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The multiple-solution response of rotors supported on squeeze "lm dampers is a typical
non-linear phenomenon. The behaviour of the multiple-solution response in a #exible rotor
supported on two identical squeeze "lm dampers with centralizing springs is studied by three
methods: synchronous circular centred-orbitmotion solution, numerical integration method
and slow accelerationmethod using the assumption of a short bearing and cavitated oil "lm;
the di!erences of computational results obtained by the three di!erent methods are
compared in this paper. It is shown that there are three basic forms for the multiple-solution
response in the #exible rotor system supported on the squeeze "lm dampers, which are the
resonant, isolated bifurcation and swallowtail bifurcation multiple solutions. In the
multiple-solution speed regions, the rotor motion may be subsynchronous, super-
subsynchronous, almost-periodic and even chaotic, besides synchronous circular centred,
even if the gravity e!ect is not considered. The assumption of synchronous circular centred-
orbit motion for the journal and rotor around the static de#ection line can be used only in
some special cases; the steady state numerical integration method is very useful, but time
consuming. Using the slow acceleration method, not only can the multiple-solution speed
regions be detected, but also the non-synchronous response regions.

� 2002 Elsevier Science Ltd. All rights reserved.
1. INTRODUCTION

It is well known that the squeeze "lm damper, which is used in the rotor support structures
of aero-engines to control rotor vibration and transmitted force through the bearings,
behaves non-linearly in the region of high journal eccentricity ratios. Various non-linear
phenomena can be observed experimentally in rotor systems supported on squeeze "lm
dampers; the multiple solution in the imbalanced response curves is a typical non-linear
phenomenon. Generally, the largest and the smallest solutions are stable; this phenomenon
is often called bistable operation in squeeze "lm damper research. Since the largest solution
of the bistable operation, characterized by the large vibration amplitude and transmitted
force, has a great in#uence on the reliability of the damper, a very important problem in the
design of squeeze "lm dampers is to determine the regions and locations of multiple
solutions and to analyse the behaviour of the rotor systems.
0022-460X/02/$35.00 � 2002 Elsevier Science Ltd. All rights reserved.
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Many methods, for example, synchronous circular centred-orbit motion solution [1}5],
harmonic balance method [6, 7], trigonometric collocation method [8], generalized
polynomial expansion method [9], numerical integration method [10, 11], etc., have been
used to analyse the dynamic behaviour of non-linear rotor systems, but there are some
advantages and limitations for every analysis method mentioned above. The synchronous
circular centred-orbit motion solution can be used to get the steady state solutions only in
some special cases even if a centralizing spring is used in parallel with the squeeze "lm
damper or the rotor is mounted vertically. The main disadvantages of the harmonic balance
method, trigonometric collocation method, and generalized polynomial expansion method
are that it is di$cult to choose fundamental frequency and to obtain all possible solutions
by numerical iterative schemes. The numerical integration method is able to predict the
steady state and the transient response, either synchronous or non-synchronous, and even
chaotic motions, but it is time-consuming and di$cult to select the initial conditions for
convergence to all possible solutions.

In this paper, the behaviour of the multiple solution in a #exible rotor}squeeze "lm
damper is analysed by the synchronous circular centred-orbit motion solution, numerical
integration method and slow acceleration method, and the computational results from the
three di!erent methods are compared. In order to reduce the complex mathematical
problems in obtaining all solutions of multiple-variable non-linear equations, a symmetrical
Je!cott rotor supported on two identical squeeze "lm dampers with centralizing springs is
chosen and with the assumption that the short bearing and cavitation oil "lm model are
applicable.

2. ROTOR MODEL AND ANALYSIS METHODS

2.1. ROTOR MODEL

The rotor system to be investigated is a Je!cott rotor symmetrically supported on two
identical squeeze "lm dampers with the centralizing springs as shown in Figure 1(a). O

�
is

the geometric centre of the journal. O
�

is the gravity centre of the disc, and O
�

is the
geometric centre of the disc. In order to simplify the analysis, the following assumptions are
made:

(a) the rotor is symmetric and supported on two identical dampers with the same
parameters;

(b) the imbalance of the rotor system is de"ned at the mid-plane of the rotor and the rotor
mass is lumped at the rotor mid-plane and at the two damper stations;

(c) the rotor sti!ness and the centralizing spring sti!ness are radially symmetric and the
damping at the mid-span disc due to the aerodynamic e!ect is viscous;

(d) the gyroscopic e!ect of the disc on the rotor system is neglected due to the symmetry;
(e) the axial and torsional vibrations of the rotor system and the in#uence of the rolling

element bearings are negligible;
(f) the rotor is centrally preloaded with constant radial support sti!ness, the e!ect of the

gravity is neglected;
(g) the oil "lm forces of the damper are determined by the Reynolds equation with an

incompressible lubricant, and the short bearing and cavitated �-"lm are applicable.

Since the rotor system is symmetric about its mid-span, it is su$cient to consider one-half
of the system only. Thus, the equations of motion of the rotor system in Cartesian



Figure 1. Flexible rotor}squeeze "lm damper model and co-ordinate system.
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co-ordinates in Figure 1(b) can be expressed in varying speed operation as
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where k
�
is the sti!ness of the shaft, k

�
is the sti!ness of the centralizing spring,m

�
andm

�
are

the lumped masses at the disc and the journal positions, c
�

is the viscous damping
coe$cient of the disc due to aerodynamic e!ect, F

�
and F

�
are oil "lm forces generated by

the squeeze "lm damper in the x- and y-direction, respectively, (x
�
, y

�
) and (x

�
, y

�
) are

displacements of the disc and the journal in the "xed co-ordinate system, respectively, e� is
the mass imbalance eccentricity of the disc, �

�
is the attitude angle of the disc imbalance

force vector with respect to the x axial direction and ()) denotes d/dt.
Let z
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and e
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are journal and disc

eccentric displacements from the static de#ection line; equation (1) can also be expressed in
complex variable z as
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Dividing equations (2) and (3) by m
�
��

	
C and m

�
��

	
C, respectively, and de"ning a non-

dimensional time �"�
	
t, �

	
is a reference rotational speed, the non-dimensional equations
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of motion of the rotor system are given by
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is the sti!ness ratio,;"e�/C

is the imbalance parameter of the rotor system, �"�/�

	

is the rotational speed ratio,
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is the reference rotational speed ratio, � is the rotational speed of the rotor

system, �

	
is the "rst pin}pin critical speed of the #exible rotor mounted rigidly, FM

�
and FM
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,

are the non-dimensional oil "lm force components of the squeeze "lm damper in the x- and
y-direction, respectively, which depend on the oil "lmmodel used in the theoretical analysis.

The squeeze "lm damper can be simply an annular #uid-"lled space surrounding the out
race of a rolling element bearing. The oil "lm forces in the x- and y-direction, F

�
and F

�
, are

obtained from the oil "lm pressure distribution, which is obtained from the Reynolds
equation. For the squeeze "lm damper, the Reynolds equation can be written in the
following form:
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where R is the journal radius of the damper, h"C (1#�
�
cos 
) is the oil "lm thickness in

the position 
, p is the oil "lm pressure, � is the viscosity of the #uid, 
 is the position angle of
the journal measured from line to centres. Note that equation (6) implies constant #uid
properties and incompressible laminar #ow, and neglects the e!ect of the #uid inertia and
the curvature of journal and damper surfaces.

For a squeeze "lm damper without side-seals and ¸/D(0)25, the variation of the oil "lm
pressure in the circumferential direction is smaller than that in the axial direction, so the
"rst term about 	p/	
 in equation (6) can be omitted, resulting in the short bearing
approximation. For the short bearing approximation, atmospheric supply and end
pressures, and no misalignment of the journal, the oil "lm pressure of the squeeze "lm
damper is [12]
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The oil "lm forces of the squeeze "lm damper about the damper centre in the radial and
tangential directions are obtained by integrating the oil "lm pressure distribution along and
normal to the line of the centres of the journal over a certain region as
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The integrating region 
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and 
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will be determined by the oil "lm cavitational boundary

condition. Since the journal of the damper does not always operate in a circular motion, it
means that d�

�
/dt"��

�
is generally not equal to zero, so the oil "lm limits, 
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and 
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, should
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taken to lie at the circumferential points where p becomes zero. Thus 

�
and 


�
are found by

equating the right-hand side of equation (7) to zero, giving
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is the bearing integral, which can be obtained from the Sommerfeld transform or Booker
integral table [13]. Finally, one has the non-dimensional oil "lm force components in the
xy-co-ordinate system as

FM
�
"!

2B

�(X�
�
#>�

�
)
[X

�
(�
�
��

�
I��
�

#��
�
I��
�
)!>

�
(�
�
��

�
I��
�

#��
�
I��
�
)]"!2Bf

�
, (11)

FM
�
"!

2B

�(X�
�

#>�
�
)
[>

�
(�
�
��
�
I��
�

#��
�
I��
�
)#X

�
(�
�
��
�
I��
�

#��
�
I��
�
)]"!2Bf

�
. (12)

2.2. ANALYSIS METHODS

2.2.1. Synchronous circular centred-orbit motion solution

For a rotor system supported on the squeeze "lm damper with a centralizing spring, the
centralizing spring is used to centrally pre-load the rotor system; the assumption of the
synchronous circular centred-orbit (CCO) motion of the rotor around the undeformed line
in the steady state at the same frequency of the rotational speed is often used in squeeze "lm
damper research [1}5].

For the synchronous circular centred-orbit motion, let �
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constant. In this case, the non-dimensional oil "lm forces can be obtained from equations
(9)}(12).
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so, equations (4), (5) can be easily transformed to a set of non-linear algebraic equations.
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Equation (14) is a non-linear algebraic equation with only one variable �
��

and because of
0)�

��
(1)0, one can easily determine all solutions of the journal eccentricity ratio �

��
by

iterative methods, then obtain �
��

, �
��

and �
��

from equations (15)}(17). Therefore the
synchronous circular centred-orbit motion assumption is a very e$cient method to analyse
the non-linear behaviour of the rotor system with the squeeze "lm damper and to study the
e!ect of the system parameters on the dynamic behaviour of the rotor system.

2.2.2. Numerical integration method

Even if the rotor is mounted vertically or the centralizing spring provides a static load
capability to centralize the journal within the radial clearance of the damper in the static
state, the assumption of the synchronous circular centred-orbit motion is only valid under
some special situations. In practice, the centralizing spring, which centralizes the journal in
the static state, does not guarantee the motion of the journal and rotor always is
a synchronous circular centred-orbit motion around the static undeformed line in the
dynamic state due to the non-linear oil "lm forces. In order to investigate the non-linear
behaviour of the rotor system, the most general method is to numerically integrate the
equations of motion of the system for a given steady state rotational speed and a set of
system parameters. Numerical integration method takes a longer computing time, but does
not make any assumption about the motion of the journal, therefore it is able to consider
the e!ect of other factors, such as rotor gravity, journal initial eccentricity or misalignment,
seals, complex oil "lm models and supply pressure, etc. Under a steady state rotational
speed, letting �

	
"� in equations (4), (5) and �

�
"�, one has the non-dimensional
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equations of the motion of the rotor system
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These coupled non-linear di!erential equations can be solved by numerical integration
methods. Although some fast convergence integration methods can be used [14], no one
method is universally fast for every speed. Therefore, a fourth order Runge}Kutta method
with a constant time step is used here. The time step for the numerical integration generally
is 2�/400 or 2�/800, which is so small that there is no visual di!erence in the steady state
orbits of the rotor system even if the step size is further decreased. The time series data of the
"rst 100 cycles of the rotor system at each steady state rotational speed is not used for
dynamic behaviour investigation in order to ensure that all transient motion caused by the
initial conditions has decayed. The integrating results in the next 50 cycles are output as the
steady state response of the rotor system at this rotational speed. If the motion of the rotor
system is synchronous, the integration results in the next "ve integrating cycles will be the
steady state response. This is automatically checked in the program by analysing the
motion orbit of the rotor system.

2.2.3. Slow acceleration method

When the rotor is subjected to a constant acceleration, letting �
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in equations (4),

(5), the equations of motion of the rotor system are:

Z�
�
#2�Z�

�
#(Z

�
!Z

�
)";���

�
ei��!i;��

�
e!i�

� , (20)

Z�
�
#

1

2�
(Z

�
!Z

�
)#
k

2�
Z

�
"2B ( f

�
#i f

�
) , (21)

where ��
�
"
"constant is the acceleration rate, ��

�
"
�#�

�
and

�
�
"�

�

��#�

�
�#�

��
. �

�
and �

��
are, respectively, the steady state initial rotational

speed ratio and the disc attitude angle when starting to accelerate.
The transient response of the rotor system in the acceleration process can be obtained by

numerically integrating equations (20) and (21) for di!erent system parameters and angular
acceleration rates 
. In order to avoid numerical divergence in the calculation due to
�
�
'1)0 which is caused by a larger integration step, the variable time step in the integration

[15] is used and controlled by keeping a constant angular increment for each step. The
angular increment used in the calculation generally is �

���
revolution in which numerical

divergence does not appear. The e!ect of the integration step on calculating results was
checked by varying the angular increment to as small as �

����
revolution in order to reduce

the e!ect of the rotor acceleration on the results.
The steady state response for the rotational speed in which the rotor starts to accelerate is

taken as the initial conditions for the integration procedure. The integration procedure
continues up to the given maximum rotational speed.

3. NUMERICAL RESULTS AND DISCUSSION

3.1. SOLUTION OF SYNCHRONOUS CIRCULAR CENTRED-ORBIT MOTION

There are many kinds of response curves with the multiple solution obtained by the
steady state synchronous circular centred-orbit motion solution, but they all consist of three
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basic forms of the multiple solutions. The variations of the �
��

, �
��

, �
��

and �
��

with the
rotational speed ratio � for the three basic forms of the multiple solutions are shown in
Figure 2 respectively. For clarity, the di!erent scales are used in "gures of �

��
!�. The

arrows in Figure 2 show the jumping direction of the rotor during the increasing rotational
speed. The solid lines stand for the stable solutions and the dotted line for the unstable
solution.

The multiple solutions in Figures 2(a) and 2(b) are called the resonant multiple solutions,
which appear between the #exible critical speed and the rigid critical speed of the #exible
rotor system. As the rotational speed of the rotor system increases from the sub-critical
speed region, the vibration amplitude of either the disc or the journal will increase, and not
reduce even if the rotor has passed through the #exible critical speed. The relative phase
angle of the disc between the disc imbalance force vector and the disc displacement vector is
less than 1003 before the jump appears. As soon as the rotational speed increases to a certain
value, the vibration amplitude suddenly reduces and the disc relative phase angle
approaches 1803 which means that the disc imbalance force vector is out of phase with the
disc displacement vector, i.e., the transposition of the gravity centre of the disc appears.
Once the rotational speed is above the rigid critical speed, the resonant multiple solution
will disappear completely. The resonant multiple solutions can also be divided into the
-exible resonant multiple solution, which appears just above the #exible critical speed of the
#exible rotor system and ends far below the rigid critical speed of the #exible rotor system,
and the rigid resonant multiple solution, which ends very close to the rigid critical speed of
the #exible rotor system respectively. The rigid critical speed of the #exible rotor system is
the pin}pin critical speed when both ends of the #exible rotor are mounted rigidly; the
#exible critical speed of the #exible rotor system is the translational critical speed when both
ends of the #exible rotor are mounted on the centralizing springs. By using a perturbation
method as in reference [3], it is shown that the largest and smallest solutions shown in solid
lines are stable and the medium one shown in dotted line is unstable.

It is clear that the closer to the rigid critical speed the upper boundary speed of the #exible
resonant multiple-solution speed region, the higher the disc vibration amplitude. For the
rigid resonant multiple solution, the disc vibration amplitude will dramatically increase
near the rigid critical speed, and the rotor has great di$culty in passing through its rigid
critical speed. This is the reason why most research work has been focused on the rigid
resonant multiple solution.

The multiple solution shown in Figure 2(c) is called the isolated bifurcation multiple
solution. The isolated bifurcation multiple solution also appears in the range of rotational
speeds between the #exible critical speed and the rigid critical speed of the #exible rotor
system. If the rotor system can jump to the isolated bifurcation multiple solution, sudden
change of the vibration amplitude and the transposition of the gravity centre of the disc will
also occur at the same time. The reasons for the occurance of the isolated bifurcation
multiple solution are that the dynamic characteristics of the oil "lm force of the squeeze "lm
damper behave with a high level of non-linearity with a hardening characteristic in the
region of high journal eccentricity ratios and that the exciting force is directly proportional
to the square of the exciting frequency (i.e., rotational frequency of the rotor). The isolated
bifurcation multiple solution cannot coexist with the rigid resonant multiple solution.

The variation of the rotor vibration amplitudes in both the journal and the disc positions
with the rotational speed for either the resonant or the isolated bifurcation multiple
solutions is very similar, both jump from a larger solution to a smaller one or vice versa.
However, there is another multiple solution shown in Figure 2(d), which is called here the
swallowtail multiple solution and which occurs in the region of the second rigid critical speed
of the #exible rotor system. For the swallowtail bifurcation multiple solution, the variation



Figure 2. The basic forms of multiple solutions in the rotor system: (a) #exible resonant multiple solution
(�"0)0005, �"0)10, k"0)05, B"0)05, ;"0)20) (b) rigid resonant multiple solution (�"0)0005, �"0)10,
k"0)25, B"0)01, ;"0)20) (c) isolated bifurcation multiple solution (�"0)0005, �"0)10, k"0)01, B"0)025,
;"0)30); and (d) swallowtail multiple solution (�"0)0005, �"0)10, k"0)01, B"0)025, ;"0)30). Key for
multiple solutions:**, stable solutions and �������, unstable solutions. The arrows are the jumping direction
for increasing rotational speed.
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of journal vibration amplitude with the rotational speed ratio is the same as that of the
resonantmultiple solution, the largest and smallest solutions are stable and the medium one
is unstable, but the variation of the disc vibration amplitude is completely di!erent, the
largest solution in the disc response curve is always unstable, the smallest and medium
solutions are stable. Therefore, the journal vibration will jump down from a larger solution
to a smaller one on increasing rotational speed and jump up from a smaller one to a larger
one on decreasing rotational speed, but the disc vibration is almost unchanged for
increasing rotational speed as the disc is located at the node position of the second rigid
model and jumps down from a larger solution to a smaller one for decreasing rotational
speed. While the vibration amplitude of the rotor jumps, the change of the disc relative
phase angle is small, which means that no transposition of the gravity centre of the disc
happens. The swallowtail multiple solution was observed in experiments by Zhu [16].

Generally, the imbalance responses with multiple solution are a combination of these
four basic types shown above. Some typical imbalance response curves with multiple
solutions are shown in Figure 3.

For rotor system with many degrees of freedom and using the complex oil "lm model, the
main problems for the synchronous circular centred-orbit motion solution are how to
translate the motion equation of the rotor system to a set of non-linear algebraic equations
and how to "nd the complete solution of the multiple-variable algebraic equations, even if
the set of non-linear algebraic equations can be obtained.

3.2. STEADY STATE SOLUTION BY NUMERICAL INTEGRATION METHOD

In order to compare with the solutions of the synchronous circular centred-orbit motion,
the steady state imbalance responses obtained by the numerical integration method in
increasing and decreasing rotational speed with the same parameters as in Figure 2 are
Figure 3. Typical combinations of the basic forms of the multiple solution: (a) case (1) with a #exible resonant
and an isolated bifurcation multiple solution (�"0)0005), �"0)10, k"0)05, B"0)05,;"0)20; (b) case (2) only
with a rigid resonant multiple solution (�"0)0005, �"0)267, k"0)287, B"0)145, ;"0)45; (c) case (3) with
a rigid resonant and a swallowatail multiple solutions (�"0)0005, �"0)10, k"0)25, B"0)01, ;"0)20; (d) case
(4) with an isolated bifurcation and a swallowtail multiple solutions (�"0)0005, �"0)10, k"0)01, B"0)025,
;"0)30).
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shown in Figure 4. In Figure 4, the dotted lines stand for the synchronous circular
centred-orbit solutions and the solid lines for the steady state numerical integration
solutions for the increasing rotational speed (#��, upper) or for the decreasing rotational
speed (!��, lower). It should be noted that increasing or decreasing the rotational speed
just means that the rotational speed varies step by step, the changing ratio of the rotational
speed is zero, i.e., �

�
"�

�
$��.

Many numerical results show that it is very di$cult to obtain all possible solutions for
a given rotational speed by the numerical integrationmethod, even if the region of the initial
conditions is known [10]. In fact, the regions of the displacement and the attitude angle of
Figure 4. Steady state responses obtained by the numerical integration method for increasing rotational speed
(#��, upper) and decreasing rotational speed (!��, lower) for (a) case (1), (b) case (2), (c) case (3) and (d) case 4.
Key for responses �������, for the synchronous circular centred-orbit solution;**, for the steady state solutions
by the numerical integration method. The rotor parameters in cases (1)}(4) are the same as in Figure 3.
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the journal are known, but the regions of the velocity of the journal and the whirling speed
of the journal are unknown. Therefore, several techniques can be used in order to make the
integration result converge to di!erent solutions. Many numerical simulations show that
when the rotational speed of the rotor system is increased or decreased step by step, the "nal
steady state variables at a given rotational speed are used as the initial conditions of the
integration for the next rotational speed, which is a very e$cient method to obtain multiple
solutions and to save computing time. There probably exist more multiple-solution speed
regions which the integration method can predict, but when the multiple solutions are
found by a numerical integration method, the multiple solutions at least exist in these
rotational speed regions.

If the motion of the rotor system is synchronous, there is not di!erence between the
solution of the synchronous circular centred-orbit motion and the steady-state solution
obtained by the numerical integration method.

It is obvious that there exist two di!erent motion states at some regions of the rotational
speeds, by comparing the imbalance responses for increasing and decreasing rotational
speed in Figure 4. The orbits of the rotor system in the multiple-solution speed regions are
not always synchronous, as subsynchronous and super-subsynchronous or almost-periodic
orbits may exist. Within the multiple-solution rotational speed regions, the rotor system
could run in the larger orbit or the small one, depending on whether the rotational speed of
the rotor system is increased or decreased. The unstable motion state that exists between the
two stable orbits and was found by the synchronous circular centred-orbit solution is not
determined by the numerical integration method. The multiple-solution regions predicted
by the synchronous circular centred-orbit solution can also be obtained by the numerical
integration method except for the isolated bifurcation multiple solution, but the numerical
integration method can also obtain the region of the multiple solution in which the motion
of the rotor is non-synchronous. The numerical integration method is able to analyse the
non-synchronous, almost-periodic and even chaotic motions besides the synchronous
circular centred-orbit motion, and to include the e!ect of other factors, such as rotor
gravity, initial eccentricity or misalignment of the journal, seals and the di!erent oil "lm
models.

Hence the synchronous circular centred-orbit motion solution is only very e$cient in
predicting the steady state synchronous circular centred-orbit response, but the solution of
the synchronous circular centred-orbit motion is not always reliable, even if the e!ect of the
gravity parameter is not considered, since the motions of the rotor system, in fact, are
non-synchronous in some regions of the rotational speeds due to the non-linear oil "lm
forces.

In order to show the complexity of the non-synchronous motion, a PoincareH map, often
used in non-linear dynamics, can be used to eliminate the in#uence of the rotor's motion
[17}19]. A point on the PoincareH map is referred to as the return point of the time series at
a constant interval of ¹, where ¹ is the sampling period. Examination of the distribution of
the return points on the PoincareH map allows the nature of rotor motion to be de"ned. For
the rotor system, when the sampling period of the PoincareH map equals the period of the
exciting force, if the motion of the rotor is synchronous, subsynchronous and super-
subsynchronous, then there is a set of "xed points in the PoincareH map. If the return points
of the PoincareH map do not form a "nite set of "xed points, but appear to "ll up a closed
curve, several closed (or unclosed) curves or a geometrically fractal or fuzzy structure
indicates that there are more than two dominating incommensurable frequencies in the
motion of the rotor system or that the motion of the rotor system is chaotic.

Figure 5 shows journal orbits (X
�
, >

�
) in the multiple-solution region, corresponding power

spectra of the vertical journal displacement X
�
obtained using the fast Fourier transform



Figure 5. Journal orbit (X
�
, >

�
), spectrum of journal vibration X

�
and PoincareH map of (X

�
, X�

�
) in multiple

solution region (�"0)0005, �"0)10, K"0)01, B"0)025, ;"0)3) for (a) �"1)5; (b) �"2)0; (c) �"2)5; and
(d) �"3)5. In each case the upper row records increasing rotational and the lower row decreasing rotational
speed.
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and PoincareH maps of (X
�
,X�

�
). The upper row of every case shows the journal orbit, power

spectrum and PoincareH map for increasing rotational speed (#��) and the lower row
shows for decreasing rotational speed (!��). The frequency axis of the power spectrum
plot was normalized using the rotor rotational frequency. In calculating the PoincareH maps,
the sampling period is equal to the period of rotor rotation. For the synchronous motions,
there is only one frequency component in the power spectra plots and one "xed return point
in the PoincareH maps. For the non-synchronous motions, there are many frequency
components in the power spectra plots and one closed curve in the PoincareH maps. It is clear
that the motion of the rotor system with increasing rotational speed is synchronous,
synchronous, almost 1/11-order subsynchronous (may be almost-periodic) and almost
1/8-order subsynchronous at �"1)5, 2)0, 2)5 and 3)5, respectively, but at the same
rotational speeds, the orbits of the rotor system with decreasing rotational speed are almost
1/3-order subsynchronous, almost 1/15-order subsynchronous, almost 1/11-order
subsynchronous and synchronous respectively.

Generally speaking, the orbits of the rotor motion are very complex almost-periodic, and
the sybsynchronous or super-subsynchronous orbits only can appear at particular
rotational speeds. In most cases, the whirling speed of the rotor motion in the non-
synchronous regions is neither a fraction nor an integer multiple of the rotational speed.
The ratio of the whirling frequency to the rotational frequency is a very complex irrational
number. It is impossible to accurately obtain the irrational number of simply analysing the
whirling frequency and the rotational frequency in the power spectrum plot of the vibration
signals. For example, one can obtain the whirling frequency and the rotational frequency in
the spectrum plot of the rotor displacements or velocities and determine the irrational
number in Figure 5 by use of an irrational approximation function, between two frequencies
in MATLAB, the irrational numbers in Figure 5 are 1, 1, 6/25 and 3/25 with increasing
rotational speed, 17/50, 6/25, 6/25 and 1 with decreasing rotational speed, respectively.
However, the irrational numbers obtained cannot completely express the characteristics of
the rotor motion. The reasons for this are: (1) The motions of the rotor system with same
irrational approximation 6/25 at �"!2)0 and !2)5 with decreasing rotational speed are
completely di!erent. (2) For the m/n-order super-subsynchronous motion, if the sampling
period of the PoincareH map is n times the period of the rotor rotation, the return points of
the PoincareH map should be of a "nite set of m "xed points. But, for the PoincareH map in
which the sampling period is 25 times the period of the rotor rotation at �"!1)5 and
!2)5, the return points of the PoincareH map still form a closed curve, not a "nite set of six
"xed points. (3) The mp/np-order super-subsynchronous motion and the m/n-order super-
subsynchronous motion have the same irrational number, but the motions are di!erent in
view of rotordynamics [19]. In case of the m/n-order super-subsynchronous motion,
a closed orbit will be formed after m whilring cycles and n rotational cycles, whereas in the
case of the mp/np-order super-subsynchronous motion, a closed orbit will be formed after
mp whirling cycles and np rotational cycles. The PoincareH maps in Figure 5 show that the
non-synchronous motions of the rotor system are, in fact, almost-periodic.

Since the almost-periodic motions with a closed curve in the PoincareH map have di!erent
orders and motion characteristics, it is necessary to distinguish the order of the almost-
periodic motion of the rotor system. Analyzing the developing process of the closed
mapping curve, it is possible to determine the basic order of the almost-periodic motion.
For example, the closed mapping curves in Figure 5 at �"!1)5 for the decreasing
rotational speed and at �"#3)5 for the increasing rotational speed consist of three and
eight moving return points marked by a set of dotted points in Figure 6. Because n points in
PoincareH map often stand for 1 n-order subsynchronous motions, the n moving return
points basically mean that the motion of the rotor system is processing subsynchronous



Figure 6. Formation of the PoincareH map with a closed curve. (a) for �"!1)5 at decreasing rotational speed
and (b) for �"#3)5 at increasing rotational speed. The rotor parameters are the same as in Figure 5.
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motions with approximate 1/n-order. The processing frequency is so low that it cannot be
found by using an FFT analyser in most real experiments and theoretical analyses, only the
1/n-order subsynchronous frequency, called the whirling frequency here, can be observed in
the power spectra. In fact, the complex almost-periodic motions in Figure 5 at �"!1)5
and #3)5 are formed by processing of simple 1/3 or 1/8-order sub-synchronous orbits at
a very slow processing frequency respectively.

For the almost-periodic 1/n-order subsynchronous motions, there should exist at least
three frequency components in the rotor motion, i.e., a rotor rotational frequency, an
approximate 1/n-rotational whirling frequency and a very slow processing frequency of the
whole subsynchronous orbit. The power spectrum of the almost-periodic rotor motion
should consist of a 1/n-order subharmonic whirling frequency, a rotor rotational frequency,
a low processing frequency and their multiple components and combinations due to
non-circular motion orbit and the interaction between these frequencies. It is di$cult
to analyse the complexity of the almost-period motion only by the spectrum analysis due to
the large number of frequency components. The combination of information from the rotor
orbit, spectrum and PoincareH map is essential to thoroughly understand the complexity of
the almost-periodic motion.

The reason for the multiple solutions and the non-synchronous motions occurrance is
that the oil "lm forces produced by the squeeze "lm damper are highly non-linear in the
region of the high journal eccentricity ratios; the static initial eccentricity or the
misalignment of the journal discussed by Zhao et al. [17, 18] makes the non-linearity more
serious but is not the real reason.

Although the harmonic balance method [6, 7], trigonometric collocation method [8] and
generalized polynomial expansion method [9] are used successfully to analyze the
characteristics of non-linear dynamic systems, one must taken care if they are applied to
analyze the dynamics of the rotor systems with non-linear squeeze "lm dampers. Since the
motion of a rotor system with squeeze "lm dampers is often almost-periodic, it is impossible
to know the order of the subsynchronous or super-subsynchronous orbits in advance and
where the subsynchronous or super-subsynchronous orbit occurs, and which frequency
components should be considered in the approximate analyses. This may be the reason why
these methods have not been widely used yet to predict the multiple solutions in the rotor
systems with squeeze "lm dampers.
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3.3. SLOW ACCELERATION SOLUTION

In the case without the gravity e!ect, the vibration amplitudes of both the journal and
disc positions in the slow acceleration process can be expressed by the journal and disc
eccentricity.

Comparison of the imbalance responses determined by the slow acceleration method for
both acceleration and deceleration for the same parameters as in Figure 3 with the
synchronous circular centred-orbit solutions are shown in Figure 7. In Figure 7, the dotted
lines stand for the synchronous circular centred-orbit solutions and the solid lines for the
slow acceleration solutions in the accelerating speed (
"#0)0005) or decreasing speed
Figure 7. Comparison of imbalance responses obtained by the slow acceleration method and by the
synchronous circular centred orbit solution for (a) case (1), (b) case (2), (c) case (3); and (d) case (4). Key: .........,
synchronous circular centred orbit solution and **, slow acceleration solution. The rotor parameters in cases
(1)}(4) are the same as in Figure 3, with the upper "gures in each case recording the acceleration solution (#
) and
the lower "gure the acceleration solution (!
).
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(
"!0)0005) operations. It is clear that the results from the slow acceleration method are
in very good agreement with the synchronous circular centred-orbit solutions in the speed
regions of synchronous motion except for the isolated bifurcation multiple solution.

Comparison of the imbalance responses determined by the slow acceleration method and
by the steady state numerical integration solutions with the same system parameters is
shown in Figure 8. The results obtained by the slow acceleration method are also in very
good agreement with the steady state solutions obtained by the numerical integration
method. The slow acceleration method can predict not only the synchronous multiple-
solution regions, but also the non-synchronous multiple-solution regions. Due to the rotor
acceleration (or deceleration) e!ect, the starting and the end speeds of the multiple-solution
speed region will move slightly towards the high (or low) rotational speed, which can be
Figure 8. Comparison of the imbalance responses calculated by numerical integration method (#��, upper)
and slow acceleration method (#
, lower) for (a) case (1); (b) case (2); (c) case (3); and (d) case (4). The rotor
parameters in cases (1)}(4) are the same as in Figure 3.
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minimized by decreasing the angular acceleration ratio used in the slow acceleration
calculation.

Since the rotor motion during acceleration or deceleration is a non-stationary process
with time varying frequency, the short-time Fourier transform (STFT) [20] may be used to
analyze the frequency content of the non-stationary motion. Using the STFT and
directional spectrogram, one can locate where the non-synchronous motion occurs and
what frequencies there are in the rotor motion and hence obtain almost the same power
spectrum as in Figure 5. When the STFT is used, equal-time steps in the slow acceleration
analysis should be used.

Similarly, the slow accelerationmethod can also be used to consider many e!ects, such as
the gravity, journal initial eccentricity or misalignment, seals, oil "lm models and supply
pressure, etc. A major advantage of this method is that it can save computing time in
comparison with the numerical integration method and predict the non-synchronous
motion region of the rotational speeds with the synchronous circular centred-orbit solution.
For rotor systems with many degrees of freedom, the transient properties transfer approach
(TPTA) [21], successive merging and condensation (SMAC) [22] and others can be used to
develop an e$cient and reduced computing time method for the acceleration process.

4. CONCLUSIONS

The behaviour of the multiple-solution response in a #exible rotor supported on two
identical squeeze "lm dampers with a centralizing spring is studied by the synchronous
circular centred-orbit motion solution, numerical integration method and slow acceleration
method under the assumption of the short bearing and cavitated oil "lm, the di!erences of
computational results by three methods are compared. It is shown that there are many
non-linear phenomena in the rotor system with squeeze "lm dampers including regions of
multiple-solution response. The reason is that the oil "lm forces produced by the squeeze
"lm damper are highly non-linear in the region of the high journal eccentricity ratios. There
are three basic forms for the multiple-solution response in the #exible rotor-squeeze "lm
damper system, which are resonant multiple solution, isolated bifurcation multiple solution
and swallowtail multiple solution. In the multiple solution speed regions, the rotor motion
may be subsynchronous, super-subsynchronous and almost-periodic, besides synchronous
motion. Therefore, the assumption of synchronous circular centred-orbit motion can only be
used in special cases even if the e!ect of gravity on the rotor system is not included. The steady
state numerical integration method is very useful, but time-consuming. The slow acceleration
method can predict not only the multiple-solution speed regions, but also the non-
synchronous response regions. Both the numerical integration method and the slow
acceleration method can be used to consider the e!ect of other factors, such as the seals,
journal misalignment and initial eccentricity, gravity, oil supply groove and oil "lm models.
The most e!ective process is to "rst determine the basic regions of the multiple solution and
the non-synchronous motion by using the slow acceleration method, then to analyze in detail
the non-linear behaviour of the system using the numerical integration method if necessary.
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APPENDIX A: NOMENCLATURE

B bearing parameter, B"�R¸�/m
�
��


	
C�

C radial clearance of the squeeze "lm damper
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c
�

external damping coe$cient at the mid-plan disc
e eccentricity from the undeformed line
e
�

imbalance eccentricity of the disc
F
	
, F

�
oil "lm forces in the polar co-ordinate system

F
�
, F

�
oil "lm forces in the Cartesian co-ordinate system

FM
�
, FM

�
non-dimensional oil "lm forces of the squeeze "lm damper in the Cartesian co-ordinate
system

h oil "lm thickness, h"C(1#�
�
cos 
)

i complex unit
I bearing integral
k
�

sti!ness of the centralizing spring
k
�

sti!ness of the shaft
k sti!ness ratio, k"k

�
/k

�
¸ land length of the squeeze "lm damper
m

�
lumped mass as journal station

m
�

lumped mass at mid-plane disc station
p oil "lm pressure
R journal radius of the squeeze "lm damper
t time
; imbalance parameter of the rotor system, ;"e�/C
x, y, r, 
 Cartesian and polar co-ordinates
X, > X"x/C, >"y/C
Z, z complex variables, Z"X#i>, z"x#iy
� mass ratio of the rotor system, �"m

�
/m

�
 journal position angle measured from line of journal centres


�
, 


�
angles from line of journal centres to start and end of positive pressure region

� non-dimensional eccentricity ratio with C, �"e/C
� attitude angle
�
�

phase angle of the disc imbalance force vector with respect to the x axial direction.
�
��

relative phase angle of the disc imbalance force vector with respect to the rotor disc
displacement vector.

�
��

disc attitude angle of the starting to accelerate

 acceleration ratio
� oil viscosity
� non-dimensional time, �"�

	
t

� rotational speed
�

	
reference rotational speed

�

	 "rst pin}pin critical speed of the #exible rotor mounted rigidly, �


	
"�k

�
/m

�
.

� rotational speed ratio, �"�/�

	

�
	

reference rotational speed ratio, �
	
"�/�

	�
�

initial rotational speed ratio of the starting to accelerate
� linear air damping ratio, �"c

�
/2m

�
�


	� d/d�
) d/dt

Subscripts

B bearing
D disc
o CCO solution
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