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A reverse flow theorem for acoustic propagation in compressible potential flow has been
obtained directly from the field equations without recourse to energy conservation
arguments. A reciprocity theorem for the scattering matrix for the propagation of acoustic
modes in a duct with either acoustically rigid walls or acoustically absorbing walls follows. It
is found that for a source at a specific end of the duct, suitably scaled reflection matrices in
direct and reverse flow have a reciprocal relationship. Scaled transmission matrices obtained
for direct flow and reversed flow with simultaneous switching of source location from one
end to the other also have a reciprocal relationship. A related reverse flow theorem
specialized to one-dimensional acoustic propagation has also been obtained. Reciprocity
relationships for the scattering coefficients for propagation are derived, and are found
to be similar though much simpler than in the case of multi-mode propagation. In
one-dimensional flow, reciprocal relations and power conservation arguments are used to
show that scaled power reflection and transmission coefficients are invariant to flow reversal
and switching of source location from one end of the duct to the other. Numerical
verification of the reciprocal relationships is given in a companion paper.
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1. INTRODUCTION

The general principle of acoustic reciprocity in a medium at rest is well known and is
derived in reference [ 1] by direct manipulation of the field equations in the case of harmonic
time dependence. By essentially using this starting point, Eversman [2] has demonstrated
and numerically verified reciprocal properties of the scattering matrix for acoustic modes
incident, reflected, and transmitted in a non-uniform duct in the absence of mean flow.
Moehring [3], by using an approach based on energy conservation, has arrived at the same
result when differences in definitions of the normalization of acoustic modes are considered.
Moehring’s approach depends on a suitable definition of acoustic energy density and
acoustic energy flux, which are well known in the case of propagation in a stationary
medium. Since the result of Moehring [3] depends on the normal derivative of the acoustic
energy flux vanishing on the walls of the duct, it would appear to exclude dissipative walls.
However, the classical result [ 1] concludes that reciprocal relations still hold, provided the
duct walls have a locally reacting impedance model (whether dissipative or not) where for
harmonic disturbances, acoustic particle velocity is proportional to acoustic pressure.
Reciprocity based on energy conservation is more restrictive than necessary.

0022-460X/01/360071 + 25 $35.00/0 © 2001 Academic Press



72 W. EVERSMAN

An appropriate definition of acoustic energy and energy flux also exists for propagation
in a compressible potential flow [4]. On this basis, Moehring [3] extended his observations
on properties of the scattering matrix to include non-uniform ducts with rigid walls and
potential mean flow with the result that the reciprocal properties also depend on flow
reversal. Godin [5] has studied extensively issues of acoustic energy, acoustic reciprocity,
and flow reversal theorems in a highly generalized sense directly from the field equations.
He has not specifically addressed the simpler case of propagation in non-uniform ducts with
compressible irrotational flow, citing Moehring [3] as having demonstrated reverse flow
reciprocity in this case [6]. Godin’s citations to the literature can be consulted for an
extensive survey of the field.

Here, the goal is to approach the acoustic reciprocity problem in a compressible potential
flow in non-uniform ducts directly from the field equations in much the same way as the
classical formulation in the case of a stationary medium [1]. Furthermore, it is intended to
show that reciprocity holds for a finite length dissipative lining imbedded in an otherwise
rigid wall. A foundation for such a formulation in the case of uniform flows was given by
Flax [7, 8] in connection with unsteady lifting surface theory. The application to potential
flows in non-uniform ducts given here yields a reciprocity relationship (perhaps more
appropriately referred to as a flow reversal theorem) which is in terms of acoustic potential
and acoustic density perturbations on an irrotational compressible mean flow. It can also
be given entirely in terms of acoustic potential perturbations. The reverse flow reciprocity
formulation which is obtained does not begin with an energy conservation law and leads to
a form similar to Moehring [3]. This investigation is not restricted to a duct with rigid walls.
The reverse flow reciprocity theorem is then used to establish reciprocal properties of the
scattering matrix for propagation of acoustic modes in a non-uniform duct with
acoustically absorbing walls.

The special case of one-dimensional propagation is also considered and it is shown that
the invariance property for acoustic power transmission in converging—diverging ducts
found by Davis [9] is the result of reciprocity and acoustic power conservation arguments.
His result is extended to more general duct configurations.

In the present paper, the theoretical framework is established for the reciprocity (flow
reversal) relationship, and it is specialized for examining the reciprocal relations which exist
between duct modes propagating in compressible mean flow. In a companion paper [10],
the results derived here are substantiated by numerical experiments based on a finite
element simulation using a new implementation of the boundary condition introduced by
the presence of acoustic treatment, the subject of a second companion paper [11].

2. ACOUSTIC PROPAGATION IN A COMPRESSIBLE POTENTIAL FLOW

An extensive discussion of both linear and non-linear formulations for acoustic
propagation in potential flows has been given by Campos [ 12]. His work includes a number
of citations to previous work and is the basis for contributions directed mainly toward
analytic or semi-analytic solutions for propagation in ducts (see for example references
[13, 14]). The investigation reported here has been part of the development of numerical
modelling methods for acoustic propagation in non-uniform ducts and therefore, the final
form of the governing equations is specialized for that purpose.

The acoustic field equations are obtained by the consideration of unsteady perturbations
on a steady compressible potential flow. Accuracy in calculation of both the steady and
unsteady flow fields is necessary for computational verification of the theoretical results
obtained. The starting point for the formulation of both the steady mean flow and the
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acoustic perturbation consists of the mass and momentum equations and the energy
equation in the form of the isentropic equation of state

0p \Y 1
Do ve(pV) =0, A (V-V)V = —— V), (1,2)
ot ot 0
b (ﬁ) , )
Po Po

b, p, V are fluid properties pressure, density, and velocity, at this point in dimensional form.
Do, Po are reference values of pressure and density. It is assumed that the mean flow and
acoustic perturbations are irrotational and that a potential ¢ exists such that V = V.
Acoustic perturbations are assumed on the steady mean flow such that ¢ = ¢, + ¢,
p = p,+ pand p = p, + p. The linearized continuity equation is

0
L V-V + V) =0, @

The linearized momentum equation, for irrotational acoustic perturbations, is

o=_F <@ + Ve, \7¢>>. )

2\ ot
This is used to replace p in equation (4) and the linearized equation of state,
p=cip, (6)

is used to produce an alternative form of the momentum equation in terms of acoustic
pressure,

p=—n 2+ vo-vs) 0

Equation (7) is used to post-process the field solution for ¢ to obtain the acoustic pressure
field. The acoustic particle velocity and acoustic velocity potential are related according to

v= Vg ®)
The perturbation process also produces the conservation equation for the steady flow,

V-(p.V,) =0, ©

and the steady flow momentum equation in terms of the speed of sound,

y—1
2

2=1-—

[V, Vo, — MZ], (10)

and in terms of the steady flow density,

1 1o=1)
p,=[1—”2 )(V¢,-V¢,—Mi>} . (11)
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Equations (4)-(11) are now in non-dimensional form where ¢ is the acoustic potential, ¢, is
the local mean flow (reference) potential, p is the acoustic density, p, is the local mean flow
density, and ¢, is the local speed of sound in the mean flow. All quantities are made
non-dimensional by using density p., and the speed of sound ¢, at some point, in this case
at the plane x = 0. Stagnation conditions could also serve as the reference. A reference
length R is defined as some characteristic dimension at the plane x = 0. In the case of
a circular duct, the reference length is the duct radius at x = 0. The acoustic potential is
non-dimensional with respect to ¢, R, and the acoustic pressure with respect to p,c2.
Lengths are made non-dimensional with respect to R. Time is scaled with R/c,. In the case
of harmonic time dependence, this leads to the definition of non-dimensional frequency
N, = wR/c,. o is the dimensional source frequency. M, is the Mach number at the
reference point.

Equation (9) is the field equation for the calculation of the compressible potential mean
flow. Equations (10) and (11) are subsidiary relations that can be used in an iterative
solution which at each stage uses a density field derived from the previous iteration step.
V., c., p, are required data for the formulation of the acoustic problem.

3. REVERSE FLOW RECIPROCITY PRINCIPLE

The application of a reciprocity relationship for acoustic propagation in potential flows
in non-uniform ducts has lagged behind the exploitation of the comparable results for
propagation in a quiescent medium, not because of the difficulty in posing the principle, but
probably because of the difficulty in producing solutions which could be used to test it.
Numerical solutions for duct propagation using the finite element method (FEM) are now
achievable [15] and provide the capability of determining the complete acoustic field in
a duct (and in the far field of a duct of finite length) as well as the scattering matrix for
a non-uniform duct inserted in an otherwise uniform duct of infinite length. This provides
an opportunity for testing the reciprocity principle and suggests the development of such
a principle for benchmarking of FEM calculations.

The intent here is to approach the reciprocity principle independent of considerations of
energy conservation. A counterpart exists in the literature of unsteady lifting surface theory
in the Reverse Flow Theorem of Flax [7,8]. A reciprocity principle for acoustic
propagation in non-uniform potential flows in ducts can be obtained by an extension of the
formulation of Flax.

Consider the volume Q2 shown in Figure 1, which is the interior of a non-uniform duct of
arbitrary cross-section. In examples, the duct will be assumed to be axisymmetric (circular
or annular), but the principle derived is independent of the duct cross-section. The duct
walls can be rigid or locally reacting. The unit normal n is directed out of the volume at each
surface. The source plane S is where the acoustic source nominally is specified and the exit
plane S, terminates the duct and may have a reflection matrix specified. For computations,
the exit plane will be assumed to be non-reflecting. A typical computational problem would
seek to specify the acoustic field within the duct and the scattering matrix at the source
plane for incident acoustic modes. Equations (4) and (5) specify the acoustic field within
Q subject to appropriate boundary conditions on S, the surface of Q.

Let ¢;e"" be a harmonic solution for the acoustic velocity potential for the case of
a mean flow specified everywhere in the duct by its reference Mach number M, = V¢, and
with specified boundary conditions. Let ¢,e be a second harmonic solution for exactly
the same duct with different source conditions, but with the flow reversed, — M, = — V¢,.
It is important to note that in the reversed flow the reference density p, and reference speed
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Figure 1. A general duct configuration showing volume and surface important in the development.

of sound ¢, are unaltered. Due to equation (4), in the case of a harmonic source at
non-dimensional frequency #,, it follows that

”J{% (n.p1+ V(0. Vo1 + Vdrp1)] — dilinep2 + V- (0, Vs — Vrp,)1}dQ = 0. (12)

Q

With application of the divergence theorem, equation (12) is reconfigured to

H{Mprm Vo) — 1000, Vibs — Vibrpa)]} -nds

N

- f j f (Vs Vops + Vr- Vo — iny(bapy — b1pa)} d2 = 0. (13)

Q

The acoustic density in the two solutions is defined according to

P1= _%(lnr(bl + Vd)r' V¢1)7 P2 = _%(1’7452 - Vd)"' V¢2) (14)

r

Equations (14) are used to eliminate the remaining volume integral in equation (13), leaving
the reciprocity principle in terms of acoustic density and potential in a form convenient for
subsequent development:

f f (G200 Vs + Vopi)] — b1[(p Vs — Vpopa)]} -ndS = 0. (152)

N

An alternate form, in terms of the acoustic pressure, obtained by using equation (7), is

f J {(’; V- %)[(pr Vs + Véop1)] — (’; T V- V@)[m Vb — Vmﬂ}-nds —o.

r
S

(15b)

In establishing reciprocal relationships for the scattering matrix, it is important in this
development that equation (15a) or (15b) have contributions only on the source and exit
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planes, S and S.. This requires that the integrand vanish on the duct walls. For a duct with
rigid walls, this occurs because Vg,-n =0, Vi -n =0, and V¢, -n = 0 on the walls. In the
case when mean flow is absent, V¢, vanishes and p, is constant, leading to

Jf{pzvl — p1v,}-ndS =0. (16)

s
For a locally reacting wall impedance in the absence of mean flow, acoustic pressure is
proportional to the normal component of particle velocity. This makes the integrand vanish
on the walls of the duct, and equation (16) has contributions only on the source and exit
planes. Reciprocal properties of the scattering matrix are therefore valid in the absence of
flow for normally reacting impedance walls. This is in spite of the fact that acoustic power is
not conserved.

When mean flow is present and the walls are normally reacting, further examination is
required to establish that equation (15a) has no contribution on the duct walls. Myers [16]
has shown that the boundary condition at a normally reacting acoustic lining which relates
the boundary displacement { to the component of the acoustic particle velocity normal to
the undisplaced surface is

Vo-n=in{ + M, -V{—{n-(n- V)M,. (17)

With V¢, -n = 0 on the duct wall surfaces S,,, lined or unlined, and M, = V¢, the integral of
equation (15a) on S,, becomes

b= J_[{prd)z[i’?rgl +M,- Vi —{in-(n- V)M, ]

Sy
- prq’)l[ianZ - Mr' VCZ + CZn'(n' V)Mr:]} ds. (18)

The following vector relations are introduced (taking into account the special circumstances
of the present problem):

PrdM, - V= pM,- VP — p.IM,- Vi,
Vep,M, =0, p,M,- Vol =V-p,p(M,, n-M, =0,
prpln-(m- V)M, =n-(n- V)p.p{M,,
n-Vx@mxp,p(M,) = V- p. (M, —n- (- V)p,$p{M..

Equation (18) can then be reformulated as

IW N Jj{prgl[“?rd)z - Mr' Vd)Z] - prCZ[inrd)l + MV‘ V¢2]} ds

S,

# [ [ vt pida M) 0 VM) 45, (19)
Sw
The case considered here is an impedance wall imbedded in an otherwise rigid wall.

Therefore, as shown in Figure 2, acoustic treatment imbedded in S,, extends less than the
full length of the duct. This is physically realistic, and is also consistent with the type of
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Figure 2. A duct configuration showing uniform extensions and appropriate surface normals.

reciprocity relation between duct modal amplitudes which is sought. Following the
development of Moehring [17], the last integral can be written as a line integral on the
boundary I' of the surface S,, by using Stokes’ theorem. Since the surface S,, consists of the
wall of the duct (in general of varying cross-section), I" is chosen to consist of closed curves
I'; and I, circumscribed on the duct wall outside of the region of the lining, and therefore,
where the duct wall is rigid. There is also a portion of I' which runs along the duct wall
between I} and I, to complete the closed curve of Stokes’ theorem, but this curve is
traversed twice, once in each direction, and has no net contribution. The contour I" is shown
in Figure 1. To make use of Stokes’ theorem, it is required that the acoustic field and the
wall displacement be continuous on S,,. Hence, since the acoustic treatment is of limited
length imbedded in an otherwise rigid wall duct, the transition from rigid wall to admittance
wall, as well as the variation of admittance along the treated wall, must be continuous. If
this condition is met, Stokes’ theorem can be cast in the form

J'J{n V'x (nxpr(prMr)} ds = J'(n Xprd)CMr)dr + J(UXP@CMJ dr.

Sy Iy Iy

The integral on the surface S,, vanishes if the line integrals vanish. On a hard wall the line
integrals vanish because the boundary displacement vanishes. This means that if the
condition for the use of Stokes’ theorem is met, then the integral of equation (19) is

b= J j oG lineds — M, Vo] — p, (ol ¢y + M, - Vepy T dS. (20)

N

With equation (7) this becomes
I, = fj{gzpl - C1P2} ds. (21)
S

At a wall of admittance A, there is a relation between pressure and wall velocity which is
frequency dependent and of the form

in,{ = Ap. (22)

The integral I,, vanishes and equation (15a) or (15b) have contributions only on the portion
of the surface area S which corresponds to duct cross-sections beyond the impedance wall,
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on the surfaces S; and S,.. With appropriate restrictions on the impedance wall, the
reciprocity principle is therefore unchanged for hard and soft wall ducts.

The restriction on the impedance wall is interesting. If admittance is indeed discontinuous
along the wall, then { has to be discontinuous. Moehring [17] has noted that for
discontinuous admittance variation, there is no clear condition to be imposed on the
acoustic field or wall displacement at the discontinuity. Rebel and Ronneberger [18] have
shown that the condition of admittance discontinuity and the assumption of potential flow
at the wall (no boundary layer) causes a problem with the underlying physics of the flow.
What is known is that a numerical procedure such as the FEM restricts the solution for
acoustic potential to continuous functions, and the lining displacement never appears in the
final field equations and boundary condition. Thus one suspects that the restriction to
continuously varying admittance is not a critical issue in numerical comparisons, but it may
be in comparison with experiment.

Equation (15a) can also be written entirely in terms of acoustic potential:

”%{m(% — %Mer- V¢1> - im%qubl}-nds

N

- “m{pr(wz — LM, V‘f)z) ; iﬂrf;Mrff)z}’ndS —0, (23)

S

where the area S is now understood to include only the source and exit planes S and S,,
shown in Figure 2.

4. APPLICATION TO A NON-UNIFORM DUCT

The discussion here is presented for a duct with a straight x-axis, but is more complicated
only in the notation if the axis is not straight. Figure 2 shows a representative non-uniform
duct with cross-section S(x) defined on 0 < x < L. The nominal source plane, identified as
S, in Figure 1, is placed at x = 0 and specifically identified as S(0) = S,. Similarly, the
nominal exit plane S, in Figure 1 is placed at x = L and identified as S(L) = S;. With source
reversal, the roles of the source and exit planes reverse, but S, and S; are always related to
the co-ordinate system. There is a steady mean potential flow in the duct M(x, r), defined as

V.. (24)

M, (x, r) is a non-dimensional velocity based on the reference speed of sound ¢,,,. M (x, r) is
the local Mach number defined in the usual way and c(x, r) is the local (dimensional) speed
of sound. (x, r) denotes a point in a cross-section at x in a co-ordinate system appropriate
for the duct geometry. The corresponding reversed flow is — M. The non-dimensional
frequency 5 can also be defined locally (local speed of sound but with reference length R)
according to

wR R ¢
N=——=——=01. (25)

Cop C Cy
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n is a local non-dimensional frequency based on the local speed of sound. In terms of local
Mach number and non-dimensional frequency, equation (23) becomes

H prbs [Vs — MM- V)] — inMéb, ) -ndS

So+S.

- H P ([Vds — M(M- V)] + Mg} -ndS=0.  (26)

So+Sy,

It is assumed that at the nominal inflow end of the duct at x = 0 the steady mean flow is
uniform on the cross-section with M(x, r) = M,i, and at the nominal outflow end x = L the
steady mean flow is uniform with M(x, r) = Mi. Reference density p,, and p, and local
non-dimensional frequency 5o and #; are defined similarly. The assumption of uniform
conditions implies that the inflow and outflow planes are well removed from the
non-uniform region of the duct. In computational examples, it is found that for ducts with
circular or annular cross-sections, uniform inlet and outlet ducts of length two duct radii
ahead of and beyond the non-uniformity are sufficient. At x = 0 the outward unit normal
n = —iand at x = L the normal is n = i. With these observations the reciprocity principle
of equation (26) becomes

pns ([ #2000 = M3) 222 oMo, Las
Jj { 0x }

— o [0 = 52+ inatogs s

- p ”qsz{ D inLMqul}ds

St

— Pr, ijﬁ {(1 — Mj) % + 111LML¢2}dS. (27)

St

5. CIRCULAR DUCT EXAMPLE

In the regions of uniform flow at the ends of the duct at x = 0 and L acoustic potential
can be approximated by an N term eigenfunction expansion in terms of duct modes
(Figure 2). In the case of a circular duct, the expansion can be expressed at x =0 in

vector-matrix form for angular dependence e =™ as
Gu(x, 7, 0) = [Pn()][em ()] {am e + [@n()][em ()] {ay te ™. (28)
The derivative is
0w

Sy 0607 0) = [@n()]len (10— iky Hanje™™ + [Pn(n]len ([ iks T{an je™. (29)

[@(r)] is a 1 x N row matrix of duct radial modes, the same for both right and left
propagating modes. [e,, (x)] and [e,, (x)] are N x N diagonal matrices with typical elements
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e %, [—ik{] and [—iks] are NxN diagonal matrices with typical elements

—ikZ -{an} and {a, } are N x 1 vectors of modal amplitude coefficients for right (positive
x) and left (negative x) modes. k. are axial wave numbers corrresponding to angular mode
number m and radial mode number n. Axial wave numbers for acoustic modes in the
context of the present problem are discussed in Appendix A.1.

With these observations, deleting for simplicity of notation the implied dependence on
the mode number m of the axial wave number, and taking the reversed flow solution to have
angular dependence e, it is possible to express the solution ¢; and its counterpart
reversed flow solution ¢, as

¢1 = [P1{al Je ™ + [@]{as je ™, (30)

% = [&][— ik{1{af e~ + [@][ — iks ]{ar }e ™. 61)

At x =0 the diagonal matrices [e, (0)] and [e,, (0)] become identity matrices. The
corresponding reversed flow solution is

¢, = [P1{a; }e™ + [@]{a; e, (32)

0> _ [P][ — ik I{as }e™ + [@][ — ik, ]{as }e™. (33)

ox

Similar expansions with modal amplitudes {b,, } and {b,, } apply at plane x = L. Here, the
phase information in the matrices [e,; (L)] and [e, (L)] is absorbed into the amplitude
coefficients.

The wave numbers and eigenfunctions are independent of whether angular dependence is
e~ or €™, The choice of angular dependence in the two solutions eliminates the angular
dependence in integration arising in equation (27). The physical implication is that of
a spinning mode which has the same vector sense with respect to the flow direction. In
calculations, scattering coefficients do not depend on the sign of m.

If equations [30-33] are introduced into equation (27) and the indicated integrations are
carried out taking advantage of orthogonality of the acoustic modes, the reverse flow
theorem yields

tar } ol ool {as } + (b1} [T (o] {bs } =
{az }T[Jol[wod{ar } + (b3 T[]l ]{by }. (34)
[Jol, [Vil, [o], [er] are diagonal matrices with elements dependent on the mode of

propagation. The composition of these matrices is given in Appendix A.2.
Equation (34) can be written in partitioned form as

{af}T[[Jo][%] ] {a;}_ {az_}T[Uo][on] ] {af} 35)
by [l ] b b3 AU

Modal amplitudes a, and a, and b,” and b, are related by the acoustic potential scattering

matrix according to
a” a*
{b*} = [S] {b} (36)
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where the scattering matrix is defined as

_[TRI[T]
15]= [[T] ERJ' 7

Contained in [S] are the usual reflection matrix [R] and transmission matrix [T] for
acoustic modes incident at x = 0 and reflection and transmission matrices [R] and [T] for
modes incident at x = L. There will be a scattering matrix [S;] for nominal mean flow and
asecond one [S,] for reversed flow. The relationship between [S;] and [S,] can be obtained
using the reciprocity theorem.

Equation (35) is rewritten by introducing the definition of the scattering matrix from
equation (36) and by using the definition

[[JO] [%] (3] [m} Bt o
The result is
{Z} EANBIEY {Z} : {Z} PAHRIEY {Z} (38)
Equation (38) reveals that
[S1" /10 = [J1[LS:] (39)
or
(10081 = (VIEALS.)" (40)

Equations (39) and (40) show that a weighted version of the nominal flow acoustic potential
scattering matrix and similarly weighted version of the reversed flow acoustic potential
scattering matrix are transposes of one another. In terms of the acoustic potential reflection
and transmission coefficient matrices, the result is

[R1]T[J0] [eo] = [Jolleol[RA], [El]T[JL][aL] = [JL][aL][EZ]a (41, 42)
[T1]T|:JL][OCL] = [Jo][%][fz], [TJT[JOJ[%] = [Jelle [ T3] (43, 44)

The reciprocal relationships of equations (41)-(44) involve acoustic potential reflection and
transmission coefficient matrices, with diagonal elements representing reflection
and transmission coefficients in the incident modes (here referred to as direct reflection or
transmission) and off diagonal reflection and transmission coefficients from the incident
mode to another mode. Equations (41) and (42) show that direct acoustic potential
reflection coefficients are invariant in reversed flow. The transmission coefficient matrix
pairs [Ty], [T»] and [T,], [T>] are not reciprocally related but the pairs [T,], [T>] and
[T,], [T»] are related by equations (43) and (44). These results for acoustic potential
reflection and transmission coefficient matrices are more interesting than those obtained for
acoustic pressure reflection and transmission coefficient matrices in the absence of flow [2]
because they identify a relationship between reflection coefficient matrices in nominal and
reversed flow which includes the observation that the direct reflection coefficient (in the
incident mode) is invariant to flow direction.
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6. RECIPROCITY IN TERMS OF ACOUSTIC PRESSURE

The entire development to this point has been carried out in terms of acoustic potential
because the field equations (4) and (5) favor this formulation. Equation (7) provides a direct
relationship between acoustic pressure and acoustic potential which can be used to
restructure the reciprocity results in terms of acoustic pressure modal amplitudes. In terms
of local non-dimensional frequency and local Mach number in a uniform section of duct
with uniform flow, equation (7) can be rewritten as

p=— p,c,<in¢ M @) (45)
0x

With equation (45) a connection between acoustic potential modal amplitudes and acoustic
pressure modal amplitudes can be established. Consider an acoustic mode propagating in
the uniform section with the axial wave number given in Appendix A.l1 by equations
(A1)-(A3). By referring, for example, to equation (33) which evaluates the potential
derivative, the pressure amplitude can be found in terms of the potential amplitude in
nominal flow as

+ : ke + 1 +
pi = —np.c, 1—M7 by :Fd’f (46)

and in reversed flow by

. k. 1
pi = —inpre 1+ M5 o = Lgr. @)
n B
The coefficients f*, §* are defined in detail in Appendix A.3.
These relations between acoustic pressure modal coefficients and acoustic potential
modal coefficients are evaluated at x =0 and L to produce transformations between

acoustic potential modal amplitudes {a* }, {b*} and acoustic pressure modal amplitudes
LEY [
{e* ) {d* )

S e o
S s, @
S [ S o
T S Ve bl g

The 2N x 2N diagonal matrices [B* ] and [ B ¥ ] have coefficients defined by equations (46)
and (47) for each mode, evaluated at the appropriate end of the duct, arranged along the
diagonal. Equations (48)-(51) and equation (36) provide a relationship between the
scattering matrices for acoustic potential and the scattering matrices for acoustic pressure:

[S:1=[B71'[S1[B*], [S:]1=[B*1'[S;][B"]. (52, 53)
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[S1], [S,] are the scattering matrices in nominal and reversed flow for acoustic potential
modal amplitudes and [S,], [S,] are the scattering matrices for acoustic pressure modal
amplitudes. Equations (48)-(53) and equation (38) are used to arrive at the reciprocity
relationship for acoustic pressure modal amplitudes in terms of the nominal flow and
reverse flow acoustic pressure scattering matrices:

[B*] '[S,]"[JI[«1(B* 1 = [B*1[JIA[S1[BF] L. (54)
The four reciprocal relationships are

[B3 1™ 'R\ TJo]l201Bs 1 = [AS IJoILao][RA1[B5 1 (59)

(A1 IR ]0B: ] = (B Il JIRL10BE T (56)

[B51 [T D008 ] = (B¢ oIl L ToI0AE T, (57)

(821 [T el 080 ] = [A /] L 21 0Be 1. (58)

The reciprocal relationships of equations (55)-(58) involve acoustic pressure reflection
and transmission coefficient matrices, with diagonal elements representing reflection and
transmission coefficients in the incident modes (here referred to as direct reflection
or transmission) and off diagonal reflection and transmission coefficients from the incident
mode to another mode. From equations (55) and (56) it is seen that in terms of acoustic
pressure amplitude, direct reflection and transmission coefficients in nominal flow and
reversed flow are not invariant but are simply related. Transmission coefficient matrix pairs
[T\], [T>] and [T;], [T>] are not directly related but pairs [T;], [T>] and [T;], [T>] are
related by equations (57) and (58).

Owing to the way in which equations (55)-(58) were developed, the weighted, or scaled,
matrices on the right- and left-hand sides are equivalent to their counterparts in equations
(41)—(44). This convenient definition of scaled pressure reflection and transmission matrices
makes them numerically equal to their scaled acoustic potential counterparts.

7. RECIPROCITY IN ONE-DIMENSIONAL FLOW

In some cases it is possible to use a one-dimensional approximation for steady flow and
acoustic perturbations. A reverse flow reciprocity relationship can also be obtained in this
case. Figure 1 shows the duct under consideration, but which in this case satisfies the
requirements that the flow and propagation can be considered as quasi-one dimensional.
Acoustic treatment is not considered in this case because at best it can only be included in
an ad hoc way not fully consistent with the one-dimensional restrictions. The cross-sectional
shape of the duct is not a consideration in this one-dimensional approximation. The
one-dimensional acoustic continuity equation is

op 0 o op.\
AE—F&(/),Aa—kpA ax =0, (59)

where A is the local cross-sectional area of the duct. The one-dimensional acoustic
momentum equation is

p=—"2 (iw M, M’) (60)
cr ox
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or
. 0
X
The steady flow is obtained from
0 op
— | pA=—1]=0 62
o <pr ax> (62)

and the relations between mean flow velocity and mean flow potential and acoustic particle
velocity and acoustic potential are

o, 09

= . 63, 64
0x 0x (63, 64)

The acoustic relationship between pressure and density is
p=cp. (65)
The mean flow speed of sound is determined by

—1
e=1-""D e w2 (66)
and the mean flow density is

Py = [1 -0 Do - Miﬂlml). (67)

Equations (59)-(67) are non-dimensional as in equations (4)-(11), with the convention here
that the reference length R is a (hypothetical) radius corresponding to a (circular) source
“plane” at x = 0, the reference cross-sectional area. The non-dimensionalization described
here differs from the usual one-dimensional development in which some characteristic duct
length is generally used as a reference length. The non-dimensional frequency #, is defined
exactly as in the preceeding three-dimensional reciprocity development.

The duct which is locally of arbitrary cross-section, is terminated on each end by a section
of uniform duct, of length sufficient to assure uniform mean flow and propagation in terms
of acoustic modes. The source plane x =0 is where the acoustic source is nominally
specified and the exit plane x = L terminates the duct. The exit plane is assumed as
non-reflecting.

The equivalent of equation (12) is

J{qbz[imApl + Ve(p, AV + M, Ap1)] — ¢1[in.Aps + V-(p, AV, — M, Apy)]} dx = 0.
(68)

Here, for ease of notation, and for a degree of similarity with the general development, the
gradient operator is used to denote

V=—"e, (69)
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and

Mr = Mrex» (70)

with e, the unit vector in the x direction. With application of integration by parts, which is
equivalent to the divergence theorem used to obtain equation (13), and by using
equation (60) to partially replace p; and p,, and to subsequently eliminate the remaining
integral on x, equation (68) is reduced to

|:¢2<Pr U1y Ap1> ¢ <p,A aa‘i M Ap2>:|L =0. (71)

0

When this is written entirely in terms of acoustic potential the result is

[Apr{qbz[a — ) D ivg, } b1 [(l )y mM@}HL —0. ™

0

For multiple mode propagation, eigenfunction expansions were used to define the acoustic
potential field in the uniform flow regions at x = 0 and L. This is still appropriate, with the
simplification that only the plane waves propagate, and no analysis is required to determine
the modes and wave numbers.

There is one “mode” propagating in each direction in the uniform duct sections, so that
there is only a superposition of a right and left wave, given for example here for the nominal
flow solution at x = 0 in the form

¢1:af+a;>

0
fs L= (—ikf)ar + (—ikg)ar . (73, 74)
oxX

The axial wave numbers are determined from the general relations in Appendix A.1,
equations (A1) and (A3), with k,,, = 0, for the plane wave case,

ki 1 ke 1
; =7I_M2(—Mi1), p =71_M2(Mi1). (75, 76)
1 2

The superscript choice + corresponds to right and left waves. n and M represent local

values of non-dimensional frequency and Mach number determined by the local speed of
sound, with # still based on the reference length. The operator arising in equation (72),

0
Ligh = (1 — M) 5 g =g, 7

introduces the parameters «* and «~ corresponding to right and left waves, for example at
x =0,

af = p,[—i(1 = MYk —inM] = —ip.n, (78)
oay = p[—i(l = MP)ky —inM] =ip,n. (79)

Similar expressions exist for o, in reversed flow. It is noted that a; = o = o and
o, =oay = — o. o is evaluated at the ends x = 0 and L as required.
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With these definitions, equation (72) can be rearranged in a form equivalent to equation

(38),
a; T[ Agog a; a, T[ Agog af
8 R 6 e O £

a,; and a, and b, and b, , acoustic potential modal amplitudes at x = 0 and L, are related
by the acoustic potential scattering matrix according to

a” at
{b*}: [S] {b}’ (81)

where the scattering matrix is defined as

[5] = [1; ITJ (82)

R and T are the reflection and transmission coefficients (scalars) for a source at x = 0 with
a reflection free termination at x = L. R and T are reflection and transmission coefficients
for a source at x = L and reflection free at x = 0. There will be a scattering matrix [S;] for
nominal mean flow and a second one [S,] for reversed flow. Equations (81) and (82) can be
used in equation (80) to obtain

ai " T ay | fai " . a;s
{bl} [S11°[A][x] {bz}_ {bz} [S.1"[A][o] {bl}, (83)

where the definition

[A(’“" ]= [4]0) (54)
Apog
is introduced. The implications of equation (83) are summarized by the reciprocity relations
([S:17[A1[2]) = [AT[e[S-] (85)
and
[A1[10S:] = ([AT[ed[S D" (86)

Equations (85) and (86) are used to establish the following relationships for the acoustic
potential reflection and transmission coefficients:

Ry =R;, ﬁl = ﬁZa 7~"21‘100‘0 =Ty Aroy, 7~;1Ao°‘0 =T, A1y (87-90)

By using the definitions of «y and «; defined by equations (78) and (79) evaluated at x =0
and L, equations (89) and (90) are written as

A 2~ A *
T, =_°&ﬁ<ﬁ> T T =—°&i<ﬁ> 7. (91, 92)
AL p"o (,’,.0 Py, AL Pro cro Pr,

Equations (87) and (88) produce the interesting result that the acoustic potential reflection
coefficients, at the left end and at the right end are invariant to flow direction. No reciprocal
relationships link the left to right transmission coefficients T; and T, or the right to left
transmission coefficients T; and T> in nominal flow and reversed flow. Equation (91) links
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the left to right transmission coefficient T; in nominal flow to the right to left transmission
coefficient T, in reversed flow. Equation (92) links the left to right transmission coefficient in
reversed flow T, to the right to left transmission coefficient T; in nominal flow.

The reciprocal results of equations (87)-(90) are for acoustic potential modal amplitudes.
In the case of acoustic pressure modal amplitudes, a transition to acoustic potential modal
amplitudes is made through equation (61). By using equations (75) and (76), which are axial
wave numbers in the case of plane waves, the transformations from acoustic potential to
acoustic pressure for right and left waves in nominal and reversed flow are found to be

¢ =B pi. 1 =P p1, 93)
¢35 =P ps. ¢ =P ps, (94)
where
1+ M 1—M
- 99)
— 1 p,C, — 1p,C,

Mach number and non-dimensional frequency are based on the local speed of sound.
Non-dimensional frequency is still based on the reference length. Non-dimensional density
and non-dimensional speed of sound are evaluated locally.

Equations (93) and (94) are used to introduce pressure modal amplitudes in
equation (83). The scattering matrix is now in terms of pressure scattering coefficients,

[S]= [1; IT‘E] (96)

After following the same steps leading to equations (87)—(90), reciprocity relations for
acoustic pressure scattering coefficients are found to be

R Aoty 2 — R Ao g or R = m R, 97)
Ry ﬁ - R or Ti- m 7., 98)
T1AL0‘L —é: = ?2140050 ﬁ—g or ?1 = i—z Z—ZZ—:% ?2: 99)
TleaoéE:EALaLﬁg or i:fifé:zmﬁ (100)

Equations (97)-(100) are written both implicitly in terms of coefficients defined above and
explicitly in terms of local area and flow conditions. The mach number is for the nominal
flow.

Pressure reflection coefficients are not invariant in reversed flow but are reciprocally
related as given by equations (97) and (98). No reciprocal relationships link the left to right
transmission coefficients T; and T or the right to left transmission coefficients T, and T, in
nominal flow and reversed flow. Equation (99) links the left to right transmission coefficient
T, in nominal flow to the right to left transmission coefficient T, in reversed flow.
Equation (100) links the left to right transmission coefficient in reversed flow T, to the right
to left transmission coefficient T; in nominal flow.
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8. ACOUSTIC POWER CONSIDERATIONS IN ONE-DIMENSIONAL PROPAGATION

In the case of one-dimensional propagation, additional results can be obtained by the
consideration of acoustic power. The definition of acoustic intensity due to Morfey [4] is
valid as part of a conservation law in non-uniform ducts for compressible potential flow.
This definition of acoustic intensity is used in the uniform flow sections either end of the
non-uniformity to obtain acoustic power expressions.

For propagation in uniform flow, the Morfey intensity formulation simplifies to the
time-averaged scalar form

1 1
3= <(1 + M?)pu + p,c,Mu* + e Mp2>. (101)

Acoustic power is obtained by integration over a cross-section, to yield

P
Arefpaoci

= JJ<(1 + M?)pu + p,c,Mu* +

S

— Mp2> ds. (102)

PrCr

A modal expansion as given by equations (73) and (74), with wave numbers given by
equations (75) and (76), is used to obtain an acoustic power in terms of acoustic potential
modal amplitudes. The result is

P

Y] =a**Pitat +a P am, (103)
ref Mot

where, for example, a* denotes the complex conjugate of a. Power can be represented in
terms of acoustic potential amplitudes as in equation (46) in uniform duct sections at x = 0
and L. The power coefficients P{;" and P{;” can be easily obtained by carrying out the
operations indicated in equation (102), having made use of the relation between acoustic
pressure and acoustic potential of equation (61), and the relation between acoustic particle
velocity and acoustic potential in equation (64). For example at x = 0,

PIrIJ(; :%procroi/’%Aos P;l; = _%procron%AO' (104)

Energy conservation arguments lead to the conclusion that I1;,. + I1,.; = 1,4, With the
observation that power is positive for incident and transmitted and negative for reflected
contributions. Incident power at x = 0 is given by

ey =a™Pfta”. (105)
Reflected power in nominal and reversed flow at x = 0 is given by
I,y =a™*R¥*Pr_Ria™, I, =a""REP Rya. (106)
Transmitted power in nominal and reversed flow at x = L is given by

Htrans:aJr*T’lkPrlt TlaJr: Htrans:aJr*T;Pflt T2a+- (107)
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Subscripts on the power coefficients denote the uniform section in which they are evaluated.
From equation (87), Ry = R,, that is, the acoustic potential reflection coefficient is invariant
to flow direction, as is P;;. The power reflection coefficients are defined by either

R, ~REPR oo g REPLR

2
nl o 2 Por, IR [ (108)
Use has been made of the fact that Py, = — P/ fg, and the reflection coefficient is defined
without regard to the sign of the reflected power. The power reflection coefficient is
therefore invariant to flow direction, R, = R,,. It is concluded that the power transmission
coefficients are also invariant to flow di~rection, T, =T, A silglilar (ievelopment based on
equation (88) would show that R, = R, and therefore that T, =T, .
It is now possible to connect the power transmission coefficients when the source is
moved from one end of the duct to the other. For a source at x = 0 the power transmission
coefficient (the ratio of transmitted to incident power) is in nominal flow

A
p=lulnllip)2 (109)
prn Cr,A AO

For a source at x = L in reverse flow the power transmission coefficient is defined for right
to left power according to

. Txp, T, P
T = 211,12 110|

Pro Cr, Ao | 2
=2 T2 =" 20 T2 (110)
P11L P11L

rp Lrg AO

Equations (109) and (110) are deduced by using the definitions of incident and transmitted
power appropriately evaluated at x = 0 or L. The reciprocal relationship of equation (89) is
used to replace T, in equation (110) yielding the result

prL Cro AL

T, =
pro rr AO

| T (111)

2

It has thus been shown that T,, = T,. It is therefore concluded that T,, = T,, = T, = T,
and thence from power conservation arguments that R, =R, = ﬁnl R,,. This
completes the interesting result that for the one-dimensional model power reflection and
transmission coefficients are invariant to flow reversal and switching of the source location.
The result that T, = T,, states that the transmission coefficient for the nominal flow
direction is the same from either end of the duct. This result contains the invariance theorem
of Davis [4], but also admits a generalization. Davis found that for a converging—diverging
non-uniformity in an otherwise uniform duct, for equal pressure amplitude input at the
upstream and downstream ends of the duct, the transmitted power is related by

I, (1+ M)
7= me (112)

Here, I1, is the transmitted power at the downstream end due to a source at the upstream
end and T, is the transmitted power at the upstream end due to a source at the downstream
end, both in the nominal flow. Since the result of Davis is for a converging diverging duct,
with both ends of the same area, M, = M = M.
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By using equations (103) and (104), which define acoustic power in terms of acoustic
potential amplitudes, and by modifying them using equations (93)-(95) to relate acoustic
pressure amplitude to acoustic potential amplitude, the incident power at x = 0 is

1 A
Mipe (x = 0) =5 pg == (1 + Mo)*. (113)
Similarly, for an acoustic pressure input at x = L:) tﬁe incident power there is
_ 1 ., A
MMye (x = L) =5 1pr P = (1 = M) (114)

pg and p; are pressure mode amplitudes incident at the ends x = 0 and x = L. Superscripts

+ and — reinforce the idea that at x = 0, the incident mode is a right running wave and at
x = L, the incident mode is a left running wave. The tilde (~)is a reminder that the source is
at the end x = L. By using the fact that the transmitted power in each case is the product of
the incident power and the appropriate power transmission coefficient, which is the same
for either case (T,, = Tnl), and that the incident modal pressure amplitudes are the same for
either source (|pg | = |pr, |), it follows that

Htrans _ AO prL CrL (1 + M0)2

= =—t 2 115
Htrans AL pro CrU (1 - ML)2 ( )

Equation (115) contains Davis’ result [4] in the case of a converging—diverging duct when
the duct area, flow density, speed of sound and Mach number are the same at both ends.
Other results are possible involving acoustic potential and acoustic pressure amplitudes
from the core result that the power transmission coefficients are invariant.

9. CONCLUSION

A reverse flow theorem for acoustic propagation in compressible potential flow has been
obtained directly from the field equations without recourse to energy conservation
arguments. A reciprocity theorem for the scattering matrix for the propagation of acoustic
modes in a duct with either hard walls, or a section of locally reacting absorbing wall
imbedded in an otherwise hard wall, follows. It is found that for a source at a specific end of
the duct, suitably scaled reflection matrices in direct and reverse flow have a reciprocal
relationship. Scaled transmission matrices obtained for direct flow and reversed flow with
simultaneous switching of source location from one end to the other also have a reciprocal
relationship.

The approach presented here is an alternative to the approach of Moehring [3, 17], with
the distinction that no energy conservation condition is used. It has been exploited to
provide explicit reciprocal relations which are of theoretical interest, but which also have
the more pragmatic significance of providing a convenient means for benchmarking
large-scale propagation codes such as those used in the numerical experiments supporting
this investigation [10].

A similar reverse flow theorem for acoustic propagation in one-dimensional compressible
potential flow also has been established, and the corresponding reciprocity theorem for the
scattering coefficients for propagation of incident plane wave acoustic modes obtained.
Reciprocal relations and power conservation arguments are used to show that scaled power
reflection and transmission coefficients are invariant to flow reversal and switching of
source location from one end of the duct to the other.
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Numerical verification of the reciprocal relationships is the subject of a companion

paper.
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APPENDIX A: MULTIPLE MODE PROPAGATION

1. ACOUSTIC MODES AND AXIAL WAVE NUMBERS

Acoustic propagation in uniform duct segments is described as a superposition of duct

modes. The characteristics of these modes depend on the axial wave numbers, explained
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extensively in reference [ 19]. Results for circular ducts are given explicitly here. Results for
annular ducts require only minor modifications.
Axial wave numbers are given in the nominal flow for modes which are cut on by

ki 1 N A
(ﬂf—M{‘Mif““‘W(Tnﬂ (AD

and for modes which are cut off by

ki 1 . NEAY
<n>1 _I_MZ{—M-H\/(I—M )<an> —1}. (A2)

In reversed flow for cut on modes,

ke 1 N A
<n>;1—M{Mif““‘M’<an”’ (A

and for cut off modes,

ki) 1 . 2 [ Km0\
<T>2 =1 _M{Mﬂ/u - M )<a—n> — 1}. (A4)

The non-dimensional frequency 7 is based on the local speed of sound and the reference
radius in the uniform duct section in which the reference conditions are defined, in this
problem at x = 0. k,,,6 are eigenvalues determined from the uniform duct eigenproblem
[19] in a uniform duct with local radius possibly different than the reference radius, for
example, at the other end of the duct at x = L. In the case of the circular duct, they are
determined from J,,(k,,,0) = 0, with J,, being the Bessel function. m is the angular mode
number and n, 1 < n < N, is the radial mode number. ¢ is the ratio of the local duct radius
to the reference radius, ¢ = R;/R. a1 is therefore non-dimensional frequency based on local
speed of sound and local duct radius. At x = 0 where the reference radius and c,, are
defined, 0 =1 and 5 =#,. The convention on the sign choice in equations (A1)-(A4)
corresponding to k; is that the positive sign is chosen if the radical is real and the minus
sign is chosen if the radical is imaginary. The opposite choices are made for k. k; then
corresponds to waves propagating in the positive x direction (except for the possibility that
with Mach number negative some propagating waves may appear not to propagate in the
positive x direction due to convection) and to cut-off modes decaying in the positive
x direction. The opposite interpretation applies for k.

A.2. ACOUSTIC MODES IN RECIPROCITY RELATIONSHIPS

In carrying out the integrals of equation (27), the notation

f j[w[qﬂ ds = /o], f j [#17[#]dS = [J,] (A5, 6)

So Sy
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is introduced. [J,] and [J,] are N x N diagonal matrices resulting from the orthogonality
of the duct eigenfunctions at x = 0 and x = L. For a circular duct, the eigenfunctions ®,,,(r)
are Bessel functions of the first kind of order m. In numerical implementations, it is
convenient to generate the Bessel functions, solve the related eigenproblem, and generate
[Jo] and [J;] using an FEM formulation.

With the eigenfunction expansions of equations (30)-(33), the integrals of equation (27)
can be written as

oo e i

=pr0[(1 M§)({az T + {az }) o[ — ik, Hai } + [—iky, I{ar })

—inoMo({as }* + {as }"[Jol({ai } + {a1 })], (A7)

Hqs {(1 — M3 d’z +1110M0¢2}ds

=pr0[(1 M3)( {af}“r{al o[ — ik 1{as } + [—iky,1{az })

+inoMo({al }" + {ar }D[Jol({az } + {az })], (A8)

J [o-dur = a2 i s

= p, [(1 = MPb3 )T + (b3 YOI — ik (b7} + [—iky, 1{b1})

—ingMp({bs }" + {by }[JLI({b{ } + {b1 })], (A9)

H¢ {(1 — Mj) ﬂ + 117LML¢>2}dS

= po [(1 = MR((bF )T + (b7 I [C— ik, T (b3 ) + [— ks, ]4b3 )

+in My({by }T + {by DIJLI({bs } + {b2 })]- (A10)
The notation k;; designates the axial wave number evaluated at x = 0 for the nominal flow
direction. k., corresponds to reversed flow. k.= designates the axial wave number evaluated at
x=L for the nominal flow direction. k: corresponds to reversed flow. In
equations (A7)-(A10) amplitude coefficients {a*} are associated with an eigenfunction
expansion at x =0 and {b*} correspond to x = L. With the use of equations (A1) and (A2),
introduce the following definitions for the nominal flow direction for propagating modes (k, real):

2
oaf = p,[—il = M)k —inM] = — ipm/1 -(1- M2)<E> ; (A1)
on

Ko \?
ay = p,[—i(l = MP)ky, —inM] =ip.n \/1 —(1 _M2)<m7> (A12)
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and for cut-off modes (k, complex):

ai = p[—i(l — MYk}, — igM] = — p,n/u - Mﬂ(i—;)Z ~1, (A1)
a1 = pL—i(l — M2)k;, — igM] = pyy /(1 — M?) <GZ) ~1. (A14)

Analogous definitions can be introduced in reversed flow using equations (A3) and (A4).
For example, for a propagating mode

2
o = p[—i(l = MYk, + inM] = — iprn/1 —(1- MZ)(’“) . (A19)
on

it becomes apparent that the definitions do not change in reversed flow so the conclusion is
made that «; =oaf =o' and «; =oa; = o~ for both propagating and cut-off modes.
Furthermore, it is apparent that o~ = — o™ and these are to be evaluated at x = 0 and L as
required.

Equations (A7)-(A10) can be rewritten in the form

5 1 .
oo [ [t =39 %22 — o s

So

= {as }"[Jolloo 1{ar } + {as }"[Jol[oo 1{as }

+{ax } ol 1iar } + {az } ol [0 1{ar } (Al6)
2 0fs .
Pr, Jj‘d)l {(1 - Mo)g - lﬂoMo(f)z}dS

So

= {a} Jolleg J{az } + {af} " [Jol[oo 1{az }

+ {ar } " [Jolloo 1{as } + {ar }"[Jol[oo 1{az }, (A17)
o ”qsz {(1 _ Myl inLMqul}ds
0x

St

= (b3} Al b1 T + {65} [0 Lo 14Dy

{5 L0 b1 )+ (b3 I B 10 (A1)
2 5¢2 .
oo [ [t = 30 %22 — s s

St

= {1 LIl b} + (b1} T[] [ 1 {bs )

+ {00} 0oL {2} + (b1} L] [ 1{b2 ). (A19)
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The diagonal matrices [«; ] and [«;"] have elements defined by equations (A11)-(A15).
Elements o, are evaluated at x =0 and o, are evaluated at x = L and the distinction
between nominal flow and reversed flow disappears.

When the integral evaluations of equations (A16)—(A19) are used in equation (27), there is
considerable simplification due to the fact that g = — ag = — apand o = — of = — o,
The diagonal matrices [o,] and [o;] are constructed by evaluating equations (42)—(45) at
x =0 or L for each acoustic mode included in the acoustic potential expansions of
equations (30) or (32). [Jo][oo] and [J; ][] are diagonal and therefore equal to their
transpose.

A.3. ACOUSTIC WAVE NUMBERS IN PRESSURE FORMULATION

Equations (46) and (47) introduce coefficients f*, f* which are determined from the
axial wave numbers kS defined from equations (A1)-(A30). For nominal flow and
propagating modes, this yields

1 F M /1= (1 — M)(xa/on)?

§e= o PR (A20)
and for nominal flow and cut-off modes
1 _ 1+iM. /(1 — M?*)(xc/on)* —1
BT = —Mp.C 1_ M2 . (A21)
For reversed flow and propagating modes,
1 i 1+ M/1—(1— M (xa/on)? A2)
_— = — C
ﬁ+ np.C 1 _ M2
and for reversed flow and cut-off modes,
1 ) 1 FiM /(1 — M?)(kc/on)* — 1
F = —1mMp,C 1— MZ . (A2’3)
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