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An exact analytical method is presented for the analysis of forced vibrations of uniform,
open-section, single- and multi-bay periodic channels. The centre of gravity and the shear
centre of the channel cross-sections do not coincide, and hence the flexural vibrations in two
mutually perpendicular directions and the torsional vibrations are all coupled. The ends of
the channels and the periodic intermediate supports are modelled with springs having finite
flexural and torsional stiffnesses. Single-point force excitation has been considered
throughout the study, although the developed method is also capable of dealing with
multi-point excitation. The channels are assumed to be of Euler—Bernoulli type beams. The
study also takes the effects of cross-sectional warping into consideration. The developed
method is suitable for structurally damped analysis and in addition to yielding forced
vibration characteristics; it also straightforwardly reveals the free vibration properties like
the mode shapes.

© 2002 Elsevier Science Ltd.

1. INTRODUCTION

If the centre of gravity and the shear centre of an open-section channel cross-section do not
coincide, the flexural vibrations are inevitably coupled with the torsional vibrations. The
stiffener, being an important element of aeronautical structures, is a typical structure, which
undergoes such a motion.

Although studies involving finite element methods are numerous in literature, Gere and
Lin [1] and Lin [2] presented some of the first analytical works in this field and obtained
the coupled, but free vibration characteristics of uniform, open-section channels using the
Rayleigh—Ritz method. The effectivenesses of various beam theories in the solution of beams
having coupled torsion and bending were compared by Bishop et al. [3]. Dokumaci [4]
developed an exact analytical model for the determination of coupled vibrations of
open-section channels, which were symmetric with respect to an axis, though the warping
was not admitted. Bishop et al. [5] then allowed warping in Dokumact’s theory and
investigated the same type of Euler-Bernoulli beams of open cross-section. In all of these
works, only the free vibration characteristics and the classical end boundary conditions
were studied. Freiberg developed a numerical method for the solution of coupled beam
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vibrations based on Vlasov theory and obtained the dynamic stiffness matrix [6]. He
further established element mass and stiffness matrices for use in standard finite element
procedures and evaluated the modal masses. However, he analyzed only the classical end
boundary conditions.

Cremer and Heckl [7] proposed a wave propagation method for the solution of forced
wave motion in uniform structures. The use of that method was found to be extremely
convenient and effective when the responses of finite, uniform structures to point harmonic
forces or line harmonic loads were determined [8, 9].

Yaman [10], by using the wave propagation approach, developed exact analytical
models for the forced vibration analysis of open-section channels having classical end
boundary conditions. In that study, the type of the coupling was defined in terms of the
independent motions, which were coupled due to the geometry of cross-sections. Hence if
the flexural vibrations in one direction were coupled with torsional vibrations, the resulting
phenomenon is called the double coupling; whereas if the flexural vibrations in two
mutually perpendicular directions were all coupled with the torsional vibrations, it is
referred to as triple coupling. The warping characteristics were also considered but, since
they were derived from torsional characteristics and represented through the
torsion-bending stiffness, the warping was not treated as an independent motion. The
developed theory was able to provide forced vibration characteristics like frequency
response curves as well as giving the free vibration properties like the mode shapes. The
comparisons showed that the developed method proved to be a good alternative to
complicated approaches such as the Vlasov Theory.

If the ends are elastically supported (where the supports may also have inertial
properties), the problem becomes very tedious to tackle through the means of the classical
analytical approaches. Yaman [11] also developed exact analytical models for the analysis
of non-classical end boundary conditions in purely torsional and doubly coupled vibrations
of single-bay channels. The exact methods have alleviated the difficulties encountered in the
consideration of complex end boundary conditions and proved to be effective. Ozdemir
studied the dynamics of multi-bay doubly and triply coupled channels [12]. She also
considered the periodically supported channels resting on flexible supports.

In references [10-12], the structures were first assumed to be infinite in length and the
flexural and torsional displacements due to the external force and torque excitations were
formulated. The displacements due to the waves being reflected from the ends were also
separately formulated. The intermediate supports react upon the channel with forces and
torques, which generate wave fields similar to those of the externally applied force. The total
motion then consists of the wave fields due to the externally applied loading, the
intermediate support reactions and the reflections from the extreme ends. The unknowns
are the reflected wave amplitudes and the reaction forces and torques due to intermediate
supports. Equations for these unknowns are set up by satisfying the boundary conditions at
the ends of the finite channel and then by satisfying the compatibility conditions at each
support location. Once the unknowns have been determined, the response at any point in
the finite channel can be computed. It was found that the developed method, though being
primarily intended for the analysis of forced vibrations, was very convenient in the
determination of free vibration properties such as the mode shapes. As a matter of fact, any
vectorial quantity such as the velocity, acceleration, bending moment or shear force at any
point on the channel could easily be obtained.

This study gives the theory and applications for forced, triply coupled vibrations of
elastically supported, uniform, open cross-section, single and multi-bay channels. The ends
of the channels and the intermediate periodic supports are modelled with springs, which
provide finite flexural and torsional stiffnesses. The effects of different end conditions are
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Figure 1. Cross-section representing a triply coupled channel and the real and effective loadings (C: centroid, O:
shear centre)

studied. The forcing is taken in the form of a point harmonic load. The effects of warping are
also dealt with. Various frequency response curves and the mode shape curves are presented
for both undamped and structurally damped channels.

2. THEORY

2.1. THE MOTION GENERATED IN AN INFINITE, TRIPLY COUPLED CHANNEL
BY A SINGLE HARMONIC TRANSVERSE FORCE

Consider Figure 1 which gives a typical triply coupled channel, relevant co-ordinate axes
and the real and effective loadings. In this case the flexural vibrations in the z direction,
flexural vibrations in the y direction and the torsional vibrations are all coupled. The
motion equations of this type of coupled vibrations are well known to be [1, 2] (a list of
nomenclature is given in Appendix C)

o*w 0w o*v >’

EI:W"FWIF"‘EIV:W-"WIC},W—O,
g 0, O gy T T
—— t+m— — + mc,— =0,
Yoxt T or " ox*t o
o* ¢ Ow %0 ¢
Erow—GJW-FTHC},W-FMCZW-}‘[)IOW:O (1)

Here w is the flexural displacement in the z direction, v is the flexural displacement in the
y direction and ¢ is the torsional displacement. EI. defines the flexural stiffness in the
z direction, EI, gives the flexural stiffness in the y direction, EI . is the flexural coupling
stiffness between the flexural motions in the y and z directions. The centroidal axes v and
¢ are not necessarily the principal centroidal axes and the second moments of area I, I, and
I, are calculated with respect to the centroidal v- and ¢-axis. GJ is the torsional stiffness
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and ETlq is the torsion-bending stiffness with respect to the shear centre O through which
the warping characteristics of the cross-section are taken into the consideration. ¢, is the
eccentricity between the centroid and the shear centre in the y direction, c, is the eccentricity
between the centroid and the shear centre in the z direction, I is the second polar moment
of area with respect to the shear centre, p is the material density and m is the mass per unit
length of the uniform channel.

If the torsion-bending stiffness is excluded, 10 coupled waves may travel along the length
of the channel and they appear in five positive and negative pairs (j = 5), and if one includes
the torsion-bending stiffness the number of possible waves becomes 12, in six positive and
negative pairs (j = 6) [10]. These waves are influenced by both the flexural and the
torsional properties of the structure and are characterized by their wave numbers k, which
are the roots of the determinantal equation derived from equations (1). If one considers the
existence of the torsion-bending stiffness, the determinantal equation for the wave numbers
then becomes

Elékf{ — mow? Elvékf{ — mcya)2
El,:ky ELk* — mw? — me,w? =0. )
— mcyu)2 — mc,w? Eloki} — plow?

The total displacement fields w(x), v(x) and ¢(x), at any point x along the length of the triply
coupled channel, have two parts. In each field, the first part is due to the free waves reflected
from the left- and right-hand boundaries of the finite channel and the second part is due to
the external transverse force(s) as though they were acting on a doubly infinite unrestrained
channel. Both of these parts are represented by series expressions. The external transverse
forces can be applied in the z direction as P, and/or in the y direction as P,.

It has been shown that [10] a single transverse force P, when applied alone on the finite
channel at x, through the centroid, and the free waves reflected from the extreme ends will
create the following total displacement fields:

2j J
wix, t) = < Y A+ P a,,ek"|"xf|>e"*",
n

=1 n=1

2j J
v(x, t) = < Y A1+ Py a,,H,,ek"l""”)ei“”,

n=1 n=1
2j j ‘
B(x, ) = < S A,@,e + P, Y a,,<1>,,ek"|xxf|>e“*". 3)
n=1 n=1

a, values are found by satisfying the necessary continuity and compatibility conditions at
the point of application of P, acting on a doubly infinite channel. Their determination for
the triply coupled channel are given in reference [10]. The A, values are the unknowns of
the problem and represent the complex amplitudes of the 2;j reflected waves. They are found
by satisfying the necessary 2j conditions at the ends of the triply coupled channel.

I1, defines the ratio of the flexural displacement v to the flexural displacement w for an
excitation in the z direction (P,). Similarly, @, gives the ratio of the twist ¢ to the flexural
displacement w, for P, excitation. They can be found from equation (1) as

I — (Elky — mw?)(EToky — GJky — plow?) — ( — ¢,;mw?)?
" (= eymo?)(— comw?) — (ELky) (ELoky — GJky — plow?)

(Elky — mw?) (ELky — mw?®) — (EI,:ky)?
(EL:ky) (— comw?) — (— eyma?®) (ELky — maw?)

P, =

4)



ELASTICALLY SUPPORTED TRIPLY COUPLED, PERIODIC CHANNELS 653
If required, the warping displacement can also be found from the torsional displacement as

0d(x, t)

ox

J

2j
= _ 2As< Y k,A,®e — Py k,,an@ne_""'x_xf') e (5)
n=1 1

u(x, t) = — 2A4s

n=

where As is the swept area.

2.2. THE BOUNDARY CONDITIONS TO BE SATISFIED AT THE ENDS OF AN ELASTICALLY
SUPPORTED TRIPLY COUPLED CHANNEL

The development of boundary conditions for classically supported ends of triply coupled
channels is given in reference [10] in detail. Similarly, the boundary conditions for
elastically supported ends of the doubly coupled channel vibrations are given in reference
[11]. This study extends those theories and gives the end conditions for elastically
supported and triply coupled channels. Upon assuming no rotational restraint to exist in
both xy and xz planes, the following set of equations (6)-(9) gives the required boundary
conditions for the case where both ends warp freely.

Relations due to flexural springs, K;:

(EIw"(0) + EL""(0)) + K, w(0) = 0, (EIw"(L) + EI,v'"(L))
= Ko w(L) =0, (EL0(0) + EL,:w"(0) + Ky, 0(0) =0,
(ELw"(L) + ELw"(L)) — Ky 0(L) = 0, (6)

where K,,; and K,,,, are the transverse flexural stiffnesses resisting w displacements at the
left- and right-hand ends respectively. K,,;, and K,,. are those which resist the
corresponding v displacements, and L is the length of the channel.

Rotational relations where the channel is free to rotate in both xz and xy planes:

w’(0)=0, w'(L)=0, v"(0)=0, v"(L)=0. (7)
Relations due to torsional springs, K,
(GJP'(x) = ELo¢"(X)lx=0 — Kior1(0) = 0, (GJP'(x) — El' 0" (x))lx=1 + Kior,p(L) = 0,
)

where K,,,; and K,,,, are the torsional stiffnesses resisting ¢ displacements at the left- and
right-hand ends respectively.
End warping relations:

W(O0)=0,u(L)=0 (e, $"(0) =0 and ¢"(L) = 0). 9)

When the expressions for w, v, ¢ and u from equations (3) and (5) are substituted into
equations (6)-(9), one obtains a matrix equation for the unknown 4,’s as

[CSB]{An} = - PZ{DSB}? (10)

where SB stands for single-bay. The numerical solution of equation (10) yields the required
unknowns, 4,’s. Their further substitution into equations (3) and (5) allows one to
determine the required displacements at any point on the channel.

Expressions for the coefficients of Csp and Dgp of equation (10) are given in Appendix A in
detail.
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2.3. THE INFLUENCE OF AN INTERMEDIATE ELASTIC SUPPPORT

Now consider the effects of an intermediate elastic support located at x = x,, which
restrains both the twisting rotation and the w and v flexural displacements. Denote the
support stiffness which resists twist by Ky, and those which resist displacements w and v by
K, ., and K, , respectively. The torque exerted on the channel by the support is therefore
T, = — K or®(x,) and the forces exerted on the channel are Rz, = — K ,w(x,) and
Ry, = — K ,0(x,). Each of these unknown forces and the torque create different flexural
displacements and twist at any point on the channel. These fields are similar in form to
those created by an externally applied force (i.e., equations (3)) but have different
coefficients. The total displacement fields w(x), v(x) and ¢(x) due to the combined effect of
those unknown forces and torque can be found to be

1 n=
k

k j 3 j k J
w(x) =< Y R, Y ae el N T, Y ybe 4 Y RN y,,c,,ek"l"x'"|>,
m= 1 m=1 n=1 m=1 n=1
k J
v(x) = < Y R.Y Mae >4+ Y T,
m=1 m=1

J k J
Jubae —ku|x = x,| 4 Z Rym Z c,e —knlx—xml>’
1 m=1 n=1

n=

j k J k J
—k,|x—x,, —k,|x—x,, s oAk x—x,
S dae N TN ekl N RN g,0,e 7R '>,
m=1 n=1 m=1 n=1

(11)

where k defines the number of intermediate supports. The coefficients 1, and @, are those
given in equation (4). ¥, relates the flexural displacement w to the unknown torque T,,.
v, relates the flexural displacement w to the unknown force applied in the y direction, Ry,,.
A, gives the relation between the flexural displacement v and the unknown torque T,,.
Similarly, o, defines the relation between the twist ¢ and the unknown force Ry,,. By using
equations (1) and (4), these coefficients can be found to be

(Elky — mw?) (mow’c.) — (mw’c,) (ELky)

Ay = ve = 1/I1 =1/A =1/®,. (12
An (EIka,'—mwz)(Elékﬁ—ma)z)—(EIvékﬁ)z’ Vn / n On /m wn /n ( )

b, values in equation (11) are obtained from the following continuity and compatibility
conditions satisfied at the point of application of a torque T, as if it were acting on a doubly
infinite channel:

*w(x, 1) 3v(x, 1) ow(x, t)
EI&W‘*‘EIV.{ Ee =0, o~ =0,
3v(x, 1) *w(x, 1) ov(x, 1)
EI, pE: + El,; F I 0, x 0,
d9(x) Pox) T _0p(x, 1)
GJ o El, PR R u(x, t) = - 0. (13)

Substituting the T-dependent terms of equations (11) into these equations, one obtains the
following set of equations for the b,’s:
j j J J
EI. Z — kb, + EI,; Z —k32,b,=0, EI, Z —k32,b, + El,; Z — kb, =0,

n=1 n=1 n=1 n=1
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J J J J
GIY —kby—EloY —kiby= —T/2, Y —kipub, =0, Y —kiib, =0,

n=1 n=1 n=1 n=1
J
Y — kb, =0. (14)
n=1

These equations can further be put in a general matrix form of order j as

[Xr){ba} = — {x1}, (15)
where T stands for Torque and the coefficients of X in row-wise order become
Xy, = — ELkp, — EL k3 A,y Xv,, = — ELk) A, — EL ko,
Xr,, = —GJlk,— Elo(— k3), Xp,, ==k Xr, = —kids Xrp, = —k, (16)

where in each row the index n varies from 1 to j (j = 6). The forcing vector is given by
{x;}7={00 —T/200 0}. (17)

The numerical solution of equation (15) yields the required b, values.

The ¢, values in equation (11) can be found by a similar process. When a transverse load
P, acts on a doubly infinite channel in the y direction, the following continuity and
compatibility conditions must be satisfied at the location of the load P,

3w(x, t) %v(x, 1) ow(x, t)
Ele—a T Ehe5 =0 =5 =0
3v(x, 1) Iwix,t) P, dv(x,1)
EI, — + EI, — = — =0,
vooox® + Ehe ox? 2 0x
0p(x, 1) ¢ Py, 09(x, t)
GJ —Ely—= = t)=—-— =0. 18
0x ©ox3 27 u(x, 1) 0X |x=o0 (18)

Substituting into these equations the R -dependent terms of equation (11), one obtains the
following matrix equation for the c,’s:

[Xpyl{en} = — {xpy}- (19)
The coefficients of Xpy can be given in a row-wise order as
Xpy,, = — EIk3y, — ELek3, Xpy,, = — ELKS — EL 3,
Xpy,, = — GJk,0, — El'o(— ks)am Xpy,, = — kr??m Xpy,, = — kﬁ, Xpy,, = — ko,
(20)
where in each row, n varies between 1 and j (j = 6) and the forcing vector is given by
{xpr}" =10 P,/2 (Pyc.)/2 0 0 0}.

The required ¢, values are computed from the numerical solution of equation (19).

Now on the multi-bay channel, each of the k sets of those unknown reaction forces Rz,
Ry,, and the unknown reaction torque T, create displacements w, v and ¢. The externally
applied force (only P, in this case) and the amplitudes A4, of the waves reflected from the
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extreme ends also create displacement fields. By combining the effects of all those, the total
displacement fields w(x), v(x), ¢(x) in a triply coupled channel can then be written as

w(x, t) = <ZAe’”‘+PZaek|x *l
n=1 n=1

k
+ Z Rz Zae ky|x— x|_|_ Z T anbe—klx x|+ Z R Zyncn —k,|x— x,|>

m=1 n=1 n=1 =1 n—1

v(x, t) = <Z 1,4, + P, Z II,a,e x>

n=1 n=

K j
+ Y R, Y Mae ™= 4 Z T, Z J e bl 4 Z R, Z ¢ e xm|>
= n=1

m=1 m=1 n=1

2j
o(x, t) =<Z @, A, + P, Z @,a,e k> — ]

n=1 n=1

k J
+ZRZ",Z L a,€ —k,|x— xI+ZTZbek|x xI+ZRymzace k|x— x|>
m=1 n=1 m=

=1 n=1 n=1
(21)

The unknown reaction forces Rz,, Ry, and the reaction torque T, should satisfy the
compatibility conditions at each support location x,,. In this way, it can be written that

W(xm) = - RZm/Kst,wa U(xm) = - Rym/Kst,w (b(xm) = - Tm/Ks, tor- (22)

The support at x,, is assumed to be symmetric, in that there is no stiffness coupling between
the three prescribed displacements of the supports (i.e., an imposed force on the support in
one direction does not induce displacements in either of the other directions). Each of the
support stiffnesses may be different and furthermore may include the effects of support
inertia.

Consider a support at x = x,. Substituting the expressions for w(x,), v(x,) and ¢(x,) from
equations (21) into equations (22) and then rearranging the equation, one obtains the
following three equations for the unknown A,’s and R’s:

2j j
( Z Aneknxs + P, Z ane_knlxs_xfl

n=1 n=1

J J
£ Y RLY ae ke +Rz,_<z . +(1/Ks,,w>>

m=1tok, m#s n=1 n=1

k
+ Z T,,,Z Yubye Xl 4 Z R, Z PuCn k""“‘x”) =0, (23)

n=1 n—l

2j J
( S mAe +P.Y Mae "~
n=1

n=1

I M\.

k k J
—k — N —k —
+ E Rz ane %5 = | + E Tm E /L,,bne ul X = X0
m= m=1 n=1

n=1

m=1tok, m#*s n=1
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k j i
+ Z Rzm Z ¢nane’k,.|x;*x,,.| + Z T, z bneik"‘x*ix"'
= - n=1

1 m=1tok,m#*s

Jj k Jj
+ Ts< Y b, + (1/K,, ,O,)> + Y R, a,,cne_""|xs_x'"|> =0. (25)
n=1 m=1 n

=1

In this way, three equations can be found for each intermediate support location. The
k intermediate supports therefore yield 3k such equations. The boundary conditions at the
extreme ends of the elastically supported channel together yield another 2j equations for the
2j unknown A4,’s (j = 5 or 6 depending on the inclusion of torsion-bending stiffness EI'y).
The total set of 3k + 2j equations is sufficient to allow all the unknowns of the problem to
be determined. If P, is the only external force acting on the system, the relevant set of
equations has the following matrix form:

[CMB]{X} = - Pz{DMB}a (26)
where M B stands for multi-bay and
(X}"={A4, A, ... A, R., R., ... R, R, ... R, T, ... T}}.

Cyp values are the coefficients of unknowns for continuity and the compatibility conditions
satisfied at the extreme ends and at each intermediate support location. D, values are the
coefficients of the externally applied loading P, for continuity and the compatibility
conditions satisfied at the extreme ends and at each intermediate support location. The
expressions for the terms of equation (26) are given in Appendix B.

The required A4,, Rz, Ry, and T values are numerically found from equation (26). Their
substitution into equations (21) yields the required w(x), v(x) and ¢(x) displacements at any
point on the elastically supported, periodic channel.

If the torsion-bending stiffness EI'q is excluded from the analysis, j becomes 5. Hence, the
terms involving EI'g and ¢” should appropriately be deleted from the relevant equations.

If the externally applied transverse force is in the y direction as P, or a combination of
P, and P,, then all the equations starting from equation (3) should be modified by
considering the relevant theory given in reference [10]. Here it is worth mentioning that
despite these modifications, the order of the resulting matrix equation will not change. The
required changes will take place only at the right-hand side of equations, the forcing vector.

3. RESULTS AND DISCUSSION

This section presents the computed results, frequency responses and the non-dimensional
normalized mode shapes of the single- and multi-bay, elastically and periodically supported
triply coupled channels.

The force excitation is in the form of a point harmonic force P.e*". The frequency
responses are computed as receptances (displacement/force). The point of the application of
the force is taken as x; = 0-13579 m and the flexural responses are determined at the same
point. This rather strange point is selected in order to avoid any possible nodes. Structural
damping is included through the complex flexural stiffnesses as EI¥ = EI(1 + in;),
EIf = EI(1 +in,) and EI} = EI (1 + in,:) and through the complex torsional stiffness as
GJ* = GJ(I + in,). To calculate natural frequencies, resonance frequencies were found for



658 Y. YAMAN AND O. OZDEMIR

the system with very light damping (7: = 1, = n,: = 5, = 10 °). The resonance frequencies
were carefully identified by zooming in on the frequencies which yielded maximum
harmonic response. The systems considered were the single-bay channel and periodically
supported channels with either two, three or four bays. The bay lengths of the multi-bay
channels were all the same as the span of the single-bay channel. The effects of including or
excluding torsion-bending stiffness and flexural coupling stiffness as well as the effects of
changing the stiffnesses of the elastic supports have been studied.

The channel cross-section is given in Figure 1. The material and geometrical properties of
the channels considered are as follows:

A=968x10""m? I[,=508x10"°"m* I.=224x10"%m* I,,=425x10"° m*
¢, =1043x10"° m, ¢.,=909x10"°m, J=520x10""" m? [I,=460x10"% m*
p =2700 kg/m?, E=7x10"" N/m? G=26x10'° N/m? TIo=2334x10"""'m®,
XL =1m, L =nXL where L is the total length of the channels, XL is the periodic bay
length of the channels and » is the bay number.

3.1. NATURAL FREQUENCIES OF A SIMPLY SUPPORTED, SINGLE-BAY CHANNEL

In this section, first the proposed model is validated, by considering a single-bay channel
with elastically supported ends. Both ends of the channel are assigned the same spring
stiffness values of K,,, = K, , = 10?° N/m and K,,, = 10*® Nm. This case corresponds to
a simply supported, triply coupled channel for which the relevant resonance frequency data
is available [10]. Table 1 gives the first seven resonance frequencies for the cases in which
the effects of the torsion-bending stiffness EI'c and flexural coupling stiffness EI,: are
excluded and included in turn.

The results are exactly the same as those previously obtained in reference [10] from
classical end conditions. It can further be seen that the effects of including the
torsion-bending stiffness increases all of the resonance frequencies, not just the torsional
frequencies. This is a consequence of the coupling between torsion and flexure. It can also be
seen that the inclusion of flexural coupling stiffness has a greater effect when the
torsion-bending stiffness is also included. The results show clearly that the torsion-bending
stiffness and flexural coupling stiffness must both be included if accurate frequencies are to
be determined.

TaBLE 1

Effects of EI'g and EI,; on the resonance frequencies (Hz) of the single-bay, triply coupled
channel (K., = Ky, = 10%° (N/m), Koy = 102 (Nm), ne = 1, = ¢ = 1, = 107°9)

Elg=0 ETl'g included
El:=0 El,; included El,:=0 EI,; included
45-489 45-311 57-451 51-866
69-909 60-317 115079 114795
101-731 102-209 229-667 207-413
149-817 155178 259-006 263-786
154-848 159-939 458-443 456-586
207-447 207-695 516:689 466657

257292 220026 918519 829-598
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TABLE 2

Uncoupled resonance frequencies (Hz) of the single-bay, triply coupled channel
(Kt,w =K,,= 10%° (N/m), K, = 102° (N'm), Neg =Ny =Ny =Mt = 10_06)

Flexural Torsional
Flexure in y Flexure in z El'og=0 ETl'g included

57969 121-846 52-165 187-491

231-876 487-383 104-331 727-866

521720 1096-612 156-496 1628326

927-502 1949-532 208-:662 2888947
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Figure 2. Effects of K,, on the resonance frequencies of the single-bay channel (K, = K,, = 10?° N/m,
Ne =1, =y =n,= 1075 El and EI,; included: (a) -0O-, K;,, = 5% 10"* Nm; -A-, K, = 5x 107 Nm;-V-,
K =1x10°Nm; -@-, K,,,=5x10°Nm; -, K,,, =5x10*Nm; (b) -0-, K, =5x10' Nm; -A-,
Kipr = 1x10> Nm; -V-, K, = 5x 102 Nm; -@-, K,,, = 1 x 103 Nm; -O-, K,,, = 5x 103 Nm).

The first four uncoupled flexural resonance frequencies of the channel for K, ,, = 10*°
N/m, K, = 10?° N/m and K,,, = 10 Nm are presented in Table 2 for comparison with
the coupled resonance frequencies of Table 1. Table 2 also gives the uncoupled torsional
resonance frequencies for the cases where torsion-bending stiffness EI' is either included or
not and indicates the important effects of El,.

3.2. THE EFFECTS OF RELAXING THE SUPPORT STIFFNESSES ON THE RESONANCE
FREQUENCIES OF SINGLE-BAY, TRIPLY COUPLED CHANNELS

The effects of the spring stiffness values on the resonance frequencies of an elastically
supported single-bay channel are now considered.

In this context, first the effects of the torsional stiffness K,,, are studied. Both ends of the
channel are assumed to be supported by K,,, = 10*° N/m and K,, = 10*° N/m and
K,,, values are varied. The torsion-bending stiffness EI'g and the flexural coupling stiffness
EI,: are both taken into consideration. The resulting frequency response curves are shown
in Figure 2(a) and 2(b) for the first two resonance frequencies of the single-bay, triply
coupled channel respectively. It can be seen from Figure 2(a) that when K, values are low,
the resonance frequency goes to zero, the frequency of the rigid-body torsional mode. As the
K,,, values increase the resonance frequency approaches 51-:866 Hz. Further increase in
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Figure 3. Effects of K,, on the resonance frequencies of the single-bay channel (K,, = 10?° N/m;

Ky =10 Nm; n:=n,=ne=n=10"% EIl, and El,. included: (a) -O-, K,, =5x10°N/m; -A-,
K., =1x10' N/m; -V-, K,,, =5x10' N/m; -@-, K,,, =7x 10! N/m; -O-, K,,, = 1x 10> N/m; (b) -O-,
K,,=5x10*N/m; -A-, K,,,=1x10°N/m; -V-, K,, =5x10°N/m; -@-, K,, =1x10°N/m; -O-,
K., = 5x10° N/m).

K,,, also affects the higher frequencies and as shown in Figure 2(b), the second resonance
frequency approaches 114-795 Hz. After a certain K, is achieved, any more increase does
not appreciably affect the resonance frequencies.

In order to analyze the effects of the transverse spring support stiffness, K, ,, has been
varied (K, ,, restrains z-wise flexural motion) while the other support stiffnesses have been
held at the very high values of K, , = 10?° N/m and K,,, = 10*° Nm. As K, ,, approaches
zero, the resonance frequency also approaches zero which is the frequency of both the
rigid-body z-wise vertical translation mode and the rigid-body pure rotational mode in the
plane of the structure. As K, ,, assumes non-zero but very small values, the structure also
undergoes a vertical translation mode and pure rotational mode at very low frequencies. At
very low values of K, ,, the lowest resonance frequency is that of a mode involving
predominantly z-wise displacement. Figure 3(a) represents this case, for low K, ,, values, as
double peaks in the response curves for a very low-frequency range of 0-8 Hz. In each curve,
the first peak corresponds to the vertical translation mode in the z direction and the second
peak represents the pure rotational mode in the xz plane. Figure 3(b) shows that as
K, increases indefinitely, the lowest frequency of the triply coupled channel approaches
the asymptotic value of 51-866 Hz, while the second frequency approaches 114795 Hz.

Further calculations have demonstrated that the effects of changing K, , on resonance
frequencies are generally similar to those of changing K, .. This is true whether or not El'g
and/or El,: are included.

3.3. RESONANCE FREQUENCIES AND FREQUENCY RESPONSE CURVES OF PERIODIC
CHANNELS

The resonance frequencies of the channels are presented next. Single-bay and two-, three
-and four-bay periodic channels are studied. Periodic channels have bays of the same length
as the single-bay beam, which has already been studied. Both ends of the periodic channels
are supported by springs having K,, =K,, =10 N/m, K,, =10*° Nm. The
intermediate support stiffnesses are also assigned to Ky, = Ky, = 10*® N/m and
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TABLE 3

Bounding frequencies (Hz) of the propagation zones of the triply coupled channel
(e =1y = Mye = 1, = 107°°)

Elg=0 ETl'g included
Zone El,:=0 El,; included El,:=0 El,; included
1 45-489-51-198 45-311-51-383 57-451-130-157 51-866-117-546
2 69-909-103-363 60-317-103-558 115-079-259-822 114-795-258-634
3 101-731-143-119 102-:209-123-915 229-667-358:743 207-413-324-005
4 149-817-157-591 155-178-156-007 259-006-572-362 263-786-583-850
5 154-848-207-571 159-939-207-776 458-443-703-249 456:586-635-166
6 207-447-259-927 207-695-260-091 516:689-715-641 466657-712-449
7 257-292-312-168 220-026-312-238 918-519-1162-481 829-598-1049-952

K,10r = 10*° Nm. This corresponds to simply supported ends and intermediate simple
supports.

It is well known from the periodic structures theory that the resonance frequencies of an
n-bay periodic structure occur in groups of n and these groups also occur within certain
frequency bands. The zones in which the resonance frequencies do occur and which are
identified by the bounding frequencies are called the propagation zones. The nth lower
bounding frequency of each propagation zone actually corresponds to the nth resonance
frequency of the single-bay structure with simply supported ends and the nth upper
bounding frequency of each propagation zone can be identified as the nth resonance
frequency of the single-bay structure with clamped ends [8, 9].

Table 3 gives the bounding frequencies of all the cases considered in the study for the first
seven corresponding propagation zones. For each case, the lower bounding frequency of the
nth zone was determined to be the nth simply supported resonance frequency of
the single-bay, triply coupled channel and similarly the upper bounding frequency of
the nth zone was computed to be the nth clamped—clamped resonance frequency of the same
single-bay channel. For the cases in which the torsion-bending stiffness was taken into
consideration, the clamped natural frequencies were found by assuming no axial
displacement (i.e., warping displacement) at the ends although the axial displacement was
allowed everywhere else in the channel. It can be seen that in all the cases presented, some of
the zones do overlap while some of them do not. The frequency zones between the separate
propagation zones are known as the attenuation zones and in these zones, wave
propagation is not possible. For example, in Table 3 the attenuation zones of the case,
where the torsion-bending stiffness and the flexural coupling stiffness are not included in the
analysis, are from 51-198 to 69-909 Hz and from 143-119 to 149-817 Hz. The other
attenuation zones can likewise be identified in all the cases given. The presence of
attenuation zones within the covered frequency range indicates that in triply coupled
channels, the wave propagation takes place in a wide range of frequencies but not at all
frequencies.

Now consider a beam with intermediate simple supports, and either with simply
supported ends or the clamped ends. It is known that [8, 97 if the ends are simply supported,
the first resonance frequency of the nth zone is equal to the nth resonance frequency of the
simply supported, single-bay channel and furthermore if the ends are clamped the
nth resonance frequency of the nth zone is equal to the nth resonance frequency of the
clamped-clamped, single-bay channel. The remaining (n — 1) resonance frequencies of each
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TABLE 4

Effects of end conditions on the resonance frequencies (Hz) of the two-bay, triply coupled
Channel (Kst,w = Kst,v = 1020 (N/m)> Ks,lar = 1020 (N m)a ni =N = nvé =N = 10_067 EFO
and EI ¢ included)

Propagation Ends
zone Simply supported Clamped Ends
1 51-866 81-329 117-546
2 114795 178-148 258:634
3 207413 262-496 324-005
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Figure 4. Effects of end conditions on the resonance frequencies of the two-bay channel having intermediate
support (K, = 10*°N/m, K ,= 10 N/m, K, =10*°Nm, n:=#n,=n,:=n=10"% El, and EI,;
included: (a) both ends simply supported; (b) both ends clamped: - - - lines define the beginnings and — lines define
the ends of the first three propagation zones).

zone are identical for both cases. The same characteristic has also been observed in triply
coupled channels and given in Table 4 for the two-bay channel where the flexural coupling
stiffness EI,, and the torsion-bending stiffness EI'o are all taken into consideration.
Figure 4(a) and 4(b), on the other hand, shows the frequency responses for the simply
supported ends and clamped ends respectively. The beginning and end of each propagation
zone are also indicated as vertical lines in Figure 4(a) and 4(b). Consideration of Figure 4(a)
and Table 3 shows that, due to the overlapping propagation zones, the resonance frequency
0f263-786 Hz, which is in fact the lower bounding frequency of the fourth propagation zone,
also appears in the frequency response.

The results for periodic channels are now presented. In order to show their impacts on the
resonance frequencies of the periodic channels, El,: and EI', are first excluded from the
analysis. The corresponding resonance frequencies of all four channels having bay numbers
from one to four are shown in Table 5 for a range including the first three resonance
frequencies of the single-bay channel, which actually corresponds to the first three
propagation zones. The results for the case where El,: and EI'q are all considered, are given
in Table 6 for the same spring stiffness values of Table 5 and again for the first three
resonance frequencies of the corresponding single-bay channel. Both Tables 5 and 6 show
that the second resonance frequencies of the two-bay channels are identical to the third
resonance frequencies of the four-bay channels.
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TABLE 5

Effects of number of bays on the resonance frequencies (Hz) of the triply coupled periodic
channel (K,,, = K,, = 10*°® (N/m), K,, =10?°(Nm), K ,, = 10*° (N/m), K, = 10*°
(N/m), Ks,tor = 1020 (Nm), 715 =n,= ”vé =N = 10706, EFO = 0, EIvé = O)

One-bay Two-bay Three-bay Four-bay

First resonance 45-489 45-489 45-489 45-489
49-989 48:622 47-668
50-733 49-989
50949
Second resonance 69-909 69-909 69-909 69-909
97994 84695 78-495
101-291 97-994
101-547
Third resonance 101-731 101-731 101-731 101-731
106-471 103-452 103-286
121-535 106-471

129-93

TABLE 6

Effects of number of bays on the resonance frequencies (Hz) of the triply coupled periodic
channel (K,,, = K,, = 10*° (N/m), K, =10*°(Nm), K, = 10*° (N/m), K, = 10*°
(N/m), K, 1or = 102° (Nm), n: = 17, = n,e = 7, = 107°%, El' and EI,; included)

One-bay Two-bay Three-bay Four-bay
First resonance 51-866 51-866 51-866 51-866
81-329 66:672 60-519
97-058 81-329
104-610
Second resonance 114:795 114-795 114:795 114:795
178-148 146-659 133-631
214-315 178-148
225-147
Third resonance 207-413 207-413 207-413 207-413
262-496 236:374 230-416
290-087 262-496
302:822

Figure 5(a) and 5(b) shows the frequency responses of the four-bay channels for the cases
where El,: and EI'g are either all excluded from the analysis or all included. Since the
bounding frequencies are increased by the stiffening effect of torsion-bending stiffness; in
a given frequency range there are fewer resonances with EI'g than without it. Figure 5(a)
and 5(b), respectively, shows the frequency responses for a frequency range of 40-140 Hz
and indeed covers the first three propagation zones of the four-bay channel with no
torsion-bending stiffness and no flexural coupling stiffness. It can be seen that, for the
structure considered, this stiffening effect is prominent even at low frequencies.
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Figure 5. Effects of EI'c and EI,. on the resonance frequencies of the four-bay periodic channel
(K =10 N/m, K,, =10 N/m; K, =10 Nm, K, =10*°N/m, K,=102°N/m, K, = 10*°Nm,
Ne=1y=Mne=n=10"%(a) E['5 =0 and El,: = 0; (b) EI', and EI,; included).
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Figure 6. Effects of number of bays on the resonance frequencies of the four-bay periodic channel
(K= 10*°* N/m, K,,=10*°N/m, K,, =10?°Nm, K, = 10*° N/m, K, = 10?° N/m, K, = 10?° Nm,
Ne =1, = =n= 1075 El'g and EI,; included. (a) single-bay, (b) two-bay, (c) three-bay, (d) four-bay: - - - lines
define the beginnings and — lines define the ends of the propagation zones).

Figure 6 illustrates the effects of number of bays on the resonance frequencies of the
multi-bay periodic channels. Figure 6(a)-6(d) represents the frequency response of one- to
four-bay periodic channels in turn. The EI'g and EI,; are included in the analysis. The
peaks are the first group of resonance frequencies given in Table 6. Each curve has a peak at
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Figure 7. Effects of damping on the resonance frequencies of the four-bay periodic channel (K,,, = 102° N/m,
102° N/m, K, ;0 = 102° Nm, EI' and EI ; included:

Kl,v =10%° N/l’l’l, Koo = 1020 Nm, Ksl,w =10%° N/m> th,v
Ne =Ny = ye = N, = 0:03, ——= y: = n, = e = n, = 0:03, - - - lines define the beginnings and — lines define

the ends of the propagation zones.
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the four-bay periodic channel (K,,, = 10?° N/m,
10%° N/m, K, 1 = 10*° Nm, EI'o and El,; included:
[=51866 Hz, n: = n, = n,e =, = 0, (a) flexural: -0, in z direction; -A-, in y direction; (b) torsional).

51-:866 Hz which is the lower bounding frequency of the first propagation zone and at
114-795 Hz which is the lower bounding frequency of the second propagation zone. The
upper bounding frequency of the first propagation zone of the channels is also indicated in

the figures.

Figure 7 shows the effects of damping on the frequency response of the four-bay periodic
channel, which was previously considered and given in Figure 5(b). Two different damping
coefficients of 10~ ° and 0-03 are studied and the corresponding frequency responses are
shown in Figure 7. It can be seen that, as expected, the damping is effective only at the

resonance and anti-resonance regions.
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Figure 9. Non-dimensional second mode shapes of the four-bay periodic channel (K, = 10?° N/m,
K,,=10?° N/m, K,,, = 10*° Nm, K, = 102° N/m, K, , = 10*° N/m, K ,,, = 10?* Nm, EI'q and EI,; included:
f=60-519 Hz, n: = n, = n,: = n, = 0, (a) flexural -0, in z direction; —-A-, in y direction; (b) torsional).
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Figure 10. Non-dimensional third mode shapes of the four-bay periodic channel (K,,, = 10?° N/m,
K,, =10 N/m, K,,, = 10°°* Nm, K, ,, = 10*° N/m, K, , = 10*° N/m, K, ,,, = 10*° Nm, EI' and E,; included:
f=81329Hz, n: = n, = n,e = n, = 0, (a) flexural: -0, in z direction, -A-, in y direction; (b) torsional).

3.4. MODES OF VIBRATION OF THE FOUR-BAY PERIODIC CHANNEL

Figures 8-11 give the undamped, non-dimensional flexural and torsional mode shapes of
the four-bay periodic channel at the frequencies of 51-866, 60-519, 81-329 and 104:610 Hz.
These are the resonance frequencies in the first propagation zone of the four-bay, periodic
channel when El,: and El'o are included in the analysis and are also given in Table 6.
Figures 8(a)-11(a) represent the flexural mode shapes in the z and y directions and Figures
8(b)-11(b) give the variation of twist along the length of the channels. The figures show the
capability of the developed method to yield the free vibration properties as well.

4. CONCLUSIONS

In this study, the triply coupled vibrations of single and multi-bay open-section channels
are analyzed for a variety of support conditions. It is found that in triply coupled vibrations
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Figure 11. Non-dimensional fourth mode shapes of the four-bay periodic channel (K, = 10?° N/m,
K,,=10?° N/m, K,,, = 10*° Nm, K, = 102° N/m, K, , = 10*° N/m, K ,,, = 10?* Nm, EI'¢ and EI, included:
f=104-610 Hz, n: = 5, = n,: = 5, = 0, (a) flexural: -0O0-, in z direction; —A-, in y direction, (b) torsional).

both the torsional and flexural stiffnesses of the supports are influential. They, because of
the coupling, affect all the flexural and torsional modes. Increase in the support stiffnesses
values leads to increase in all the resonance frequencies. These results, which are widely
known for uncoupled vibrations, were also determined to be similar for the channels, which
underwent the doubly coupled vibrations and had elastic supports [11].

It was determined that due to the existing coupling mechanisms, in triply coupled
channels the wave propagation takes place in a wide range of frequencies, but not at all
frequencies. The wave propagation range is found to be wider if the torsion-bending
stiffness is taken into consideration. Due to the existing coupling mechanisms; the regularly
alternating attenuation and propagation zones, which is a common feature of independent
vibrations, are determined not to appear and some overlapping of the zones occurred.

The developed analytical method, which is found to yield exact results for complicated
end conditions, is also capable of analyzing the response due to multi-point and/or
distributed loadings. This can simply be achieved by modifying the terms of the forcing
vector without increasing the order of the relevant matrix equation. The method presented
can also be used in the forced and/or free vibration analysis of uniform open-section
channels that are supported non-periodically and/or by any type of support. On the other
hand, the present model does not take the effects of the cross-sectional distortion of the
channel flanges into consideration, a phenomenon which will be important at very high
frequencies.
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APPENDIX A: MATRIX EQUATION FOR ELASTICALLY SUPPORTED SINGLE-BAY
CHANNEL

Appendix A gives the terms of matrix equation (10), which is repeated here for
convenience.

[CSB]{An} = - PZ{DSB}7 (Al)

where SB stands for single-bay. In the construction of equation (A1), equations (6)-(9) are
applied in the order given in section 2.

The following set gives the elements of matrix Cgp in row-wise order, for the case where
the torsion-bending stiffness EI'q is included in the analysis (j = 6). The index n varies from
1 to 2j, and hence 12 row expressions are given. The expressions in the terms are defined in
section 2.

Css,, = (Elky + EL kI, + K,y,)), Csg,, = (Elék,?ek"'“ + Elvék,fH,,ek"L — Ky ,€5h),
Csp,, = (ELKJI, + EL:k) + K, I1,), Csp, = (ELKIIT,"" + EIdle"" — K, ,I1,e"7),
CSBS_,, = kﬁ, CSBM = kﬁek"L, CSBI,, = kr%Hm CSBS,,, = kfnneknLa
Csg,, = (GJk, D, — EFoki’@n — Kior 1 ®y),
Css,,, = (GJk,®,e"" — ET ok ®,e"" + Ky, . P,e""), Csg,,, = kid,, Css,,, = kZd, ek,
(A2)

If one excludes the torsion-bending stiffness, the required Cgp values are the 10 x 10
upper-left part of matrix Cgp given in equation (A1). The terms involving torsion-bending
stiffness EI' should also be deleted from the ninth and 10th rows of equation (A2).

The following set of equations gives the elements of forcing vector Dgp for the case where
the torsion-bending stiffness is included in the analysis. Since j = 6, there are 12 terms:

J Jj J
Dgp, = <( — DEL. Y, —kia,e ™™ + (= 1EL.Y —killae "™ + K., Y a,,eknle>,
n=1 n=1 n=1
j j j
Dsp, = <EI,5 Y —kiae M 4 EL:Y — kilae Y+ K, Y a,,ek"”"‘f'>,

n=1 n=1 n=1
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Jj Jj Jj
Dsp, = <( — DEL Y. —ki,ae” "™ + (= DEIL: Y — kia,e ™™ + K, Y H,,a,,ekn|x.r|>,
n=1

n=1 n=1

J J J
Dsp, = <EIv Y —kia,e ® 5+ ELY —klae ™t — K, , Y H,,a,,e""|Lx-f>,
n=1 n=1

n=1 =

j
(Z kfa,.e_""'L_x"'>,
n=1
j
Y kall,a,e =),
n=1

J
_ 2 — kx|
Dgp, = < Z kya,e ! >, Dgg,
n=1

J
DSB7 = ( Z kr%nnane_knbm)o DSBB

=1

Jj J J
DSBo = <( - I)GJ Z - kn¢nane_k"|xf| - (_I)EFO Z - kr:?¢nane_k"|x/| - Kmr,l z ¢nane_k"|xf|>a

n=1 n=1 n=1

J J J
Dsp,, = <GJ z — k,®,a,e " _ Erg z — I3, a,e T Koorr Z q;nanek,,LxA)’
1

n=1 n=1 n=

J J
Dsg,, = < Y k,%@na,,ekn'xf'>, Dsg,, = < Y kftb,,a,,ek""“x") (A3)
n=1 n=1

The shear force and the torque expressions are antisymmetric with respect to the point of
application of a transverse force (here P.). Since the terms Dggy, Dgps, and Dgpe are
representing the boundary conditions at the left-hand side of the applied transverse force P,,
for taking the effects of antisymmetry into consideration, ( — 1) values are included.

If the torsion-bending stiffness is excluded from the analysis, the required Dgp values are
the first 10 elements of vector Dgp given in equation (A3), provided that the terms involving
ETl'o at the elements Dgpo and Dggqo are omitted.

APPENDIX B: MATRIX EQUATION FOR ELASTICALLY SUPPORTED MULTI-BAY,
PERIODIC CHANNEL

Appendix B gives the terms of matrix equation (26), which is repeated here for
convenience:

[CMB]{X} == Pz{DMB}a (B1)

where MB stands for multi-bay.
The matrix Cyp can further be partitioned as

[[A] [B]} (B2)
[E] [G1]

For any j (j = 5 or 6) value, matrix A4 is the same as matrix Cyp given in Appendix A.
The following equations give the coefficients of matrix B which is 2j x 3k in order. The

elements are given in row-wise order, for the case where the torsion-bending stiffness is
included (j = 6) in the analysis. The expressions in the terms have been previously defined in
section 2

Jj J J
B = Rzm<(— DEI: Y — kja,e "™ + (= 1EIL;: Y — kil ae "™ + K., Y a,,e'“'"""),

n=1 n=1 n=1

j j j

By, = Rym<(— DEI. Y, — kiyuce ™™ + (= DEL: Y, — kyc,e ™™ + K\t Y y,,c,,ek"lx"'|>

n=1 n=1 n=1
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J J
B = T,,,((— DEL:Y —ki¥,be ™ + (= DEL: Y — kilb,e” !

n=1 n=1

J
+ Kyt Y aff,,b,,e—kn'xm')

n=1

In the designation of unknown reaction forces Rz, and Ry,, and unknown torque T, the
index m varies from 1 to k where k defines the number of intermediate supports.
Furthermore, in each row the column index assumes different ranges. nl varies from 1 to k,
n2 takes the values between k + 1 and 2k and n3 assumes the values from 2k + 1 to 3k.
Effectively, each group varies from 1 to k within its range.

The shear force expressions are antisymmetric with respect to the point of application of
an externally applied transverse force (here R, and R, ) and an externally applied torque
(here T,,). Since the shear force expressions are satisfied at the left-hand side of the externally
applied transverse forces and the torque, in order to take the effects of antisymmetry into
consideration, the ( — 1) values are included:

Jj Jj Jj
BZ'"l = Rzm<EI§ Z - ksane_knll‘_xml + Elvf Z - kr?I]nane_knlL_x"XI - sz,r Z ane—kn|L—xm|>’

n=1 n=1 n=1

n=1 n=1

J J J
3 —k,|L—x,, 3. a—kl|L=x, —ky|L— X,
B2~”2 = Rym Elé‘ Z - kn'yncne ! ! + Elvé Z - k,,C,,e ! ol - Ktw,r Z Vncne ! ¥ |>7
n=1

J
Bs,z = Tl Eléz — k2Y,be Il x'+EI¢Z — kg dybe R KLY qlnb,,ek"'LxM')

n= n=1

n=1 n=1

J
Bs, = Rz<—1Elvz — kK ,a,e k'x'+(—1)E1v,:Z—k3a,,e """—l—K,L,ZH,,ane Fnl )

J J
— 1EI, Z — ke, o Feal (— 1DEI,; Z k;’yncnefk"'x"" + Ky, Z c eknlxm|>

n=1

n=1

By, = T,,,< — 1)EI, Z — k3 dubye M 4 (= 1)EI; Z k3w ,b,e " 4+ K, Z by Faln ')

J
B4n1:Rz<El‘,Z — KI,a,e k- X'+E1véz — kla,e kL=l sz ,a,e xl)

n n=1 n=

1
J
B4,,2—Rym<EIVZ — k3c,e Fall x""—I—Eléz — k3yucae Ll K,,,,Z ¢ e kel

Jj Jj
Buyy = Tm<EIV Y — kpiube M= 4 EL, Z ka W, be M5 Ky, Z Iy~ >
n=1

n= n=

Jj J
— 2 — k| X —kul X — 2 —kul X
BS,nl - Rz,,, Z knane ! ls BS n2 — R z annC € ! I: BS,n3 - Tm Z kn 'I’nbne | I

n=1 n—l n=1

J Jj J
— E 2 —k,|L—x,| — E 2. o~ k|L=x,]| — E 2 —k,|L—=x,|
B6,n1 = Rzm k,,a,,e . B6,n2 = Rym k,,y,,c,,e . B6,n3 = Tm kn ‘Pnb,,e .

n=1 n=1 n=1

J J J
2 —k,|x,, _ 2 — k| X _ 2 —k,|x,,
B, =R. Y kilae "™ B,,=R, Y kice ™, B, =T, kilb,e "

n=1 n=1 n=1
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J J J
— § 2 —k,|L = x| — E 2, kL= x,| — E 21 —k,|L—x,].
BS,nl = Rzm k,,H,,a,,e . BS,nZ = Rym k,,c,,e . BS,n3 = Tm k,,/n,,b,,é

n=1 n=1 n=1

J
Boni =R <<—1)GJZ — ku@uae” 1 — (= DEFo Y — ki®,a,e ™!

n=1 n=1

J
AR
Ktor,l Z ¢nane >a

n=1

J J
B9 n2 — < - 1 GJ Z - kno-ncn el ( I)EFO z - kr?o-ncne_knlxm| - Ktor,l z O-ncne_knlxrr‘I)a

n=1 n=1 n=1

n=1 n=1 n=1

J Jj
Bo,s = <( - 1)GJ Z — kb H — (= DET Y, — kabe ™™™ — Ky Y. bnekn'xm>

Jj J
Bioai = Rzm<GJ Y —k@Pae T —ErG Y — kd,a,e Rl

n=1 n=1

J
—k,|L—x,,
+ Kiorr Y. ®pa,e Ml '>,

n=1

J J J
_ — kL%, 3 — kL%, ~kJL =%,
Biog: = Rym<GJ Y — kouce —ElY, — kyo,c.e + Kiorr Y, 0uCi >,

n=1 n=1 n=1

J
Bions = Tm<GJ Y — kb BT Erg Z — kibe Ml 4 K, Z b,e k- "'"')

n=1 n=1 n=1

j j
- 2 — k| — 2 —kalx,
Bii = Rzm< Y. kn®,a,e > By = Rym< Y. knouche >

n=1 n=1

J
Bll,n3 = Tm< Z kr%bne_knlx’"I>-

n=1

Jj Jj
= 2 el L= x| — 2. o a—kilL—x,|
B12,n1 - Rz,"< Z kn (Dnane >9 BlZ,nZ - Ry,"< Z kn 7,C,€ >7

n=1 n=1

J
B12,n3 = Tm< Z kr%bneknll‘x”)' (B3)
n=1

The following equations give the coefficients of matrix E,
Enl,n = ek,,x, EnZ,n = Hnek"xa En3,n = (pnek"xv (B4)

where n varies from 1 to 2j (j = 6) in each row and the row indexes n1, n2 and n3 are those
defined in equation (B3).
Similarly, the coefficients of matrix G are given in the following set of equations

Jj
Gnl,nl = Rzm< z aneik"|X7xm| + (Q) (I/Kst,w)>:

n=1

J J
— 2 A —kalx = x,] — 2 —kalx = x,
Gnl,n2 - Rym ))ncne 5 Gnl,n3 - Tm l//nbne 5

n=1 n=1

where if x = x,, then g = 1, otherwise g = 0.
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In Rz,, and Ry,, and T,, the index m again varies from 1 to k. The row and the column
indexes nl, n2 and n3 are those defined in equations (B3) and (B4):

J Jj
Gn2,n1 = Rzm Z Hnane_knlx_xWJa Gn2,n2 = Rym< Z Cne_knlx_x,nl + (q)(l/Kst,v)>a
n=1

n=1

Jj Jj
J] —k,|x—x,, _ —k,|x—x,
GnZ,n3 = Tm Z /Lnbne | la Gn3,n1 - Rzm Z ¢nane ! .

n=1 n=1

Jj J
Gn3,n2 = Rym Z Uncneik"|X7xmla Gn3,n3 = Tm< Z bneik"‘xixml + (q)(l/Kstar)> (BS)

n=1 n=1

The terms of the forcing vector Dy are given in the following equations for the case
where the torsion-bending stiffness is included in the analysis, so j = 6:

J J
Dy, = (( — 1)EI. Z — kya,e M 4 (= DEI, Z — ki ae ™ + Kt Y a,,e"""‘f>,

n=1 n=1

Jj
Dy, = EI; —k3ae el L =21 +E1qu — ki,a,e "t — K, Y a,,e_k"'L_x">,

n=1 n=1

n=1 n=1

J J
Dy, = ( — 1)EI, Z kil ,a,e "1 4+ (= 1)EL, Z — kpae "+ K Y Hnane_k"|x’>,

DMBA
n=1 n=1

j
EI, kill,a,e "t + EI,, Z — kiae M KLY H,,ane"‘"L‘xf'>,

J J
2 —k,|x _ 2 —k,|L—x
DMB5 = < Z knane | fl)a DMBS - < Z knane ! /|>,
n=1

n=1

J j
s = ( 3 kit 51}, D = ( 3 ki),
n n=1

=1

J J J
Dy, = (( —1GI Y — kDae ™ — (= DEIG Y — ki®a,e " — Ky ananeknle),

n=1 n=1 n=1

Jj J Jj
Dyp,, = <GJ Y —k®ae M —ENG Y — kad,ae Y + Ky, Y @nanek"le”),
1

n=1 n=1

J J
DMBll — <Z ky%anane—k,.|.>€r|>7 DMB,Z — <Z k'%(pnane—k,.ua—xﬂ)’
n=1

n=1

J Jj
—kal Xy~ xp — —kalXp— X
DMBM = < Z an® b |>’ DMB,,Z - ( z Hnane Ixs |>7
n=1

Jj
DMB,,3 :< Z @nane—knle—me) (B6)
n=1

Indexes ny, n, and n; assume the same variations as in equations (B3)-(B5). Since the shear
force and the torque expressions are antisymmetric with respect to the point of application
of transverse force P,; in order to take the effects of antisymmetry into consideration, (— 1)
values are included in terms Dy pq, Dypz and Dypo.

If the torsion-bending stiffness is excluded from the analysis, then j = 5. The terms
involving ET'o and the terms related to the axial displacement u (i.e., ¢’) and its derivatives
should appropriately be deleted from equations (B3)-(B6).
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APPENDIX C: NOMENCLATURE

nth flexural displacement coefficient in z direction

nth torsional displacement coefficient

nth flexural displacement coefficient in y direction

eccentricity in y direction

eccentricity in z direction

nth wave number

mass per unit length of channels

time

warping displacement

flexural displacement in y direction

spatial variables; co-ordinate system

flexural displacement in z direction

constant channel cross-sectional area

centroid of channels

Young’s modulus

shear modulus

polar second moment of area about shear centre

second moment of area about v-axis

product moment of area about vé-axes

second moment of area about &-axis

torsion constant

transverse spring

torsional spring

total length of channels

shear centre of channels

transverse load in y direction

transverse load in z direction

resulting torque about shear centre

length of each bay in periodic channels

centroidal axes

torsional displacement

material density

angular frequency

flexural damping coefficients

torsional damping coefficient

t\(}rsion-bending constant about shear centre
—1

0/0x

0%/0x?

03/ox?

absolute value

Dummy variables confined to certain sections are clearly defined wherever applicable.
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