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A linear free hydroelastic vibration analysis of a frictionless liquid with a free surface
contained in a cylindrical tank with a #exible bottom has been performed. The side-wall has
been treated as rigid and the e!ect of surface tension taken into consideration. The container
bottom was treated as a membrane, while for the free liquid surface the e!ect of two contact
line conditions has been investigated. One edge condition was that of a slipping contact line,
while the other one treated the contact line as "xed, i.e., an anchored edge. The vibration
characteristics of a membrane}liquid coupled system have been investigated for various
system parameters, i.e., membrane tension parameter ¹M , liquid surface tension parameter �� ,
material density parameter �N , liquid height ratio l

�
and vibration mode numbers m and n.

The degree of coupling between a membrane and a liquid was represented with vibration
mode diagrams as well as with frequency diagrams. For axisymmetric coupled vibrations
with anchored edge condition, vibration mode exchanging of both a membrane and
liquid free surface with membrane bottom tension parameter ¹M has been investigated. An
interesting phenomenon which is only observed for a #exible bottom container and an
anchored edge free surface condition is presented.

� 2002 Elsevier Science Ltd.
1. INTRODUCTION

Structure}liquid coupling is one of the interesting "elds of coupled dynamic systems in
complex engineering problems. One of the most popular structural con"gurations in the
industrial or engineering "eld is a cylindrical tank "lled with liquid, i.e., liquid storage tanks,
fuel vessels, various kinds of pressure vessels, etc. For a safe design of such structures,
vibration characteristics of a cylindrical shell "lled with liquid have been investigated for
years, theoretically and experimentally.
In the present study, we focus on a cylindrical container with a rigid side-wall and

a #exible bottom "lled with frictionless liquid, as a fundamental model before we proceed to
the investigation of a container with both #exible side-wall and #exible bottom. Restricting
the liquid}structure coupled system to such a model, a free vibration analysis has been
conducted by many researchers [1}10], in which the #exible bottom was treated as an
022-460X/02/140717#24 $35.00/0 � 2002 Elsevier Science Ltd.
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elastic plate [2}4, 6}10] or as a membrane [1, 5, 7, 8]. In these studies, some are considering
the e!ect of liquid surface tension [3}5, 7, 8] and determine its in#uence on the coupled
sloshing natural frequencies. From these studies, in general, it has been found that coupled
sloshing natural frequencies are generally reduced a little by the reduction of the bottom
sti!ness, while the e!ect of free surface tension increases the coupled sloshing natural
frequencies. In such a system, the dynamic behavior of a liquid and a #exible bottom are
coupled, the degree of which depends on the system parameters, i.e., liquid height, mass
density ratio, sti!ness of the bottom structure, etc. These conclusions are for systems which
have a #exible bottom with relatively high rigidity, in which coupled sloshing natural
frequencies and coupled bulging (bottom) natural frequencies are far apart from each other.
In the present study, assuming the bottom as a membrane and taking the e!ect of liquid

free surface tension, we would like to treat the same model which has a stronger coupling,
i.e., where the coupled sloshing and coupled bulging natural frequencies are of the same
order, stemming from a strong reduction of the bottom #exibility or a strong e!ect of the
liquid surface tension. Furthermore, by adding the usual free surface edge condition, i.e., the
free surface moves up and down along the side-wall which is referred to as &&slip'' edge
condition, we will consider another edge condition, i.e., the &&anchored'' edge condition in
which the free surface exhibits a "xed contact line [11].
In the numerical calculations, at "rst, uncoupled vibration characteristics of a liquid in

a rigid container for two edge conditions and membrane alone are presented. Then, the
coupled vibration characteristics are investigated for di!erent system parameters. And
in the axisymmetric vibration mode with the anchored edge condition, appearance of
a sloshing vibration mode which does not exist in a rigid bottom container was clari"ed,
where a mode disappearance of the bottom due to the reduction of bottom sti!ness was
found.
It is to be added that some related studies have been conducted by Amabili et al.

considering the e!ect of side-wall #exibility and ring-sti!eners of a container [12]. In
addition, Chiba conducted a non-linear analysis [13, 14] and a response analysis of a liquid
free surface with a #exible bottom motion [15].

2. BASIC EQUATIONS

A cylindrical container with a rigid side-wall and a membrane bottom is "lled to height
h with incompressible and inviscid liquid. We shall consider small amplitude coupled free
vibrations of a liquid and a membrane bottom. Cylindrical co-ordinates are taken as shown
in Figure 1. For small liquid velocities and small membrane deformation, the governing
equations may be linearized. In addition, a static deformation of the membrane bottom is
neglected. With the liquid motion assumed to be irrotational, the governing equation for
the liquid velocity potential �(r, �, z, t) results in the Laplace equation
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Figure 1. Cylindrical container with a membrane bottom "lled with frictionless liquid.
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and the kinematic condition
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where is g the gravitational acceleration, �
�
the density and � is the surface tension of the

liquid. At the side-wall, the rigid wall condition is given by
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At the bottom interface, the compatibility condition
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has to be satis"ed, so that the velocity of the membrane is equal to that of liquid at the
bottom interface.With the displacement of the membrane bottom as= (r, �, t), the equation
of motion of the membrane is given as
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and at the circumferential boundary of the bottom,

="0 at r"a, (7)

where ¹ is the membrane tension and �
�
is the mass per unit area of the membrane.
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In order to get general results, it is convenient to use non-dimensional forms of the above
equations as
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In the above equations, 

��
("1)84118) is a value which satis"es J�

�
(

��
)"0, and �

�
is the

"rst sloshing natural circular frequency in a rigid cylindrical tank with m"1 and liquid
height ratio l

�
"1)0. Then, the present coupled natural frequencies are normalized with this

frequency.

3. METHOD OF SOLUTION

We consider here two free surface edge conditions. One is the slipping edge condition in
which the free surface displacement moves up and down at the side-wall of the container,
and the second is the anchored edge condition in which the free surface does not move at the
circumferential edge [11], which may occur when a cylindrical container has rims with
sharp edge. When the free liquid surface is located at such a sharp edge, its movement may
be constrained. In addition, this is true when the liquid exhibits a strong surface tension.
Both e!ects would require a treatment of the contact line of the free surface as an anchored
edge.
The solution of the Laplace equation (1�) which satis"es rigid side-wall condition (4�),

�(�, �, �, 	), free surface displacement � (�, �, 	) and membrane displacement w(�, �, 	) are
assumed as
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3.1. SLIPPING EDGE CONDITION

In this case, the liquid free surface conditions, represented by two equations (2�) and (3�),
can be combined into one equation as
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3.1.1. Asymmetric vibration (mO0)

From the compatibility condition (5�) at the bottom, A
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can be represented in terms of
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The liquid free surface condition (15) is represented as
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The equation of motion of the membrane (6�) renders as
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Applying the Galerkin method
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yields
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Introducing equation (16) into equation (17), equations (17) and (20) represent the (n#k)
coupled linear algebraic equations in terms of B

��
and w

��
, and they are represented in

a matrix form as equation (21). Then, the problem is reduced to the eigenvalue problem
from which one can get coupled natural frequencies as an eigenvalue, which is
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3.1.2. Axisymmetric vibration (m"0)

With a similar procedure in the asymmetric vibration, A
�
and A

��
are represented in

terms of w
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as
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The liquid free surface condition (15) yields
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From the equation of motion of the membrane (6�) we obtain
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Finally, we obtain (1#n#k) coupled linear algebraic equations (27) in terms of B
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B
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and w
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It is therefore
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3.2. ANCHORED EDGE CONDITION

In this case, the liquid free surface displacement is zero at the wall, i.e.,

� (1, �, 	)"0 at �"1. (28)

3.2.1. Asymmetric vibration (mO0)

Introducing equation (12) into the dynamic liquid free surface condition (2�) yields
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The anchored edge condition (28) renders
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While the kinematic liquid free surface condition (3�) yields by means of Bessel}Fourier
series equation of I
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the expression
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Using equation (31), C
�
in equation (33) can be eliminated, and introducing equation (16),
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which is the kinematic liquid free surface condition satisfying the edge anchored condition.
Themembrane equation is the same as the slipping case, i.e., equation (20). Equations (34)

and (20) represent the (n#k) coupled linear algebraic equations in terms of B
��

and w
��
.

3.2.2. Axisymmetric vibration (m"0)

In this case, from the kinematic condition of the free surface we obtain
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With a similar procedure as in the asymmetric case, we "nally obtain coupled equations in
terms of B

�
, B

��
, w

��
. Details of those equations are omitted here due to limited space.

4. NUMERICAL RESULTS

Some of the analytical results obtained above have been evaluated numerically. For
reasons of space, we have concentrated only on the results for asymmetric vibration (m"1)
and axisymmetric vibration (m"0) with both slipping and anchored free surface edge
conditions. Their "rst radial modes n are, due to the large slosh masses participating in the
motion, of great practical importance. For this reason, we focus on the lowest four coupled
sloshing and bulging modes in which the liquid free surface and the membrane bottom
motions are predominant respectively. The unknown parameters used in the calculation,
i.e., n and k in equation (21), were used for four terms for both liquid and membrane
parameters.
The present liquid}membrane coupled system is represented for the system parameters:

membrane tension parameter ¹M ,¹/ag�
�
, liquid surface tension parameter �� ,

�/a�g�
�
,1/Bo, mass ratio parameter �� ,a�

�
/�

�
, liquid height ratio l

�
,h/a,

circumferential vibration mode number m, and radial vibration mode number n.
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4.1. UNCOUPLED NATURAL FREQUENCIES

Before proceeding to investigate the liquid}membrane coupled dynamic system, we shall
look at the uncoupled sloshing and membrane vibrational characteristics. Uncoupled
sloshing natural frequencies �(l)

��
for a liquid of liquid height l

�
in a container with rigid

bottom and rigid wall, have been evaluated for the modes m"1 and 0 when �� "5)0�10�	

and 1)0. The results are shown in Figure 2. In this "gure, thicker lines and thinner lines
correspond to the results for the anchored and slipping edge conditions respectively. The
lowest slipping natural sloshing frequency withm"1 (in Figure 2(a)) tends to unity for very
small surface tension �� with the increase of l

�
. This is due to the non-dimensionalization with

parameter (c) in equation (8). This means that in the present study, calculated uncoupled and
coupled frequencies are all normalized with the "rst sloshing natural frequency of a liquid
with slipping edge conditions without surface tension of the asymmetric mode m"1 when
l
�
"1)0. Natural frequencies for the anchored case are a little higher than those of the

slipping case, due to the constraint of the free surface displacement at the edge (Figure 2(a)).
It may be noticed that the di!erence becomes prominent for a larger value of �N (Figure 2(b)).
Figure 2. Uncoupled normalized sloshing natural frequency as a function of "lling rate l
�
, m"1, 0:0,

anchor; **, slip. (a) �N "5�10�	, and (b) �N "1)0.



Figure 3. Uncoupled normalized sloshing natural frequency as a function of liquid surface tension �N , m"1,
l
�
"0)5:0, anchor; **, slip.
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The in#uence of liquid surface tension �N on the uncoupled sloshing frequencies is presented
in Figure 3, for the modem"1, when l

�
"0)5. In the case of slipping condition, the natural

frequencies are simply given by
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��
�� ) tanh(


��
l
�
)

c
. (37)

From this equation, we "nd that the presence of the liquid free surface tension increases the
natural frequency of the liquid. The vibration modes of a liquid free surface are displayed in
Figure 4(a) for m"1, and in Figure 4(b) for m"0, for both slipping and anchored edge
condition, respectively, and �� "1)0, l

�
"0)5. In these "gures, the maximum of the free

surfaces are normalized to unity. It is to be noted that the lowest vibration mode for the
axisymmetric vibration with anchored edge condition is n"2 which has one nodal point in
the radial direction, while the mode n"1 cannot exist due to the volume conservation in
a rigid container.
While uncoupled normalized membrane natural frequencies �
��

��
are given by

�
��
��

"�
��	

¹M
c
, (38)

which describes that the natural frequencies are proportional to the square root of ¹M . They
are represented in Figure 5 for the modes m"0, 1, 2 and n"1, 2, 3. The values �

��
are the

roots of the Bessel function J
�
(�)"0.

4.2. COUPLED VIBRATION BETWEEN LIQUID AND MEMBRANE

The coupled normalized natural frequencies of a liquid and a membrane bottom are
considered by investigating the e!ects of ¹M , �N and �� . In Figure 6, the coupled natural
frequency variations with liquid height l

�
are represented for slipping edge condition for the

asymmetric mode m"1, �� "100, ¹M "10�, when (a) �� "1, (b) �� "10, (c) �� "100. For
reference, the uncoupled sloshing frequencies �(l)

��
are presented with dot}dashed lines. In



Figure 4. Uncoupled sloshing modes, �N "1, l
�
"0)5:00, anchor; **, slip. (a) m"1, and (b) m"0.
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this "gure, the lines of coupled and uncoupled results cannot be distinguished. As is shown,
the coupled sloshing frequencies increase with increase of l

�
, while the coupled bulging

(membrane) frequencies decrease due to the added mass e!ect of the liquid. Although the
lowest four sloshing and four bulging (membrane) modes are calculated, we can recognize
four sloshing modes and one bulging mode for n"1 for the presented range of the "gure.
This is due to the larger di!erence between the coupled sloshing and the coupled membrane



Figure 5. Uncoupled normalized membrane natural frequency �
�� as a function of tension ¹M : } } } } , m"0;

0, m"1; } } } } , m"2.

Figure 6. Coupled natural frequency as a function of l
�
, slip, m"1, �N "100, ¹M "10�, }} } } , �
���. (a) �N "1,

(b) �N "10, and (c) �N "100.
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Figure 7. Coupled natural frequency as a function of l
�
, slip, m"1, �N "100, ¹M "10
, }} } } , �
���. (a) �N "1,

(b) �N "10, and (c) �N "100.
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frequencies. These di!erences become smaller as �N increases to 10 and 100, as shown in
Figure 6(b) and 6(c), indicating increased coupling e!ects.
Broken lines in the "gure are frequencies of a membrane with added (non-sloshing) liquid

mass, which are given by

�
���
��

"�
��	

¹M
c (1#�N l

�
)
. (39)

In the present case shown in Figure 6, �
���
��

is lower than the coupled bulging frequency.
We notice that every time the sloshing and bulging frequencies approach each other,

there will be a strong interaction and coupling between them. This will be expressed by the
change of the coupled frequencies and their mode shapes. The magnitude of these changes
shall, of course, depend on the magnitude of the generalized masses of the sloshing and the
bulging. We expect for that reason that the interaction of the "rst sloshing mode with the



Figure 8. Coupled natural frequency as a function of l
�
, slip, m"1, �N "1000, ¹M "10
, }} } } , �
���. (a) �N "1,

(b) �N "10, and (c) �N "100.
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"rst membrane mode will (due to their large generalizedmasses) present the most important
interaction. Higher modes exhibit increasingly reduced generalized masses and shall for that
reason, even for the coalescence of the natural frequencies, exhibit minor interaction e!ects.
When the membrane tension is reduced to ¹� "10
 (Figure 7), while keeping the other

system parameters the same, the coupled bulging frequencies decrease and the sloshing and
the bulging-type natural frequencies get close to each other, i.e., coupling becomes stronger,
as shown in Figure 7(c). Strong dynamic coupling can be seen between the liquid and the
membrane motions, where an order of exchange occurs between the vibration modes.
Furthermore, �
���

��
variations with l

�
agree well with those of the coupled bulging

frequency.
If the mass ratio is increased to �� "1000, i.e., the liquid density becomes relatively large,

as shown in Figure 8, the increase of the added liquid mass to the membrane decreases the
bulging-type frequencies drastically with l

�
. This causes a strong coupling between the

liquid and membrane motions. In Figure 9, similar results for the axisymmetric mode



Figure 9. Coupled natural frequency as a function of l
�
, slip, m"0, �N "100, ¹M "10
, }} } } , �
���. (a) �N "1,

(b) �N "10, and (c) �N "100.
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(m"0) are presented for the parameters as those of Figure 7 (m"1). In this mode, the
uncoupled frequencies of the membrane and the liquid are close to each other, and their
coupling is for that reason stronger than those of the mode m"1 (Figure 7). Furthermore,
�
���

��
variations with l

�
agree well with those of the coupled bulging frequency.

To observe the in#uence of the free surface edge conditions, the results of anchored
conditions form"1 and 0 are presented in Figure 10 by thicker lines. System parameters of
these results are the same as those of the slipping case shown in Figures 7 and 9, where
a smaller membrane tension ¹M "10
 has been employed. The slipping results are
represented by thinner lines, for reference. As may be seen in the "gure, the coupled bulging
frequencies are nearly the same as those of the slipping edge conditions, while coupled
sloshing frequencies are di!erent as was already observed from the results of a rigid
container (Figures 2 and 3).
So far, we have investigated the coupling between membrane bottom and liquid by

viewing the coupled frequencies of the system. A better insight into the behavior of the



Figure 10. Coupled natural frequency as a function of l
�
:0, anchor; **, slip. �N "100, ¹M "10
, } } } } ,

�
���. (a) �N "1, (b) �N "10, (c) �N "100; (�) m"1, (�) m"0.
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Figure 11. Coupled vibration modes for di!erent liquid heights, l
�
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: (a) slip,
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system can be obtained, however, by looking at the vibrationmodes. In Figure 11, vibration
mode variations of the free surface and membrane are presented for some liquid heights
l
�
for the mode m"1, the slip case (a) and the anchor case (b). In this "gure, the vibration

modes for the lowest six modes are presented, and the amplitude of the liquid free surface
and the membrane are normalized to unity, from which we may recognize as to which of the
motions is the predominant one.
For the case of slipping contact line, we notice from Figure 7(c) that both the "rst and

second modes of sloshing and bulging are hardly interacting with each other. This may be
observed by the fact that the mode shapes hardly do change, indicating only a weak
coupling. This may be observed from Figure 11(a), where we "nd that the displacement of
the membrane remains small for all the presented liquid height ratios l

�
. As soon as the

bulging (membrane) frequency approaches the third sloshing mode frequency and coalesces
with it near l

�
+0)3, both the bulging and sloshing mode exhibit large amplitudes and

changed mode shapes.
Mode exchanges with liquid height l

�
can clearly be observed, i.e., in both cases, the "rst

and the second mode are the sloshing type, while the third mode changes from the sloshing
type to the dominating bulging type as the liquid height l

�
increases. And in the bulging

mode, the magnitude of the liquid surface and membrane is of the same order if liquid
height is small while the amplitude of the liquid surface becomes gradually smaller with the
increase of l

�
. This may be seen in the sixth mode variations with l

�
. Similar results may

be found for the case of an anchored contact line (Figure 11(b)), where the third mode shape
change occurs at smaller l

�
.

4.3. AXISYMMETRIC VIBRATION WITH ANCHORED EDGE CONDITION

Finally, we shall see the e!ect of membrane tension ¹M on the coupled vibration
characteristics of the axisymmetric vibration m"0 for the anchored edge condition.
Figure 12(a) shows the coupled vibration frequency variations with ¹M , and Figure 12(b)
shows the vibration modes when ¹M "7, 10, 30, 10�, 500, 10�, 10	, which are marked with
circles in Figure 12(a). In Figure 12(a), the uncoupled sloshing frequencies are represented as
dot}dashed lines, which represent horizontal lines. In the right-hand-side of the "gure, their
corresponding vibration modes are presented for reference. In a container with a rigid
bottom or a container with high membrane tension ¹M , the lowest vibration mode is the
n"2 mode. With a decrease in membrane tension ¹M , the bulging-type natural frequencies
gradually decrease and cross the sloshing natural frequency curves. It may be mentioned,
that below the intersection point on the ¹M -axis of Figure 12(a), i.e., ¹M "3)28, the system
becomes unstable. At this point the curve passes through zero frequency.
When we glance at Figure 12(a), two questions may arise. The "rst is why four nearly

straight lines corresponding to the bulging natural frequencies turn into three lines after
crossing the sloshing frequency curves with decrease in the membrane tension ¹M from 10�.
The second is how to interpret the newly appearing horizontal line in the range of ¹M "1}10,
and �+9. To answer these questions, we shall look at the vibration mode variations with
¹M , shown in Figure 12(b).
First, we look at the lowest vibration mode at ¹M "10	 and notice the sloshing mode with

n"2, which is the lowest one in a rigid bottom container. Then at ¹M "10�, movement of
the bottom activates the liquid to vibrate with the mode n"1 (due to the volume preserving
condition), and the vibration mode seems either of bulging type with n"1 or sloshing type
with n"1. A further decrease in ¹M from 500 to 7, indicates a free surface amplitude decrease
and a bottom mode change to the mode n"2. These variations are schematically shown in
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Figure 13 for a more obvious explanation. As the surface tension �N is of constant magnitude
�� "10, #exibility of the membrane becomes relatively small in these ranges with small ¹M .
When ¹M "R or the container bottom is rigid, and free surface is &&#exible'' (Figure 13(a)), the
mode n"1 of the liquid free surface is impossible because of the volume conservation of the
contained liquid. If the membrane tension ¹M becomes small, the free surface tension appears
relatively large (Figure 13(c)), which is a reverse situation from the case of Figure 13(a). Now
the mode n"1 of the bottom is impossible, which renders the disappearance of the bulging
frequency curve with n"1 at ¹M of the small range in the �}¹M diagram.
With decreasing membrane tension ¹M , we notice a change from small membrane motion

(or zero membrane motion at ¹M "R) and large sloshing motion (for which the volume
preserving condition demands the sloshing mode n"2) to larger bottom motion and
sloshing motion for the modes n"1. This is again necessary to preserve the constant liquid
volume condition. Finally, for very small membrane tension ¹M , the bottom has, due to the
relatively large (sti!) liquid surface tension to move in the mode shape n"2, while the
liquid surface remains actually undisturbed. Similar e!ects may be concluded from higher
modes, where we also observe phase jumps (Figure 12(b)).
Proceeding to the second question, we may recognize that the newly appeared horizontal

line corresponds to the curve for sloshing frequency with n"1 which cannot exist in a rigid
Figure 12. E!ect of membrane tension ¹M for anchored contact line, m"0, �N "100, �N "10, l
�
"0)5;

(a) coupled natural frequency variation, and (b) vibration mode variation.



Figure 12. Continued.
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bottom container. It should be noted that these phenomena are particular, since one just
observes them in the axisymmetric vibration with anchored edge condition, and not in the
asymmetric mode and slipping edge free surface condition.



Figure 13. Coupled vibration mode variation with membrane tension ¹M .
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Finally, it should be noted here that although it has been recognized from the previous
studies that the #exibility of a bottom reduces sloshing natural frequency a little, in general,
on the occasion when the coupling becomes strong, coupled sloshing natural frequencies
are not always lower but lower or higher than those in a rigid bottom, depending on
the coupling with bulging frequency. See the region at which two curves intersect each
other without direct crossing but with indirect crossing, i.e., at �"25 and ¹� "10	 in
Figure 12(a).

5. CONCLUSION

Linear hydroelastic free vibration analysis of a cylindrical container with rigid side-wall
and membrane bottom has been conducted with the inclusion of the e!ect of liquid free
surface tension. Two types of liquid free surface edge conditions were considered. The main
results as obtained from the present study are summarized as follows:

1. Coupling between membrane and liquid motion is pronounced by the reduction of the
membrane tension ¹M , which reduces the bulging frequency, or by the increase in liquid
surface tension, which increases sloshing frequency or both, and/or by the increase in
mass ratio �� , which increases the added mass of the membrane and reduces the bulging
frequency.

2. Uncoupled sloshing frequencies with an anchored edge condition are higher than those
with slipping edge condition, the magnitude of the di!erence between the two becomes
larger with the increase of surface tension �� .

3. In#uence of the di!erence of the two free surface edge conditions on the coupled bulging
frequencies is negligibly small.

4. When the coupling between membrane and liquid motion becomes strong, coupled
bulging and sloshing frequencies are of the same order. In such a case, the coupled
sloshing frequency is either higher or lower than that of uncoupled sloshing frequency,
depending on the in#uence of neighboring coupled bulging frequencies.

5. In the axisymmetric vibration with an anchored edge free surface condition, some
interesting phenomena were found. When the membrane tension ¹M is reduced from
in"nity, the lowest sloshing mode with n"2 is changed to the mode n"1 which can
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appear only in a #exible bottom container. Further decrease in ¹M makes the mode n"1
of the membrane bottom disappear. In the region of small membrane tension ¹M , the
coupled sloshing mode with n"1 reappears.

6. Coupled bulging frequencies can be approximated by the membrane frequencies taking
account of the e!ect of the (non-sloshing) liquid mass especially for the lowest mode with
n"1.
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APPENDIX A: NOMENCLATURE

a radius of cylindrical container
A

�
,B

�
,A

��
,B

��
unknown coe$cients in equation (10)

A
��
,B

��
unknown coe$cients in equation (11)

Bo Bond number (Bo,�
�
ga�/�)

c parameter in equation (8)
g gravitational acceleration
h liquid height (l

�
,h/a)

I
�

modi"ed Bessel function of order m and "rst kind
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i imaginary unit
J
�

Bessel function of order m and "rst kind
m circumferential vibration mode number
r, �, z polar co-ordinate system (�, �, �), see equation (8)
¹ tension of membrane (¹M ,¹/ag�

�
)

t time (	"�
�
t), see equation (8)

w membrane displacement (w"=/a)
�
��

roots of J
�
(�)"0

� liquid surface displacement (�"�/a)
�
��

Kronecker's delta


��

roots of J�
�
(
)"0

�
�

mass density of liquid
�
�

mass per unit area of membrane (�N ,a�
�
/�

�
)

� surface tension of liquid (�N ,�/a�g�
�
,1/Bo)

� velocity potential (�)
� coupled natural frequency (�"�/�

�
: ��

�
,gc/a)

�
�� uncoupled natural frequency of membrane
�
��� coupled natural frequency of membrane with added (non-sloshing) liquid mass
�
�� uncoupled natural frequency of liquid
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