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In this paper, an analytical method is presented to "nd the eigenfrequencies of
a rectangular plate carrying a uniformly distributed mass. Using the standard Galerkin
procedure, the equation of motion is reduced to a set of ordinary di!erential equations.
From this set, the frequency equation is obtained. This polynomial equation is solved
numerically. Due to the signi"cance of the fundamental frequency of the system, its variation
with respect to the non-dimensional parameters associated with the location, the area
density and the distribution area of the mass attached to the plate, is investigated.
Furthermore, it is shown by a numerical example that the method can be used to study
plates with concentrated mass as a special case. Finally, an analysis to obtain the modal
surfaces and the related nodal lines is carried out. It is demonstrated that the location of the
attachment signi"cantly a!ects the nodal lines, and modal interchanges may occur.

� 2002 Elsevier Science Ltd.
1. INTRODUCTION

Constrained #exible structures having several attachments are often encountered in
engineering applications. Here, the word &&constrained'' takes place to emphasize that the
plate, or the beam under study is equipped with some attachments that constrain the free
vibrations of the structure. While there are publications on beams and rods with uniformly
distributed mass [1}3], even if in a limited number, most literature about plates with
attachments deals with plates carrying concentrated masses [4}7]. In this paper, the free
transversal vibrations of a plate carrying distributed masses are investigated by means of
a mathematical model. To discretize the derived partial di!erential equation the Galerkin
procedure was utilized. Then, the eigenfrequencies and the eigenvectors of the system were
obtained by using EIG that is a built-in function of Matlab�.

2. MODELLING AND EQUATIONS OF MOTION

Consider the system shown in Figure 1. The width, length and thickness of the plate are a,
b and h respectively. Assume that the plate is isotropic. The plate thickness does not vary,
and the plate is simply supported along all its edges. A distributed mass with dimensions
c and d is located on the plate in the manner shown in Figure 1. The corner of the mass,
closest to the origin is at point (x

�
, y

�
). Another signi"cant assumption here is that the mass

does not prevent the bending of the plate segment on which it is. In other words, the
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Figure 1. Plate with distributed mass.
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attached mass can take the form of the plate region where it is located. As a consequence, it
is possible to obtain the natural frequencies of a plate which has a distributed mass over its
whole. In fact, this case corresponds to a uniform, unconstrained plate with a higher area
mass density. Under these circumstances, the equation of motion of the plate is obtained as
follows:
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where w"w(x, y, t) represents the transverse de#ection of the plate and lowercase letters x,
y denote the partial derivatives with respect to x and y while the dots over w imply the time
derivatives as usual. D is the #exural rigidity of the plate and is de"ned as

D"

E h�

12 (1 ! v�)
, (2)

where E, � and h are Young's modulus, the Poissons' ratio and the plate thickness
respectively. Furthermore, �N and � are the area density of the plate and the distributed mass
respectively. Finally, the functionH on the right-hand side of equation (1) is a combination
of four Heaviside functions as follows:
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Note that the following relationships exist between the functions H
�
and H:
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To apply the Galerkin discretization procedure to equation (1), the true solution of this
equation is approximated with the following series:
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where=
��
s are the modal functions of the unconstrained, simply-supported plate, and they

are given as
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Substituting equation (5) into equation (1), multiplying each term by =
��
(x, y), and

integrating all terms in the equation over the domain (0)x)a, 0)y)b) gives:

����
r

a�
�
#�

s

b�
�

�
�
D
ab

4
q
��
#�N

ab

4
qK
��
#�ab�

��

�
�

��

�
�

I�
��� ��

q(
���"0,

r"1, 2, N
�

s"1,2, N
�
. (7)

After dividing each term by �N ab/4 and de"ning
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equation (7) takes the form
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�
��
and �

��
in equation (10) are Cronecker deltas.

To reduce the indices in equation (10) the indices m and n are introduced and de"ned as
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, as m and n are taking integer values from 1 to N.

Then, equation (10) can be written in the following form:
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into the set of equation (26) yields
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[Q] is a matrix and its elements are
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and "nally [I] is the unit matrix. Equation (29) can be rearranged as
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In order that equation (32) has non-trivial solutions, the determinant of the coe$cients'
matrix of the vector 
q� must be equal to zero. Then, a polynominal in � is found, the roots
of which are the natural frequencies of the system. The explicit form of this characteristic
determinant is as follows:

�
(1#Q

��
)��!�� �

�
Q

��
�� Q

��
�� 2 Q

�� �
��

Q
��
�� (1 # Q

��
)��!�N �

�
Q

��
�� 2 Q

�� �
��

�

�

Q
���

�� Q
���

�� Q
���

�� 2 (1 # Q
�� �

)��! �� �
�

�" 0.

(33)

3. RESULTS

The natural frequencies of a rectangular plate that carries a distributed mass with its
centre at (x

�
#c/2, y

�
#d/2) were obtained by means of the method explained above.While

doing this, the modes with which the frequencies are associated were not considered.
Instead, all frequencies are arranged from the smallest to the greatest, and assessed in this
manner.

Some non-dimensional parameters needed for calculations were chosen as:
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The "rst 25 non-dimensional eigenfrequencies related to these modes of the
unconstrained plate (i.e., the plate without carrying mass) are shown in Table 1.
The eigenfrequencies were non-dimensionalized by multiplying by (D/�N a�)	���. In this
table, the symbols in parentheses denote the associatedmodes. Since the plate has symmetry
regarding its boundary conditions and geometry, it is concluded that the investigation on
a quarter of the plate is su$cient for analysis purposes. Therefore, the values from 0)5 to
1 with the increments of 0)05 were assigned to the parameters 	 and �. For a certain pair of
	 and � values, the centre of the mass distributed on a rectangular region is located at
(	#
/2, �#�/2) in a non-dimensional form. The "rst 25 frequencies of the constrained
plate are shown in Table 2 for 	"0)5 (1}
) and �"0)5(1!�).

Since the fundamental frequency is the most signi"cant for engineering applications, its
variation with respect to the centre co-ordinates of the distributed mass was plotted by
using three-dimensional graphical tools of Matlab�, (see Figure 2). Except for 	 and �, all
the remaining parameters were kept constant in this analysis.
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Figure 2. The variation of the "rst, non-dimensional eigenfrequency with respect to the corner position of the
distributed mass. �"1)5, 
"0)1, �"0)1, �/�N "10.
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Figure 3. The variation of the second, non-dimensional frequency with respect to the corner position of the
distributed mass. �"1)5, 
"0)1, �"0)1, �/�N "10.

Figure 4. The variation of the third, non-dimensional frequency with respect to the corner position of the
distributed mass. �"1)5, 
"0)1, �"0)1, �/�N "10.
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To indicate the e!ect of the mass location on the other frequencies (for example, the
second and third ones), the similar graphics were also plotted (see Figures 3 and 4). The
density ratio �/�N appears to be another signi"cant parameter worth investigating. As
expected, the "rst eigenfrequency decreases as �/�N is increased. Figures 5 and 6 show this
phenomenon clearly for several �/�N ratios of di!erent order.

If the ratios 
 and � are made smaller while taking quite a large value for �/�N also gives
results for a plate carrying a concentrated mass. For instance, if �"0)002, 
"0)002 and
�/�N "50 000 are chosen, gives the case of a plate carrying a lumped mass that weighs as
one-"fth the plate mass. To make a comparison between the parameters of the plate and its
attachment studied in reference [5] were used, and the "rst "ve eigenfrequencies were
obtained. The frequencies found by the method given in reference [5] and by the exact



Figure 5. The variation of the "rst, non-dimensional frequency with respect to the corner position of the
distributed mass for three di!erent �/�N ratios, from 1 to 2. �"1)5, 
"0)1, �"0)1: , �/�N "1; , �/�N "1)5;

, �/�N "2.

Figure 6. The variation of the "rst, non-dimensional frequency with respect to the corner position of the
distributed mass for three di!erent �/�N ratios, from 0)1 to 1. �"1)5, 
"0)1, � "0)1: , �/�N "0)1; , �/�N "0)5;

, �/�N "1.
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solution are shown in Table 3. The comparison of the results indicates that the present
approach is also appropriate for plates carrying concentrated masses.

As emphasized in section 2, the present model allows the frequencies of an unconstrained
plate with higher area mass density to be found. For instance, when �"
"1 and �/�N "1,
the constrained system actually represents an unconstrained plate which has double the
density of the constrained one. To verify the model for this special case, the frequencies of
the plate for the above-mentioned parameters were computed. It was observed that these
frequencies are in exact agreement with those obtained by equation (9).



TABLE 3

¹he ,rst ,ve eigenfrequencies for the example given in reference [5]. ¹he values in the ,rst row
were obtained by the present method (�"1, 	"0)25, �"0)25, m
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���
"50 kg)
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�
�

The present method 31)7963 63)5739 95)4149 128)2167 181)0288
Reference [5] 31)8271 63)3374 95)4148 127)7677 180)6927
Exact solution 31)825 63)318 95)415 127)741 180)677

Figure 7. The variation of the "rst, non-dimensional frequency with respect to di!erent mass dimensions. The
parameters held constant are �"1)5, m

�

�����	

/m

���
�
"0)2. (The mass centre of the attachment always coincides

with the mass centre of the plate.)
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The e!ect of varying the distribution area on the frequencies was also investigated.
Holding the amount of the mass attached to the centre of the plate constant, the distribution
area was changed assigning di!erent values to 
 and �. Figure 7 shows the variation of the
"rst frequency versus 
 and �. In Figure 8, the curves represent the variation of the "rst
frequency versus the ratio of the mass distribution area to the plate area for constant 
 and
� . These plots were obtained taking �"1)5, m

�

�����	

/m

���
�
"0)2, N"25. Although the

results are not presented here, it was observed that the curves for constant and equal 
 and
� values coincide for a square plate because of symmetry.

As known from vibrations theory when a linear elastic structure is excited in one of its
natural frequencies its vibration approximates to the associated mode shape. Hence, an
analysis to "ndmodal surfaces and nodal lines (or nodes) of such a structure indicates where
accurate devices like measurement instruments can be safely located on that structure. For
this reason and in order to realize a complete analysis of the system considered in this work,
the determination of the modal surfaces and the nodal lines of the constrained plate were
also dealt with. AMATLAB code called EIG was utilized in "nding the eigenvalues and the
related approximate modal vectors q needed to form the modal surfaces. In this analysis,
several cases were studied which can be grouped into two main categories. In the "rst group
of studies, the attachment mass in a "xed position is altered and vice versa in the second
group. The common factor in all these studies are the base area of the attachment and its
mass. The distribution area is equal to one-hundreth of the plate area because �"
"0)1.
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The attached mass is as much as 75% that of the plate, i.e., the ratio of the attached mass to
that of the plate, the so-called mass ratio, equals to �

�
. This is reached by assigning

�/�N "0)75�10� for the case of distributed mass. The distributed and concentrated mass
loadings are also compared with each other. For the case of concentrated mass, it was
assumed that �"
"0)01 and �/�N "0)75�10�, so that this limiting case is approached
very realistically. In all these analyses, the number of modes was taken as 25. Moreover, it
was observed that there are no signi"cant di!erences in the results when this number is 64.
These case studies will now be presented and discussed.
Case Ia. A uniformly distributed mass is attached to the plate in such a manner that its

centre of mass coincides with the geometric centre of the plate. As mentioned above,
�"
"0)1 and �/�N "0)75�10�. For this kind of loading, the "rst four modal surfaces are
shown in Figures 9a, 9b, 9d and 9f. Figures 9c, 9e and 9g are the nodal lines maps for the
second to fourth modes. There is no such map for the "rst mode because it has no nodal
lines. Excepting the third one, the other modes remain the same as those of the
unconstrained plate. It is also noticeable from the third modal surface, that the nodal line of
third mode has an elliptic shape.
Case Ib. In this case, a concentrated mass is located at the centre of the plate instead of

the distributed one. The modal surfaces and nodal maps will not be given here since they do
not di!er much from those of the distributed loading. However, the nodal line of elliptic
shape related to the third mode has a smaller dimensions compared with the case of
distributed loading. Note that for this case �"
"0)01 and �/�N "0)75�10�.
Case IIa. The distributed mass is located at the centre of the quarter plate. The density

ratio and the attachment dimensions are the same as those in Case Ia. The "rst four modal
surfaces and their nodal line maps related to this case are seen in Figure 10. Here, it is easily
seen that the nodal lines di!er remarkably from those of the unconstrained plate.
Case IIb. In this case, there is a concentrated mass of the same amount as that of the

distributed one. All the modal surfaces are almost similar to those of the distributed loading
case. Only in the fourth nodal lines map, a relatively small di!erence from the fourth map in
Case IIa given in Figure 10(g) is observed as shown in Figure 11(b) while the modal surfaces
appear the same when compared with Figures 10(f ) and 11(a). Only the fourth nodal lines



VIBRATIONS OF A RECTANGULAR PLATE 49
map has a relatively small di!erence from its counterpart in Case IIa as is easily seen from
comparison of Figure 11(b) with Figure 10(g) while the associated modal surfaces have the
same appearance (Figures 10(f) and 11(a)).
Case III. This case study is a kind of generalization of those presented and explained

above. In this analysis, a distributed mass having the parameters already given is located at
several points in three di!erent directions, namely, starting from the geometric centre of the
plate, parallel to the long edge (y-axis), parallel to the short edge (x-axis) and on the
diagonal of the top right (according to the co-ordinate system de"ned in this work) quarter
plate. The results of these subcases which will be called IIIa, IIIb and IIIc are as follows:
Case IIIa. A distributed mass loading was assumed to be applied at "ve points spaced at

equal distances on a straight line connecting the plate centre and the midpoint of the (top)
short edge, respectively, and for each loading, the second to fourth nodal maps were plotted.
During this case study, 	 is "xed and equal to 0)45 while � take the values 0)45, 0)5625,
0)6750, 0)7875 and 0)90 respectively. In Figures 12(a}c), the variation of the nodal lines with
the locations of the attachment is shown. Due to the geometry of the problem, all the lines
are symmetric with respect to the direction on which the loadings are applied. The nodal
Figure 9. Modal surfaces and nodal lines of constrained plate for distributed mass loading. � "
"0)1,
�/�� "0)75�10� (m

�

�����	

/m

���
�
"3/4), 	 "� "0)45 (the attachment is at the plate centre): (a) "rst modal

surface; (b) second modal surface; (c) second nodal lines map; (d) third modal surface; (e) third nodal lines map;
(f ) fourth modal surface; (g) fourth nodal lines map.



Figure 9. Continued.
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line of the second mode moves "rst in the #y direction, but when the centre of distributed
mass is very close to or on the short edge, it starts coming back to the centre of the plate
(Figure 12(a)). In the third mode, when the mass moves towards the short edge, the elliptic
nodal line is replaced with two nodal lines (i.e., in other words, a two parted nodal line). For
� "0)6750, the nodal line consists of a vertical straight line as shown in Figure 12(b). When
� increases the nodal line again separates into two di!erent lines.

The nodal map of the fourth mode has a vertical straight line for central mass loading.
When the centre of the attachment is at point (0)50;0)6125), this mode has two nodal lines.
As the mass continues moving towards the top in the #y direction, for all other positions of
the attachment, the nodal lines consist of a vertical straight line and are coincident with
each other (Figure 12(c)).
Case IIIb. In this case, the distributed mass is moved in the #x direction starting from

the centre of the plate. Similar to the previous case, due to structural and geometric
symmetry, the nodal lines are also symmetric with respect to the straight line connecting the
midpoints of the long edges. In this analysis � is held constant and equals 0)45 as 	 takes
the values 0)45, 0)5625, 0)6750, 0)7875 and 0)90. (Note that to "nd the co-ordinates of the
attachment centre, 0)05 should be added to the values � and 	). For the second mode, the
unique di!erence in nodal lines occurs for 	 "0)7875. For other loadings, the nodal lines
consists of the symmetry axis of the plate, parallel to the x-axis, (Figure 13(a)).

In the third mode, the originally elliptic nodal line converts to semi-ellipses when
	 increased, but it comes back, expanding towards the plate centre when 	 "0)90. The



Figure 10. Modal surfaces and nodal lines of constrained plate for distributed mass loading. � "
"0)1,
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"3/4), 	 "� "0)6750 (the attachment is at the centre of the quarter plate): (a)

"rst modal surface; (b) second modal surface; (c) second nodal lines map; (d) third modal surface; (e) third nodal
lines map.
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fourth mode is more interesting regarding its nodal lines. In this mode, the nodal line that is
originally a straight line is replaced with semi-ellipses (Figure 13(b)). Regarding the fourth
mode, the nodal line is a straight line for loading at 	 "0)45. For intermediate positions of
the attachment the nodal lines are semi-ellipses which become #atter. When the mass is very



Figure 11. Fourth modal surfaces and nodal lines for distributed and concentrated mass loading, respectively.
m

�

�����	
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���
�
"3/4, 	"�"0)6750 (the attachment is at the centre of the quarter plate): (a) modal surface for

distributed loading. �"
"0)1, �/�N "0)75�10�; (b) nodal map for distributed loading; (c) modal surface for
concentrated loading. �"
"0)01, �/�N "0)75�10�; (d) nodal map for concentrated loading.
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close or partly on the long edge, two parted nodal lines take the place of the semi-ellipses
(Figure 13(c)).
Case IIIc. During this analysis, the attached mass is moved on the diagonal connecting

the centre and corner points of the plate (the points (0)5,0)5) and (1,1) in the non-dimensional
form and (a/2,b/2) and (a,b) in the dimensional form). The nodal line of the secondmode that
is a horizontal straight line at the beginning, initially becomes concave towards the corner
point but when 	"� "0)9, it returns back to its original position (Figure 14(a)). In the
third mode, the nodal line follows a quite complicated pattern. For the intermediate values
of 	 and �, the nodal line becomes two parted, and when the centre of the attachment is very
close or at the corner point, the nodal line is again a one-parted curve (Figure 14(b)).

For the loading at the plate centre, the nodal line of the fourth mode is a straight line
parallel to the y-axis. Also in this mode, the variation of nodal lines develop in a quite
complicated manner. What is noticeable here is that a two-parted nodal line appears when
the attachment approaches the corner (Figure 14(c)). Note that the symmetry of nodal lines
is lost.
Case IV. This "nal case study was carried out to determine how di!erent distributedmass

loadings a!ect the nodal lines of the plate provided that the attachment is located at the
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Figure 12. Variations of nodal lines when the attachment displaces in the direction parallel to the long edge.
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VIBRATIONS OF A RECTANGULAR PLATE 53
centre of the quarter plate. Figures 15(a), 15(c) and 15(e), shows the nodal lines of the
unconstrained plate. Figures 15(b), 15(d), and 15(f ) show the variation of nodal lines of
the second to fourth modes for di!erent mass loadings. From the comparison of these
"gures, it is concluded at "rst glance that the location and mass of an attachment seriously
a!ect the nodal lines of a plate. Another observation worth mentioning is an interchange of
nodal lines between the third and fourth modes, as can be seen in Figure 15(d) and 15(f).

At this point, it should be noted that the mass ratio cannot be selected as large as desired
because the linear Euler}Bernoulli hypothesis may be violated, or the plate material may
have reached its yield point. To illustrate this, a static analysis with dimensional quantities
was carried out to obtain the static de#ections and slopes of the plate for the
above-mentioned mass ratios. For this analysis, the physical parameters and dimensions of
the plate were taken as E"2)1�10�� N/m� (steel), a"2 m, b"3 m, (hence,
�"b/a"1)5), h"0)005, m"5 mm (thickness), �

�
(volumetric density)"7850 kg/m�,

�N "39)25 kg/m� ("�
�
h for a uniform plate). Since the largest de#ection for the attached

mass of any amount is expected to occur at the geometric centre of the plate when the mass
loading is applied at that point, it was assumed that the attachment is located there. First,
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Figure 13. Variations of nodal lines when the attachment displaces in the direction parallel to the short edge.
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the maximum static de#ection and slope of the plate due to its own weight was found. Then,
the same process was continued considering just the attachment weights. It was observed
that for the mass ratios equal to and greater than 4, the linear Euler}Bernoulli hypothesis
loses its validity with regard to the total maximum plate slope as seen in Table 4. Therefore,
when the present method is used for such an analysis, a preliminary investigation on the
validity of the linear bending theory is necessary and useful. The results of this static
analysis are presented in Table 4. For the central loading described above, the maximum
slope arises at the midpoint of the long edge in the x direction, i.e., in the direction parallel
to the short edge.

4. CONCLUSIONS

In this work, the free vibrations of a plate carrying a distributed mass was investigated.
A mathematical procedure was developed based on the Galerkin method, and using this
non-dimensionalized procedure the eigenfrequencies of a constrained plate were obtained.
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Figure 14. Variations of nodal lines when the attachment displaces on the diagonal of the quarter plate.
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TABLE 4

¹he results of static analysis

Total Total
m

�

�����	

m

���
�

maximum de#ection (m)
x"a/2 y"b/2

maximum slope (3)
x"0("a) y"b/2

0 0)0202 1)8793
1 0)0789 6)4973
2 0)1376 11)1097
3 0)1963 15)7277
4 0)2549 20)3400
5 0)3136 24)9580
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The e!ect of some non-dimensional parameters such as the density ratio, the distribution
area ratio, on the frequencies was also investigated. Furthermore, it was shown that this
method enables one to study plates carrying concentrated (lumped) mass. An important
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Figure 15. Variation of nodal lines for di!erent mass loadings. (a), (c) and (e) Nodal lines for the second, third
and fourth modes at the unconstrained plate respectively. (b), (d) and (f ) Nodal lines for the second, third and
fourth modes at the constrained plate for di!erent mass loading respectively. The attachment is at the centre of the
quarter plate. �"
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conclusion drawn from this study is that the frequencies of a plate as a structural element
may be changed by locating the attached mass (it usually represents the mass of a machine
mounted on the #oor that can be considered as a plate) in such a manner that the frequency
of the machine excitation is far away from those of the plate.
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For the completeness of the present study, the modal surfaces and the associated nodal
lines of the constrained plate considered here were also obtained. Two important results,
reached by this analysis, are that an interchange between nodal lines may occur when the
amount of the attached mass is increased, and for the second to fourth modes which are
practically relevant, the nodal lines move back towards to the inside region of the plate
when the attachment stays very close to or is partly located on the edges of the plate.
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