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An approach based on the concept of wave propagation to detect the structural damage in
large mono-coupled periodic structures is presented in this paper. The free vibration analysis
of a finite mono-coupled periodic structure with a single disorder has been conducted by the
characteristic receptance method, and the sensitivity of the natural frequencies to the
disorder in flexibility has been discussed. Based on the sensitivity analysis, the locations and
magnitude of damage in large mono-coupled periodic systems have been estimated
using measured changes in the natural frequencies. The paper also introduces
a substructure-based method for improving the computational efficiency and the accuracy of
damage detection in large mono-coupled periodic structures. Numerical results from two
periodic mass-spring-structures show that the proposed method can provide good
predictions of both the locations and magnitude of damage at one or more sites.
Furthermore, the proposed method, in which a priori information about the nature such as
stiffness of the undamaged structure is not needed, and only measurements of the change in
a few of the structure’s natural frequencies between the undamaged and damaged states are
required, is particularly attractive in practice. However, some issues such as the role of noise
in actual measurements, application to multi-coupled periodic structures with complex
boundary conditions remain to be resolved before this approach becomes a truly variable
method of structural damage assessment.

© 2002 Elsevier Science Ltd.

1. INTRODUCTION

A periodic structure consists fundamentally of a number of identical structural components
(“periodic element”) which are joined together end-to-end and/or side-by-side to form the
whole structure. Engineering structures including multi-storey buildings, elevated
guideways for high-speed transportation vehicles (“Maglev” systems), multi-span bridges,
multi-blade turbines and rotary compressors, chemical pipelines, stiffened plates and shells
in aerospace and ship structures, the proposed space station structures and layered
composite structures, can be considered as periodic systems. Accurate wave analysis for the
free vibration of periodic structures not requiring the complete modelling of the structure is
very appealing. The free vibration analysis of a periodic structure has been extensively
investigated by many authors using different techniques such as the receptance method, the
direct solutions for the response and propagation constants, the transfer matrix method,
and the method of space-harmonics [1].

However, due to manufacturing errors and damages, in real structures, no periodic
elements can be perfectly identical. For some periodic structures, the presence of small
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irregularities may significantly affect natural frequencies and modal shapes of the structures.
The most important effects of disorder include the localization of the natural modes of
vibration to small geometric regions. In solid-state physics, the localization phenomenon of
an electron field in disordered solids was first observed by Anderson [2], who shared the
1977 Nobel Prize in physics for his work. The localization phenomenon in engineering
structures has been recently the focus of a number of theoretical investigations, and several
theoretical methods have been applied to study this topic. Mead and Bansal [3] examined
the effect of a single length disorder on the propagating wave motion along an infinite
simply supported periodic beam by means of receptance methods. Kissel [4] used a
travelling wave approach to investigate the localization effects on one-dimensional periodic
engineering structures. Furstenberg’s theorem on products of random matrices was applied
to calculate the localization factor as a function of frequency by Ishii [5], while Herbert and
Jones [6] and Thouless [7] employed a Green function formulation to study the same
systems and obtained expressions for the localization factors. Cai and Lin [8] developed
a new perturbation scheme to calculate the localization factor based on a generic periodic
structure. Finally, Lust et al. [9] studied localization in a Timenshenko multi-span beam
using the finite element method.

From the above statement, when a periodic structure suffers localized damage, its
dynamic characteristics such as natural frequencies and modal shapes can change.
Conversely, if the information about changes of modal parameters is available, the changes
of stiffness caused by damage in the structure can be identified using an appropriate
method. Several approaches of structural damage detection based on modal test data have
been proposed and developed in the past 20 years, and the study on this topic is still active.
These approaches can be generally classified into three categories: sensitivity-based method
[10], optimization-technique-based method [11], non-parametric damage detection
method such as neural networks [12]. The effectiveness of some of these techniques has
been verified on simple structures such as beams, and low and middle frame structures.
However, for a complex structure with a large number of degrees of freedom, such as
a long-span bridge, a space truss and a highrise building, damage detection becomes
difficult and time consumptive. Moreover, the incompleteness of the available modal test
data becomes a considerable problem since the number of d.o.f. readings measured from
modal testing is significantly smaller than the number of d.o.f.s in the analytical model of
large structures. Although the problem can be solved by using either a model reduction
technique or a mode shape expansion technique, it has often been pointed out that the
model reduction process introduces errors in an analytical model and destroys the
connectivity of the original model, whereas the mode shape expansion process introduces
additional errors in the expanded mode shapes which directly affect the accuracy of the
estimation of structural damage [11].

It is widely recognized that the natural frequencies are least contaminated by
measurement noise and can generally be measured with good accuracy. In contrast,
accurate measurements of mode shapes would be practically impossible [13]. In practice,
measurements yield only partial modal shapes with respect to the total d.o.f. present in the
corresponding analytical models. As a result, a method capable of predicting the magnitude
as well as the location of damage that requires only the changes in the natural frequencies
would be welcomed. Some researchers have proposed several approaches to locate the
damage site by using the test natural frequencies [14, 15]. Experiments performed by
Biswas et al. [16] on a highway bridge also demonstrated that changes in the natural
frequencies alone could be used to detect damage.

The sensitivity-based method has been proved as an effective tool to find the changes of
structural parameters which can directly affect the dynamic characteristics of a large
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Figure 1. Block diagram of a finite mono-coupled periodic system of N elements and arbitrary boundaries with
a disorder: (a) excitation F¢ at end C and the responses at coupling co-ordinates of the disorder, (b) forces and
displacements at connecting ends of the disorder.

structure. Cawley and Adams [17] used the first order perturbation of the basic eigenvalue
equation to arrive at sensitivities necessary to locate the damage in a structure using natural
frequencies. Stubbs [18] detected construction errors of large space structures by solving
the sensitivity equations that were found analytically by computing the fractional change in
the ith eigenvalue due to unit stiffness reduction at location j. The main disadvantage of
these methods is that they are computationally expensive for large complex structures,
because a detailed analytical model is required for an accurate localization.

In this paper, the characteristic receptance method is used to analyze the free wave
motion of large mono-coupled periodic structures of N elements, and to yield the
relationship between the changes of the receptances of periodic element and the natural
frequencies of the periodic structure. The result is a set of simultaneous equations that relate
the changes in the natural frequencies to those of the element flexibility. Then, given a set of
measured decreases in the natural frequencies, the increase in the flexibility of each element
can be obtained by solving this set of equations. In addition, a substructure-based method
has been provided to improve the computational efficiency for the damage detection in
large mono-coupled periodic structures. The accuracy of this proposed method is illustrated
by detecting simulated damage at one or more sites in two different periodic mass—spring
systems with one fixed end and one free end. From the numerical analysis, it can be noted
that the combination of substructure theory and the characteristic receptance method can
involve significant computational effort while maintaining the accuracy of damage
detection when analyzing large mono-coupled periodic structures.

2. FREE WAVE PROPAGATION IN DISORDERED MONO-COUPLED PERIODIC
STRUCTURES OF N ELEMENTS

Consider a finite mono-coupled periodic system having a single disorder in the jth
element and terminating at the general boundaries at extreme end co-ordinates C and D as
shown in Figure 1. Suppose that the finite system has N elements, and is excited by the force
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F¢ at the left-hand end, C. In the first place, boundary C is assumed to be disconnected. The
free incident wave travels towards and impinges upon the disorder. Here, it is partially
reflected back towards the source of excitation and partially transmitted across the
disorder. The transmitted wave propagates on the right of the disorder, and then is partially
reflected at the other end D. Thus, the total wave motion generated can be expressed as the
sum of those corresponding to the transmitted and the reflected waves. Let the
contributions to the total displacement and force at C from these two waves be X, and X,,
so that

Xe=Xo=Xc: + Xcrs Fe=Fo=F¢ + Fey, (1)

where F, and F, are the generalized forces corresponding to the transmitted and reflected
waves at end C respectively.

The displacement of the transmitted (incident) and reflected waves at the left junction 4 of
the disorder element is

-(-1 j—1
XA*t:XCte v )Il, XA*r:XCre(J )#7

where p is the propagation constant of free wave motion.
The total displacement and force at junction A are

Xao =X, i+ X4, =Xce U+ XeeU™ D1 Fy=Fy + Ey, (2a,b)

where F,, and F,, are the generalized forces corresponding to the transmitted and reflected
waves at junction A.
Similarly, the displacement and force at the right junction B of the disorder element are

Xpr =Xpor+ Xpor = Xpe® " + Xpe™ V700 Fg = Fy, + F,, (3a,b)

where X, and X, are the displacements corresponding to the transmitted and reflected
waves at end D.

With use being made of the concept of characteristic wave receptance [ 3] equations (2a)
and (3a) can now be written as

XA— = “thAt + o{wr'FAra XB+ = O‘thBI + o{wrP‘Br (4a>b)

According to the definition of receptance, the displacements X 4. and Xp_ at the two
junctions A and B of the disorder element can be expressed as

Xa+ =0yaFss +oypFp—, Xp- =opaFy+ + oppbp—, (5a,b)

where o 44, apg are the direct receptances and o 4p, s are the transfer receptances of the
disorder element.

For compatibility of the displacements and equilibrium of the forces at junctions A and B,
one has

Xyv =Xa4-(=X4=Xj_y,say), Xp+ = Xp-(=Xp= X}, say),
Fyv = — F4(=F, = Fj_y, say), Fpo = — Fg_(= Fy = Fj, say).
Thus, equations (5) can be rewritten in the form
Xg=044F4s — aypFp, Xp=opsFy — oppFp. (6a,b)
Compared with equations (4) and (6), one finds, for compatibility at 4 and B,
(044 — Otwe) Fae + (0044 — %) Far = 0 4pFpy + 0L4pFpes (7a)

(g + ) Py + (0gp + ) Fe = 0 aFyy + g aFy,. (7b)
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By SUbStituting FAt = XAt/(xwts FAr = XAr/awrr FBt = XBt/awta FBr = XBr/awn and equations
(2a) and (3a), equations (7) can be represented as

X e UL Xyl bn Xy e Xye Vi
r r
(g — Oy s) =+ (g — Otwy) = O4p + o4B ,
awt awr awt awr

XN,e(N_j)” Xne~ (N=jn XOte —(j—Dn XOre(j_ u
(OCBB + “w+)— + (OCBB + chr)i =0y ———— + gy ————.

wt awr O(wt wr

(8a,b)
The total displacement and force at the other end of the system, D, are

X Xur
Xp=Xy=Xyn+ Xns, FD:FN:FNt_’_FNr:ﬂ—}__N- (9a,b)

wt chr
Suppose that the receptance at end D is ap, the displacement X, can be expressed in terms
of the force F;, and oy,

Xp=Xn+ Xy = oplp 9¢0)

Eliminating Fj from equations (9b,c), one finds the ratio, f, of the displacements at junction
D associated with the transmitted and reflected waves to be

XN[ Olyp — Op Oy

= B (10)

XNr Oyt — Up Oy

Substitution of equation (10) into equations (8) yields
—(j—1 1
Sy (0g g — ) TR X o (g — O €T DX
N—j — N ,
xaB [awr e( D ﬁ + o€ ( J)ll]
i1 -
Opg e T X 0+ ap o, e TR,

Xy = — — 11b
N (O(BB + cht) Cprﬁe(N o + ((ZBB + O‘wr) Oyt € = ( )

XNr = (lla)

The ratio, @, of X,, to X, can be obtained by equalizing equations (11a) and (11b),

2.2 p(N=2j+ 1)
[0L4a0pE — Ugadap + 0gq0lhy — OLpEUwy — O] sy i€

—(N=tp
Xor P — + (044088 — %4B%B4 + %aa0hur — OBBOwi — OwiOhwr]OwrOuifE (12)
- T 2 2 .—(N—2j+
Xot [0tuattpp — ABAOAR + OLaaOlyr — OLBBOwy — O] Oiye€
(N=1)u
+ [0taattps — OaB%BA + Oaale — LBBOy — OOy ] Cypp Ol fE

The characteristic receptances of the two waves are given by [3]
Oy = Oy — € ¥, Oy = 0y — 0g€", (13)

where o, and o, are the direct and transfer receptances of the periodic element respectively.
Equation (12) can be verified by assuming that there is no disorder in the system with
symmetric periodic elements. With the symmetric element the receptances of the periodic

system satisfy
vgq=0pp =0y and o,p= py= 0. (14)

Moreover, assuming that the system is free at end D, such that a;, = oo, equation (12) can
be simplified by substituting equations (13) and (14) into equation (12)

Xor = —<awr>X0te_2N“ (15)

wt

which coincides with equation (21) in reference [3].
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Figure 2. The N-element periodic mass-spring system with a single disorder of stiffness in the jth element which
is fixed at left end and free at the right end.

From equation (12), the total displacement at end C is

Xe=Xo=Xo+ Xor=(14+ ®)X, (16)
By combining equations (10), (11a), (12) and (16), one finds the displacement at D

(1 + ﬁ)[awr(aAA - awt)ei(ji e + e (aAA - awr) e(j*l)u ¢]

Xp=Xy= - -
b (1 4+ ®)osp[oe™ B + o, e V7]

X,. (17

The displacement X; at arbitrary junction i is

e 4 Pelt

Xi:Xi Xir:X efi” X,ei":
.+ ot + X9 1+ o

ﬁe(N*i)u + e,(N,i)u

X=X+ Xi = XpyeV "+ Xye” V0= X
t Nt N 1 + ﬁ N
_ (e_(N_im + pe _i)u)[awr(aAA - O(wt)e_(j_lm + O (Oaq — Oyr) eV @] X
- (1 + @) atap [ ™7+ o 0™ 77] ’
(i=jj+1 ....N). (18b)

For a finite value of X, the displacements at arbitrary junctions can be infinite when the
denominator of equations (18) is zero. This occurs at a frequency which satisfies

1+ &=0. (19)

3. APPLICATION TO PERIODIC MASS-SPRING SYSTEMS WITH A SINGLE DISORDER

The above analysis is quite general and can be applied to study various types of finite
mono-coupled periodic systems with a single disorder. However, the theory developed
above will be applied here only to study periodic mass—spring systems with one disorder
(i.e., disorder of flexibility). Typically, the shearing model of multi-storey buildings can be
represented by the mass-spring system; in this case, the generalized forces and
displacements will be the shearing forces and horizontal displacements of each storey.

Figure 2 shows the N-clement periodic mass—spring system with one fixed end C and one
free end, D (i.e., o« = 00). This finite periodic structure has one disorder in the jth element,
and only disorder of flexibility is considered.

The receptances of the periodic element can be expressed as

mow® — k 1 1
mwzk :f_ mwza Olpp = Upp = Oy = — Wa (20)

On =

where m, k, and f are the mass, stiffness and flexibility of one mass—spring element,
respectively, and w is vibration circular frequency.
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The receptances of the disorder element (i.e., the jth element) are

1
5 = oy + 4f, o4 = Opg = Opp = — —73, (21)
w mow

where Af is the change of flexibility in the jth element.

By substituting equations (12), (13), (20) and (21) into equation (19), and after some
manipulation, the characteristic equation of natural frequencies of the periodic mass-spring
structure with a single disorder can be obtained:

cos % cos[(N + 0-5)y] — 2—;‘fsin§sin[(N —j + 1)y]Jcos[(j — 0-5)y] = 0, (22)

where y = iu is also the wave propagation constant.
The characteristic equation of natural frequencies of the periodic mass spring structure
without any disorders can be obtained by putting Af = 0 in equation (22):

cos 5 cos[(N + 0-5)y] = 0. (23)

The propagation constant u can be expressed in terms of the receptances of periodic
element [3] as

cosh u = M. (24)
2“1,
Substitution of equations (20) and y = iy into equation (24) gives
y = 2 arcsin <i>, (25)
26{)0

where wo = /k/m.
Application of equation (25) to equation (23) yields the nth natural circular frequencies,
o, of the N-element periodic structure without any disorders

k m 2n—1
ol =2 i =1,2,...,N 26
f [22N+J(” 2 N) (26)

which is the same as equation (9) in reference [19].
Substitution of equation (26) into equation (25) leads to the wave propagation constant at
the nth natural frequency

n (@n—1D1m
=

. 2
¢ 2N +1 @7

Let 674" be the change of y{" due to a small flexibility change, 6¢; = f/f, in the jth element.
Substitution of y = 9{” + 57" into equation (23) gives, after some manipulation,

n2n—1 2n — 1
q(n) (1)
|:2 IN T 1]sm[(N + 0.5)0y;"] + 6¢; sm|:2 IN & 1:|COS|:(N + 0.5)6y"]

2n — 1 2n — 1
_ L) Sy
+ 6¢; sm[2 IN T 1}cos|:(2] 1) IN & 1:|COS|:(N + 1:5 — 2j)0y}”]

— l}sin[@j 2= l]sin[(N +15—2)5H"]=0. (29

2n
+ 0¢; sm|:2 IN 1
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Solving equation (28) yields 6{", due to disorder at the jth element, 6¢;. From equation (28),

it can be seen that the change, 5yY", depends only on the disorder element number (j) and
the number of the element of the periodic system (N). That is, prior information about the
structure nature such as m and k does not influence the change.

The change, éw{”, of the nth natural circular frequency due to 9y can be found by

)
k. (&
S =2 \/% sin<yT’>. (29a)

solving equation (25),
Combining equations (26) and (29a) gives the relative change of the nth natural circular
frequency due to the disorder in the jth element:

o)
(n)
s = 0% _ 2 . (29b)
oo () 21 =1
TN T

It is assumed that damage to the jth element is simulated by a homogeneous reduction of
stiffness (i.e., increase of flexibility), but with no change of mass. In this case, the sensitivity of
the nth natural circular frequency to damage at element j is given by the equation

(o
o™ _ Sm< 2

= lim

= lim .
0% 5650 0C; 50 0C;sIn[(2n — 1) m/2(2N + 1)]

(j=12,...,N). (30)

As indicated in equation (28), equation (30) tells us again that for a periodic mass—spring
system, the sensitivity of natural frequency to damage depends only on the number of the
element of the periodic system and the location of disorder, it does not depend on the
structural parameters such as the stiffness and mass of the periodic system.

Figure 3(a, b) shows the sensitivity of the first five natural frequencies of the periodic mass
spring systems of 10 and 20 elements to the locations of disorder respectively. From these
figures, it can be noted that for each natural frequency, there are some locations where the
frequency is most sensitive to the disorder, while there are also some locations in which the
disorder makes little influence on the frequency. Furthermore, for a specified natural
frequency, the number of elements with the highest sensitivity does not depend on the
parameters of the system such as m, k, and N, but only on this natural frequency’s number.
For example, the influence of disorder on the first natural frequency decreases as the
location of disorder approaches the free end, that is, the first natural frequency is most
sensitive to damage in the element adjacent to the fixed end. For the second natural
frequency, there are two peaks (at element 1 and adjacent elements 7, 8) where the frequency
is most sensitive. Similarly, for the third, fourth and fifth frequencies, the numbers of peaks
are three, four and five, respectively, which are equal to the corresponding natural frequency
numbers. The elements at or near to the peaks can be considered as the possible damage
locations in the preliminary detection of the damage location by using the difference in the
natural frequency between the undamaged and damaged states. The details will be
demonstrated by analytical examples in the next section.

The flexibility increase factor 6¢; for the jth element is used to evaluate the degree of
damage such that 6¢; = 0 for no damage and 6£; = oo for complete loss of the element



MONO-COUPLED PERIODIC STRUCTURES 249

> —81(2) Thefirst mode > _882 The first mode
2 ~008 S -004
‘2 -0-06 3 -003
8 -o04 § -002
-0:02 _oo1
0 0
-012 -006

> —010 The second mode > ~005 The second mode
= -008 g _om
‘2 -006 3 -003
B -om § -002
-0-02 -001
0 0

> _gig The third mode - :882 Thethirdmode
@ -006 ‘5; -0-03
§ 004 g -002
-002 -001
0 0

012 The fourth mode -006 The fourth mode
> ~010 > —005
B -006 B -003
& -o04 8 -002
-002 -001
0 0

> :gig Thefifth mode > _832 The fifth mode
= -008 S -004
T -006 % -003
§ -oo & -002
-0-02 -001
0 0

1 2 3 45 6 7 8 9 10 1 3 5 7 9 11 13 15 17 19

Element Element
(@ (b)

Figure 3. The sensitivity of the first five natural frequencies to the disorder elements for the periodic mass-spring
structures which is fixed at element 1 and free at element N: (a) N = 10; (b) N = 20.

(100% damage). For any combination of size and location of damage at one or more sites, it
is assumed that the corresponding reductions in the natural frequencies can be written using
a linear combination of the sensitivities in the form

aa—)(l) aa—)(l) aa—)(l)
SV =T _§¢ +—6 6
w 5%, &+ a2, &+ + 9y 9
665(”) aa—)(p) (36(_)(1’)

So'P = 0l + —0& + - + 0y

& 0&> 0y
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or
F) da
B ot T 0dy
(6} = S {68} (31)
o o, ok

{oo} = [ST{o¢}.

The set of simultaneous equations in equation (31) relate the change of the flexibility of
each element, {5¢}, to the changes in the natural circular frequency of the structure, {d@}. In
this problem, it is assumed that there are p natural frequencies of the damaged structure
available through measurements. The solution of equation (31) yields the corresponding
changes in the element flexibility. Theoretically, if the number of available changes in
frequency, p, is equal to N, a solution may be determined uniquely. However, only a small
number of natural frequencies can usually be measured. Hence, the number of measured
changes is less than the number of elements, (p<N), which renders the equations
underdetermined. They can be solved uniquely only after the introduction of an optimality
criterion.

In this study, the optimization problem can be stated as follows to find the best
approximations which minimize the next matrix norm:

g = IILSHo&} — {oa}l. (322)

Since a negative change in the flexibility can never be produced by damage, the inequality
constraint given in equation (32b) is introduced:

{6} = 0. (32b)

Thus, to find the optimal solution for the changes in the element flexibility is really
a procedure to solve the constrained least-squares problem [20]:

minimize [|[[S]{0¢} — {d@}| subject to {0&} > 0. (33)

In principle, all elements in the structure could be considered as potential damage sites. For
a large and complex periodic structure, the optimum solution procedure is computationally
expensive. However, the next section discusses a method of reducing computational effort
by excluding elements that are unlikely to be damaged.

4. ANALYTICAL EXAMPLES

Two periodic mass-spring systems with one fixed end C and one free end D shown in
Figure 2 are used to illustrate the versatility of the proposed method. The numbers of
elements of the two periodic systems are 10 and 20 respectively. The latter is also used to
introduce the way of improving the computational efficiency. Without loss of generality,
frequency changes for the first five modes are used in the assessment of damage.

First, it is assumed that an analytical model exists that correctly describes the system
before damage. So, all the natural frequencies are obtained by solving equation (26);
consequently, the sensitivity matrix, [S], is formed through calculating all the sensitivity
terms, 00™/0¢;(n = 1,2,...,p; j=1,2,..., N), by using equation (30). Then a known
increase in flexibility which is referred to here as the “actual” damage is induced at one or
more elements of the periodic systems. The difference in the natural frequencies between the
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TABLE 1

Damage scenarios for the 10-element periodic mass—spring structure

Cases Case Case Case Case Case Case Case Case Case Case Case Case
1 2 3 4 5 6 7 8 9 10 11 12

Damage 1 5 10 1,5 1,10 1,5,10 1 5 10 1,5 1,10 1,5,10
element
o0& 5% 30%

TABLE 2

The changes in the first five natural frequencies due to damage for the 10-element periodic
mass—spring structure

Mode Relative change (d®) of the natural frequencies in percentage due to damage

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7 Case 8 Case 9 Case 10Case 11 Case 12

— 047 — 029 —001 —076 —048 — 077 —275 — 171 —0-:06 —4-31 —2-81 —4-36
— 045 — 009 —009 —054 —0-54 —0-63 —2:57 —0-54 —0-56 —3-23 —3-07 — 370
—041 — 045 — 022 — 085 — 063 — 107 —223 —2:61 —143 —460 — 356 — 587
— 035 00 —036 —035 —071 —071 —1-82 00 —231 —1-87 —403 —403
— 028 —045 —046 — 073 —073 —1-17 — 140 —2:61 —2:71 —4-06 —4-06 — 640

DB W=

undamaged and damaged models is calculated. Assuming that this difference is the only
known data, the increase in flexibility is calculated by solving the optimization problem of
equation (33). The results of this calculation will be referred to as the “predicted” damage in
this study.

4.1. EXAMPLE 1: A PERIODIC MASS-SPRING STRUCTURE OF 10 ELEMENTS

For the 10-element periodic mass—spring system, the mass and stiffness of each element
are 1.0 x 10° kg and 1.7655 x 10® N/m, respectively. The method was tested for its ability
to detect light or severe damage for 12 damage states (see Table 1). The calculated changes
in the natural circular frequencies of the structure that was damaged at different cases are
shown in Table 2. Using the calculated changes in the natural frequencies shown in Table 2,
the location and magnitude of damage were identified with the theory developed herein.

In the stage of preliminary detection mentioned in the above section, the damage
locations in some cases listed in Table 1 can be roughly identified by using the degree of
sensitivity of disorder in different elements shown in Figure 3(a). For example, from Table 2,
the difference in the natural frequencies decreases as the natural frequency number increases
in cases 1 and 7, which matches the variation of sensitivity of natural frequency to the
disorder of the first element. On the other hand, in cases 3 and 9, the difference in the first
frequency is near zero, and as the natural frequency number increases, the difference in the
natural frequencies increases. Thus, in the two cases, the disorder most probably occurs in
the 10th element which has little effect on the first frequency, and whose influence on the
frequency becomes large as the frequency number increases. In cases 2, 4, 6, 8, 10 and 12,
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Figure 4. Detection of light damage of the 10-element periodic mass-spring structure at: (a) element 1,
(b) element 5, (c) element 10, (d) elements 1 and 5, (¢) elements 1 and 10, (f) elements 1, 5 and 10: @, actual damage;
M, Predicted damage.

the fact that the difference in the first, third and fifth frequencies is large indicates that the
possible damage positions are elements 1 and 5. Moreover, in cases 2 and 8, the fact that
the difference in the second frequency is small and the difference in the fourth frequency is
near zero excludes element 1. Finally, from Figure 3(a), the damage in elements 1 and 10
most possibly produces the variation of the difference in the five frequencies in cases 5 and
11. Obviously, in the preliminary stage, relatively accurate detection of location for one
damage can be achieved; however, for multiple damages, the magnitude of each damage
makes the identification of damaged location complicated. The further detection of the
location and magnitude of damages which requires solving the optimization problem of
equation (33) is given below.

First, the flexibility of elements 1, 5 and 10 was increased by 5%. The results for damage
of single element are shown in Figure 4(a—c) respectively. Detection of multiple damage of
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Figure 5. Detection of severe damage of the 10-element periodic mass—spring structure at: (a) element 1,
(b) element 5, (c) element 10, (d) elements 1 and 5, (e) elements 1 and 10, (f) elements 1, 5 and 10 W, actual damage;
M, Predicted damage.

the structure is shown in Figure 4(d-f). It can be seen that both the location and the
magnitude of the light damage were predicted reasonably well in all cases. The process was
repeated for detection of severe damage. The flexibility of the damaged elements was
increased by 30%. The results for the cases of single damage are shown in Figure 5(a-c).
Detection of multiple damage is shown in Figure 5(d-f). From Figure 5, it can be observed
that there is a small deterioration in the accuracy of the damage size prediction due to the
non-linear relationship between frequency changes and damage. Furthermore, in all cases
but case 12 the magnitude of damage was underpredicted because the sensitivity coefficients
were derived around the original structure, which also indicates that the large changes in the
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flexibility cannot be predicted as closely as small ones. Despite this, the true damage
locations were still predicted reasonably well.

4.2. EXAMPLE 2: A PERIODIC MASS-SPRING STRUCTURE OF 20 ELEMENTS

In this example, the mass and stiffness of each element of the 20-element mass spring
system are 2:0 x 10° kg and 3-3636 x 108 N/m respectively. The cases of changes, 5 and
30%, in the flexibility of elements 1, 10 and 20 are also considered as the light and severe
damages respectively.

It is well recognized that the search for the optimum solution from equation (33) can be
computationally expensive if the structure is complex and the number of potential damaged
sites is large, and an erroneous solution may even appear if the number of available
measured frequencies is not sufficient. In other words, a significant time saving and
improvement in the accuracy of the solution can be achieved if it is possible to limit the
search to a subset of possible damage sites.

The results from sensitivity analysis shown in Figure 3 indicate that the change of
a specified natural frequency is more sensitive to damage at some locations than at others;
in other words, damage at a particular location induces larger changes in some natural
frequencies than in others. That is, if the large differences only in the natural frequencies are
used, the damaged locations which have the greatest influence can be detected. Following
this principle, the preliminary detection in Example 1 successfully identified a few of
possible damaged locations. It might be expected that this approach could identify the
damage site correctly for a single-damage case. In multiple-damage situations, there is a risk
of losing one or more damaged sites if insufficient modes are used and their frequencies
change appreciably. However, if sufficient modes are considered, the list of possible damage
sites can be large enough to minimize this risk.

Since the computational time and core memory size depend on the number of periodic
elements, the alternative way for improving the computational efficiency is to make full use
of the substructure concept. In this substructure-based method, each substructure which is
composed of several mass-spring elements forms the basic periodic element, thus, the
number of periodic element is reduced. For example, for the 20-element periodic
mass—spring system, if each substructure consists of two mass-spring elements, the number
of periodic elements (i.e., the number of substructures) becomes 10; if each substructure
includes four mass—spring elements, the number of periodic elements becomes five.
Reduction of the number of periodic elements improves the computational efficiency;
furthermore, the degree of accuracy of damage location detection can be improved because
the amount of available modal test data becomes nearer to the reduced number of periodic
elements.

To illustrate the benefits of the two ways developed herein, 12 cases of 5 and 30%
flexibility increases in one or multiple elements are considered (shown in Table 3). Once
again, the changes in the first five natural frequencies are used as the only known variables
towards the detection of the location and magnitude of the damage. The calculated changes
in the five natural frequencies produced by the 12 damaged scenarios are shown in Table 4.

From the % frequency differences listed in Table 4, all the potential damage locations can
be determined by using the sensitivity variation shown in Figure 3(b). From Table 2, in cases
1,4,5,6, 7,10, 11 and 12, all the differences in the five frequencies are large; thus, the six
elements with the highest sensitivities for either of the five natural frequencies should be
considered as the potential damage locations. On the other hand, for cases 3 and 9, all the
differences in the five frequencies are small; that is, the possible damage locations are the six
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TABLE 3

Damage scenarios for the 20-element periodic mass—spring structure

Cases Case Case Case Case Case Case Case Case Case Case Case Case
1 2 3 4 5 6 7 8 9 10 11 12

Damage element
1 10 20 1,10 1,20 1,10,20 1 10 20 1,10 1,20 1, 10,20
o¢ 5% 30%

TaBLE 4

The changes in the first five natural frequencies due to damage for the 20-element periodic
mass—spring structure

Mode Relative change of the natural frequencies in percentage due to damage

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7 Case 8 Case 9 Case 10Case 11Case 12

—024 —014 000 —025 —038 —0-38 —144 —0-81 —0-01 —221 —145 —222
—024 —008 —001 —025 —032 —033 —141 —048 —008 — 191 — 148 —2:00
—-023 —019 —003 —027 —042 —045 — 136 —1-11 —021 —2:37 —1-56 —2:57
—-022 - 003 —006 —029 —026 —032 —128 —020 —041 —1-57 —1:67 — 193
—-021 - 023 —010 —031 —044 —054 — 119 — 133 —0:65 —242 —1-81 —3-04

D AW =

elements with the lowest sensitivities for either of the five frequencies. In cases 2 and 8, only
the differences in the first, the third and fifth frequencies are large; similarly, the six elements
where the disorder produces largest difference in the corresponding natural frequencies are
referred to as the potential damage locations. Examining all the modes showing the largest
frequency changes, and identifying six locations with the highest damage sensitivities for
each, gave a list (after eliminating duplicates) of possible damage sites shown in the column
of method 1 of Table 5.

Now consider a substructured model of the 20-element system when divided into periodic
systems each containing four of the actual masses and their springs. Each substructure will
be represented by a single equivalent mass equal to four of the actual masses, together with
a single spring. The equivalent stiffness of the spring is chosen such that the fundamental
frequency of the mass-spring model is equal to the fundamental frequency of the
actual-mass-spring substructure. Thus, the computed change of flexibility becomes the
corresponding change of equivalent flexibility of the substructure, which also indicates the
degree of damage of the substructure and the potential damage locations of the original
periodic system. For example, the change of equivalent flexibility of the second substructure
indicates that elements 5, 6, 7 and 8 of the original system are the potential damage
locations. Similarly, if one substructure only includes two mass-spring elements, the 20-
element periodic structure becomes a periodic system with 10 substructures. The calculated
change of the equivalent flexibility of the substructure provides a greater number of possible
sites at which the damage may exist. That is, for example, the change of equivalent flexibility
of the second substructure indicates that element 3 or 4, or both of them of the original
system are possibly damaged. After the potential damage locations are identified, the
magnitude of the damage can be obtained by solving the optimum equation (33).
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TABLE 5

The potential damage locations of the 20-element periodic mass—spring structure identified by
different methods

Case Method 1: Method 2: one substructure ~ Method3: one substructure
sensitivity analysis consisting of two elements consisting of four elements

1,7 All the elements except

elements 11 and 20 1,2 1,2,3,4
2,8 All the elements except
elements 7, 11, 13, 15 and 20 1,2,9,10 1,2,3,4,9,10, 11, 12
3,9 11, 20 19, 20 5,6,7,8,17, 18, 19, 20
4, 10 All the elements except
elements 11 and 20 1,2,9, 10 1,2, 3,4,9, 10, 11, 12
5,11 All the elements except
elements 11 and 20 1,2, 19, 20 1,2,3,4,17, 18, 19, 20
6, 12 All the elements except
elements 11 and 20 1, 2,9, 10, 19, 20 1,2,3,4,9, 10, 11, 12, 17,
18, 19, 20
@ | )

Increasein flexibility (%)
O P N W >N 01O

| (©

Increase in flexibility (%)
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Figure 6. Detection of light damage of the 20-element periodic mass-spring structure at: (a) element 1,
(b) element 10, (c) element 20, (d) elements 1 and 10, (e) elements 1 and 20, (f) elements 1, 10 and 20: W, actual
damage; @, method 1; O, method 2; O, method 3.

Table 5 shows the potential damage locations identified by different methods. From the
table, it can be seen that only a few elements for each case were excluded by method 1 as the
number of examined modes and locations is large enough to avoid the loss of possible
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Figure 7. Detection of severe damage of the 20-element periodic mass-spring structure at: (a) element 1,
(b) element 10, (c) element 20, (d) elements 1 and 10, (¢) elements 1 and 20, (f) elements 1, 10 and 20: W, actual
damage; @, method 1; O, method 2; 00, method 3.

damage locations. Specifically, in each case element 20 is excluded by method 1 since it has
little effect on the first five frequencies. Methods 2 and 3 making full use of the advantage of
substructure gave location lists which were distinguishable from method 1. In method 2, the
search lists were reduced to not more than six locations, in some cases only to 2 locations. In
method 3, except cases 6 and 12, the number of identified possible damage locations did not
exceed 8. Since the number of locations used for each search of solution is reduced, the
computational time required is also saved.

The magnitudes of the damage calculated from equation (33) corresponding to a 5%
increase in the flexibility of single and multiple elements are shown in Figure 6. Figure 6(a)
shows that some of the damage of element 1 is allocated to element 2 since element 2 has the
same sensitivity to some frequencies as element 1. Figure 6(e, f) shows that the identification
of the damage of element 20 is relatively difficult as element 20 has low degree of sensitivity
to the first five natural frequencies. In general, the identification of light damage occurring
at any location except at the free end of the system is very successful. Moreover, method
2 not only gives a more accurate prediction of both the damage sites and magnitude, but
also improves the computational efficiency more effectively.

Detection of a 30% increase in flexibility in elements 1, 10 and 20 is shown in
Figure 7(a-c) respectively. The location of damage was calculated correctly for elements
1 and 10, and the magnitude of damage for element 10 is slightly underpredicted. Once
again, both the damage location and the magnitude for element 20 cannot be identified
correctly. Multiple severe damage with a 30% increase in flexibility occurring in elements 1,
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10 and 20 is shown in Figure 7(d-f). The location and the magnitude of the damage for
element 1 were predicted accurately, the location of damage for element 10 was predicted
successfully while the magnitude of damage for element 10 was underpredicted by more
than 20%. As expected, the damage of element 20 could not be predicted correctly.

5. CONCLUSIONS

The sensitivities of natural frequencies to the location of disorder in flexibility of
mono-coupled periodic structures were obtained by using the characteristic receptance
method and presented as a set of undetermined equations. The optimum solutions of these
equations provided reliable information about the locations and size of damage at one or
more sites. The proposed approach simplifies the computation of the structural sensitivities
by making full use of the repetitive elements in periodic systems, and also has the practical
attraction of only requiring information about the changes in a few of the natural
frequencies between the undamaged and damaged states. Furthermore, if the periodic
structure is simplified as a periodic mass-spring system, the sensitivity matrix can be
determined by the total number of periodic elements, and it does not depend on structural
parameters such as stiffness and mass. That is, the identification of the location of damage
based on the sensitivity analysis depends only on the total number of periodic elements and
the difference in the natural frequencies between the undamaged and damaged states, thus it
does not require any prior information such as the stiffness and mass on the undamaged
structures. Since the natural frequencies in the undamaged or damaged state can be
measured, and the number of periodic elements is easily available, the proposed method
becomes feasible in practice.

This proposed method was applied to the identification of damage in 10- and 20-element
periodic mass—spring structures. In the application, the changes in the first five natural
frequencies were used as the only known variables. In general, the method provided good
predictions of both the location and the content of damage at one or more sites. Light
damage, in the order of 5% increase in the flexibility, was identified accurately. The location
of severe damage, 30% increase in the flexibility, was also identified extremely accurately,
but the magnitude of such severe damage in some cases was underpredicted. However,
damage of the elements that have low sensitivity to the first five natural frequencies, such as
the 20th element in the 20-element periodic structure, could not be identified correctly.
Since only five natural frequencies are needed, the requirement for practical measurement is
modest.

The substructure method has been proposed to improve the computation efficiency,
which limits the search of optimum solutions to a subset of potential damage sites, thus
a significant time saving can be obtained. Besides that, numerical analysis from the two
examples mentioned above shows that the substructure method generally gives better
results.

It must be emphasized that the type of system considered here is rather simple when
compared to most real periodic engineering structures. However, the present study allows
a number of physical insights to be made from a structural damage detection point of view.
Nonetheless, there are still some matters to be investigated before this proposed approach
becomes a truly variable method of damage detection in periodic structures; how the
approach performs in practice when the actual measurements contain noise; how the
approach may be modified to accommodate both the incomplete measured natural
frequencies and mode shapes; how the approach performs for periodic systems with
complex boundary conditions; how the approach performs for multi-coupled periodic
systems or near periodic systems.
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