supports is presented, and these mode shapes are used instead of the assumed mode
shapes in the inverse problem of moving force identification. A generalized orthogonal
function approach is proposed to obtain the modal velocity and acceleration from
measured strain response. This reduces the error due to measurement noise. The moving
forces are identified with bounds in the errors using regularization method in the solution.
Observations on the computation simulations and experimental test results provide
evidence to the following conclusions.

(1) The proposed moving force identification method is effective for identifying the
moving loads from measured strains in a multi-span bridge in time domain.

(2) The proposed method can be used to identify the bridge-vehicle interaction forces
from measured strains in a continuous beam, and acceptable results can be obtained.

(3) More mode shapes should be used to identify the moving forces at locations close to
the supports.

(4) When the number of mode shapes in the identification is the same as that in the
measured responses, the errors of identification will be the smallest.
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APPENDIX A: NOMENCLATURE

The following symbols are used in this paper.

h

C,

w(x, )

&(x, 1)

0

0

£(0)

N,

Ny

NS

N

q;(1)

w;

M, K, C

P

Q

P(x)

o(x)

A

ﬁ’ rl

ktlv k:z

Ct1> Ci2
s1» ksz

Csl’ CSZ

m,

1

distance between the lower surface to the neutral plane of bending
damping coefficient of the beam

transverse displacement of the beam

strains in the beam

mass density of material

the ith moving load

location of the ith moving load

number of moving loads

number of terms in the orthogonal function
number of measuring points

number of mode shapes used

ith modal coordinate

ith circular frequency in radians per second
mass, stiffness, and damping matrices
vector of estimated forces

vector of modal co-ordinates

mode shape of the continuous beam

Dirac function

regularization parameter

eigenvalue and eigenfunction of the continuous beam
stiffness of tyres

damping in tyres

stiffness of axle assemblies

damping of axle assemblies

mass of car body

torsional moment of inertia of car body
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