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A theoretical model for the linear vibration of a cable tensioned by a subsurface buoy is
developed. The equilibrium of the cable-buoy system subject to drag is evaluated using an
approximate closed-form solution whose range of validity is confirmed through comparison
with numerical solutions. The three-dimensional equations of cable-buoy motion are
linearized about this equilibrium and then used to assess vibration characteristics. The
characteristic equations for the natural frequencies of both in-plane and out-of-plane
vibration modes are derived. The in-plane natural frequency spectrum exhibits the curve
veering phenomena due to asymmetry of the associated mode shapes. Parameter studies
reveal the dependencies of the in-plane and out-of-plane vibration modes on the cable
tension, the buoy mass, and the current velocity.

© 2002 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

Cables are lightweight structural elements capable of transmitting forces and electrical and
optical signals over great distances. Cables find pervasive use in ocean engineering
applications where they serve as towing lines, mooring lines, signal transmission lines,
umbilicals, tethers, etc. Growing interest in deep water resources requires the use of cable
systems in, for example, mooring lines for floating production storage and offloading
facilities, tension leg platforms, and remotely operated vehicles. The design of such systems
benefits from accurate and efficient predictions of dynamic cable response due to
environmental loading. This study focuses on the dynamic characteristics of an underwater
cable attached to a subsurface buoy.

The ocean environment continuously disturbs a cable-buoy system through wave and
current actions. For instance, a change in the mean current will alter the equilibrium
position of the buoy and the equilibrium shape and tension of the cable. These changes
in the equilibrium subsequently alter the vibration characteristics of the cable-buoy
system.

The natural frequencies and mode shapes for shallow sagged cables with fixed and level
supports have been studied extensively; see, for example, Irvine and Caughey [1] and
reviews in references [2, 3]. The dynamic characteristics of shallow sag cables with fixed but
inclined supports was considered in reference [2] by assuming a symmetrical equilibrium
configuration (about the mid-span of the cable). This study concluded that the cable natural
frequency spectrum possesses frequency cross overs as in the case of level supports.
Triantafyllou and Grinfogel [4] accounted for the asymmetry of the equilibrium
configuration for an inclined cable and concluded that the natural frequency spectrum
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Figure 1. Schematic of cable with length L tensioned by a spherical buoy and subject to a uniform current.
Three-dimensional dynamic response (—— curve) from equilibrium (---- curve) is described by U which is
resolved into components along the Serret-Frenet triad {7, A, b} defined by the equilibrium configuration.

exhibits “avoided crossing” (also known as curve veering [5]) and asymmetric vibration
mode shapes.

The cables used in mooring or towing applications are frequently assumed to be massless
spring elements [ 6] or inertia-free inextensible segments [ 7]. In these instances, attention is
focused on the moored or towed body assuming that the cable only provides a non-linear or
linear restoring force. The introduction of cable inertia leads to partial differential equations
for the cable coupled to the ordinary differential equations for the body; see, for example,
references [8, 9].

The objective of this paper is to determine the linear vibration characteristics of
cable-buoy systems composed on an inclined elastic cable fixed at its lower end and
terminating at a submerged buoy at its upper end; refer to Figure 1. Parameter studies are
performed to identify the major influences of the cable-buoy parameters on the natural
frequency spectrum and the associated vibration mode shapes.

2. EQUATIONS OF MOTION

Figure 1 illustrates the cable-buoy system of interest. The flexible cable is fixed to the sea
bed at its lower end and attached to a buoy at its upper end. The equations governing
three-dimensional cable-buoy response are developed below.

The cable is considered to be a homogeneous, linearly elastic, one-dimensional
continuum with negligible torsional, bending and shear rigidities, and subject to gravity,
tension and fluid forces. The cable model follows that of cable-mass systems developed in
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reference [10] with fluid forces considered in reference [11]. The fluid forces on the buoy
and cable are approximated by using Morison’s equation and do not include possible
fluctuating lift and drag components due to vortex shedding. The equations of
three-dimensional motion about an equilibrium configuration are derived as follows.

Figure 1 illustrates the cable in its equilibrium configuration (dashed curve) subject
to a uniform current and in its dynamic (solid curve) configuration following a
disturbance. The position vectors R(S) and R’ (S, t) describe the location of a material point
on the cable centerline in the equilibrium and dynamic configurations respectively.
The three-dimensional dynamic response of the cable about equilibrium U(S,¢) =
R/(S, ) — R¥(S) is projected onto the equilibrium Serret-Frenet triad composed of the unit
tangent (f), normal (A), and binormal (b) directions. Hence, U(S,t) = U,(S, )i +
U, (S, t)ii + U,(S, /)b, where S denotes the equilibrium arc length co-ordinate and ¢ denotes
time. The co-ordinates U; and U, define responses within the equilibrium plane and U,
defines response orthogonal to this plane.

Following references [10, 11], the kinetic and strain energies of the cable and buoy are
formulated together with the virtual work done by gravitational and fluid forces.
Substituting those expressions into Hamilton’s principle leads to the following equations of
motion for the cable-buoy system:

mU; , =[¥]s — KY (U, s + K'Uy) — megsin0 + Fpr, (1)
mUy = [Y(Uss+ K'Up)ls+ K'WY —megcost + Fpy, (2
m'Us, = [WUs 5] s+ Fpg (3)

with boundary conditions

atS=0: U;00,t)=0, j=1,2,3, 4)

atS=L MUY= (B— W)sin0* + H, — VL, 5)
M'U% = (B — W)cos 0% + H, — (U s + K-UY), (6)

M'U% = Hy — yH(U% ). (7

The quantities ¥ = (1 + Uy s — K'U,) and = P' + EAh(S,t) describe the total
tension of the cable. Here, EA denotes the axial stiffness of the cable cross-section and h(S, 1)
denotes the dynamic strain of the cable centerline [10]. In the above equations, P' and K*
are the equilibrium tension and curvature of the cable, respectively. The cable mass/length
in air is m = p.A, and that in wateris m = (p. + C,.ps) A, where the fluid added mass (with
added mass coefficient for the cable C,.) is included. The effective cable weight/length is
m.g = (p. — ps)Ag which includes the buoyancy of the cable. Here, p, is the cable density,
p is the fluid density, g is the acceleration due to gravity, and A4 is the (uniform) cable
cross-sectional area. Note that the fluid added mass is small in tangential direction and
therefore ignored in equation (1). The quantity 0 is the angle of inclination of the
equilibrium tangent from the horizontal as depicted in Figure 1.

Note that Archimedes’ principle is not applicable to the infinitesimal cable element since
the hydrostatic pressure field is not closed [12]. To account for this, the force due to
hydrostatic pressure is added to the cross-sectional area of the cable element and then
subtracted from the equilibrium tension. This modified tension, often called the “effective
tension” [13], becomes

P¢=P' + P.A, (8)
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where P; is the hydrostatic pressure at the location of the cable element. However, for a taut
cable, the effective tension can be approximated as P’ recognizing that Pi> P, A in shallow
to moderate water depths. This approximation is used herein.

In equations (1)-(3), Fpr, Fpy, and Fpp represent components of hydrodynamic drag in
the tangential, normal, and binormal directions, respectively, as given by [14]

Fpr =3p;CprnD(V, — Uy )|V, = Uy 4|, ©)
Fpy =3p;ConD(V, = Uz )V — Us,il, (10)
Fpg=3p;CpyD(— Us,)| — Us il (11)
where V, = Vcos0 and V,, = — V'sin 0 are the tangential and normal components of the

uniform current. Here, Cpr and Cpy are the tangential and normal drag coefficients for an
inclined cylinder. Experimental observations on flow past inclined cylinders show that the
streamlines in the neighborhood of the cylinder are bent so that the actual flow is nearly
orthogonal to the cylinder when 0 > 55° [15]. Therefore, Cpy can be approximated as the
drag coefficient Cj, for flow normal to the cylinder. Also, experiments reveal that Cpy is less
than Cpy by an order of magnitude (typically 1-3% of Cpy); hence, Fpr will be ignored
relative to Fpy and Fpp in the following.

The equations of motion for the buoy are expressed by the boundary conditions (5)-(7).
The buoy mass, including fluid added mass, is M’ = M + C,pp;Vp, where M, C,p, and Vp
are the buoy mass in air, added mass coeflicient, and volume, respectively. In equations (5)
and (6), B and W denote the buoyancy and weight of the buoy, respectively, and the
superscript ()* denotes a quantity evaluated at S = L. The hydrodynamic drag on the buoy
is given by [16]

H, =%PfCDBAB(Vx)|Vx|COS 0", (12)
H, = %PfCDBAB(_ V)| — V;|sin 0", (13)
H; = %prDBAB(_ UIS,:)| - U%,t|’ (14)

where V, = V — U¥ ,cos 0 + U% ,sin 0%, and Cpp and Ajp are the drag coefficient and the
projected area of the (spherical) buoy to the flow, respectively. Note that the hydrodynamic
drag for the buoy in the flow direction is decomposed into components along the tangential
and normal directions since the independence principle of the drag coefficient for an infinite
cylinder does not hold for finite three-dimensional bodies such as a spherical buoy.

3. EQUILIBRIUM ANALYSIS

Prior to evaluating the linear vibration characteristics of the cable—buoy system, the
equilibrium tension P(S) and the inclination angle 0°(S) must first be determined. Using
U =U,=U;=0 in equations (1)-(3) yields the following equilibrium equations
governing P'(S) and K'(S):

Pis =m,gsin®,  PK'=m,gcostd —%p,Cp,DV}|Vi], (15, 16)

where Vi = — Vsin0' and the superscript ()’ denotes a quantity evaluated in the
equilibrium configuration. In arriving at equations (15) and (16), Fpr< Fpy, Cpy = Cp, and
K'(S) = 0'4(S) were used. The above equations can be integrated numerically starting at
S = L where the equilibrium tension and angle are known for a specific buoy. While
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analytical solutions to equations (15) and (16) are not available, approximate closed-form
solutions can be obtained using the following approximations.

Consider a relatively taut inclined cable and expand 0(S) in a first order Taylor series
about the point S = [, 0 <[ < L where 0 = 0*:

0, = 0% + R(S — ). (17)

The slope R may be determined by knowing the angle at the upper end 6% = tan™ (B — W)/
H) and the lower end angle where (approximately) 0° =~ tan '[((B— W) — m,gL)/
(H + 3p,CpDLV?)]. Here, H is the magnitude of the hydrodynamic drag on buoy in the flow
direction. Using equation (17), the fluid force components can now be evaluated and force
balances on the cable element in the horizontal and vertical directions provide

1 1
cos 0'(S) = B |:H ol 7CpDVZ(9C, — Cz):|> (18)
1
sin 0'(S) = —; [(B W) —meg(L = 8) = 5,5 prCoDV> (38, — Sz)], (19)
from which

Pi(S) = {[(B — W) —mg(L —S)]* + H* + prDDV2[3 sin 0% — sin(305)](L — S)

12R
1/2
2

36R2 prCpDV=(9C, — Cz)} > (20)
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Figure 2. Equilibrium configuration of the example cable-buoy system defined in Table 1 at V = 0-5 (----),

1-0 ( ), and 2-0 (---) m/s. The net buoyancy of the buoy is five times the weight of the cable, i.e., R,, = 5.
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TABLE 1

Cable, buoy and fluid parameters for examples in sections 3 and 5

Parameter Value Parameter Value
Cable length (L) 40 m Cable diameter (D) 0-0155m
Cable density (p.) 4104-52 kg/m? Fluid density (p;) 1025 kg/m?
Section modulus (EA) 31x10°N Cable added mass coeff. (C,.) 10
Buoy added mass coeff. (C,p) 05 Cable drag coefficient (Cp) 1-05
Buoy drag coefficient (Cpp) 0-4 Fluid velocity (V) 1 m/s
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Figure 3. Predicted (a) equilibrium tension and (b) inclination angle at V' = 0-5(--), 1-0 (——), and 2-0 (- ) m/s
as a function of cable arc length when R,, = 5. Results of numerical integration are denoted by sscsex.

where C;=cos 0% — cos 0}, C,=cos(30%) — cos(30%), S; = sin 0% —sin 0, S, = sin(30%) —
sin(30%), and 0% = 0* 4+ R(L — I). The equilibrium curvature K(S) can now be found by
substituting equations (18)-(20) into equation (16) and solving for 0.

Figure 2 illustrates the equilibrium shape of a cable—buoy system defined by the example
system parameters listed in Table 1. The cable-buoy system is illustrated for three values of
the fluid velocity. The net buoyancy of the buoy (B — W) is 5 times the weight of the cable in
this example leading to a relatively taut cable profile for all fluid velocities considered. The
numerical solution of equations (15) and (16) confirms the accuracy of the approximate
closed-form solution above whenever

R, = (B — W)/(m.gL) > 2. (21)

For example, when this condition is met, the approximate solution is accurate to within 2%
(0-4%) based upon the inclination angle 0°(S) (the equilibrium tension P*(S)) at any position
along the cable for the nominal case V' = 1 m/s. The corresponding equilibrium tension and
inclination angle of the cable are illustrated in Figure 3 and exhibit good agreement with
numerical results (asterisks). Note that the cable tension is dominated by the buoyancy of
the buoy for the relatively taut cables considered herein. This fact is also reflected in the
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computed inclination angle which varies almost linearly (i.e., almost constant, small
curvature) along the cable.

4. EIGENSOLUTION ANALYSIS

The natural frequencies and mode shapes of the cable-buoy system play an important
role in any subsequent analysis of dynamic response and particularly vortex-induced
vibrations. These quantities may be determined upon linearizing the equations of motion
about the equilibrium configuration. To this end, the equilibrium equations (15) and (16)
are substituted into equations (1)-(7) and excitation, drag and non-linear terms are ignored.
Furthermore, it is assumed that the equilibrium sag is small and that the cable stretches
quasi-statically (ignore term U, , in equation (1)) since longitudinal waves in the cable
propagate extremely fast relative to transverse waves [17]. However, the tangential
acceleration of the buoy in equation (5) is retained to capture the relatively slow time scale
dynamics of the buoy due to the (expected) large buoy inertia.

The equilibrium analysis above reveals that the equilibrium tension P(S) and curvature K'(S)
of a taut cable are nearly constant and shall be approximated as such hereafter’. Applying
Taylor series expansions about S = [ = L in equation (17) and using P’ ~ P~ and K’ =~ K%, the
equations of motion (1)—(7) linearized about the equilibrium configuration become

’ ’

m m
- D”z,n = UtZMZ,ss + Ulsz(t)a - Du3,tt = Utzuli,ss (227 23)
m, me

with boundary conditions

ats=0: u;(s,)=0, j=2,3, (24)
M’ M’
ats =—: —ii5 = —vfus,, —iil5=—viu5,, (25, 26)
D m, me
where
D L/D
G(t)=— |:uf — J ku, ds:| (27)
L 0

is the dynamic strain of the cable centerline. The tangential displacement at the buoy u}
satisfies the equation of motion
L/D
it + w?ult = w? j ku, ds. (28)

0

Here, o7 = EA/(LM’) is the natural frequency of cable-buoy system in the tangential
direction and is the same as that of a massless elastic rod with stiffness EA/L and end mass
M. The following non-dimensional quantities are employed in equations (22)-(28):

S .
s=—, k=K'D, u;=—, j=1,2,3,
D D
vZ P vy EA
— = and — = .
g m.Dyg g m.Dg

TOne can also relax this assumption and allow first order variation in the tension and curvature as in reference

[41.
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The associated eigenvalue problems are found by substituting
ui(t) = X1, uy(s, 1) = X5(s)e'™,  us(s, 1) = X3(s)e!™ (29)

into equations (22)-(28), where w, and w; represent the natural frequencies for vibration
modes within the plane of the equilibrium and normal to the plane of the equilibrium,
respectively. The mode shapes for these “in-plane” and “out-of-plane” modes are given by
X, (S) and X ;5(S) respectively.

The characteristic equation for the natural frequencies of the in-plane modes is found as

v} .
[— 22— (zlxlz + U—;)n% + zyn3 |sin(y,) + 22,45,

t

Z10;

2
+ |:_ n + ( e 5+ = 22122)’12}305('72) =0, (30)

where z; = M'/(m'L) denotes the mass ratio of the buoy to the cable and 22 = (v,kL)?/(v? D?)
represents a cable parameter for an inclined cable [2]. The eigenvalue 5, = L¢,/D in
equation (30) is found numerically where ¢3 = m’' Dw3/(m,v7). The corresponding in-plane
mode shape is

[z1n, tan(n,/2) — 1]tan(n,)

Xal9) = costga9) + L — 1]

sin(¢,s) — 1. (31)

The characteristic equation for the natural frequencies of the out-of-plane modes is

cos(n3) = zyn3sin(n3) (32)

and the corresponding out-of-plane mode shape is

X3(s) = sin(¢35), (33)

where the eigenvalue 73 = L¢3/D can be found numerically and ¢3 = m'Dw3/(m,v}).

5. RESULTS

The parameters for the examples used in this study are listed in Table 1. Consider first
two simple limiting cases obtained when the buoy mass approaches zero and then infinity.
As the buoy mass approaches zero, z; — 0, the characteristic equations and associated
natural frequencies for the in-plane (j = 2) and out-of-plane (j = 3) modes become

2n—1 2z
cos(n;) = 0, w’:<nT>% =12 (34)

Thus, the classical results for a taut string with one end fixed and one end free are recovered
as required in this limit (assuming non-vanishing tension). The computed natural
frequencies for this limiting case are illustrated in Figure 4(a) for the in-plane modes and the
left limits of Figure 5 for the out-of-plane modes. Both in-plane and out-of-plane natural
frequencies are trivial functions of the cable parameter A/m as z; — 0. In these and
subsequent figures, the natural frequencies are represented as non-dimensional quantities
and are normalized by the fundamental natural frequency of a taut string with fixed
supports, o,. The corresponding mode shapes are illustrated in Figures 6—8 where they are
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Figure 4. In-plane natural frequency spectra as functions of the cable parameter A/z for six values of the buoy
mass: (a) z; =0, (b) z; =01, (¢c) z; =1, (d) z; =10, (e) z; = 100, and (f) z; — co. Natural frequencies are
normalized with respect to the fundamental natural frequency of a string with fixed supports (w;).

denoted by the value z; = 0. In this limit, there is no (first order) dynamic stretching of the
cable centerline as there is no resistance at the boundary S = L.

For the limiting case of infinite buoy mass, z; — oq we recover the case of an inclined
cable with fixed supports. The characteristic equation (30) provides

3
n n
Ny — ); = 2tan (f) (35)

for symmetric in-plane modes which have frequency cross-overs at A/mr =2n,n =1,2,3, ...
[2]. The natural frequencies of the antisymmetric in-plane modes and all of the out-of-plane
modes are identical to those of the classical taut string with fixed supports. The in-plane
natural frequencies are illustrated in Figure 4(f) as a function of the cable parameter /.
The out-of-plane natural frequencies are illustrated in the right limits of Figure 5 and are
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Figure 6. Odd-order in-plane mode shapes for selected values of the buoy mass for the case /7 = 10. Buoy mass
zy =0, 0-1, 1, and oo. (a) first mode, (b) third mode, and (c) fifth mode. ——- line represents the equilibrium
configuration of the cable.

independent of the cable parameter. The corresponding mode shapes are illustrated in
Figures 6-8 where they are denoted by the value z; — oo. It should be restated that these
results are based on assuming an equilibrium shape that is symmetric about the cable
mid-span (as in reference [2]). If the equilibrium is allowed to be asymmetric (as in reference
[4]), the in-plane natural frequency spectrum, Figure 4(f), would exhibit curve veering
instead of crossings and hybrid (asymmetric) mode shapes would exist.

Consider now the general case of finite (and non-vanishing) buoy mass. Figure 4 shows
the in-plane natural frequency spectrum parameterized by the buoy mass. Note that the
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Figure 7. Even-order in-plane mode shape for selected values of the cable parameter //m and buoy mass z;.
Buoy mass z; =0, 0-1, 1, 30, 100, and oo. (a) and (d) second mode at 4/m = 0-8 and 10, (b) and (e) fourth mode at
//m =2 and 10, and (c) and (f) sixth mode at A/m = 4 and 10. - - - line represents the equilibrium configuration of
the cable.

fourth and sixth natural frequencies for vanishing buoy mass (z; — 0) evolve to the natural
frequencies of the first and second symmetric modes, respectively, as the buoy mass
approaches infinity (z; — o0) and the third and fifth natural frequencies evolve to the first
and second antisymmetric modes as the buoy mass increases from 0 to oo. Note also from
Figure 4(e) that the natural frequencies never exhibit cross-overs (repeated frequencies).
Instead curve veering occurs when the buoy mass is finite. Curve veering originates from the
asymmetry of the mode shapes as discussed in reference [4]. Moreover, as the buoy mass
increases, the location of the veering regions migrate from A/n = 0 for vanishing buoy mass
(zy =2 0)to A/t =2n,n=1,2,... for infinite buoy mass (z; — o0). Therefore, the vibration
characteristics of cable—buoy systems become more sensitive to parameter changes for cases
of moderate cable tension. Finally, the natural frequencies are strongly sensitive to changes
in the cable parameter whenever the vibration mode shape includes significant dynamic
stretching.

The corresponding mode shapes are illustrated in Figure 6 (odd order modes) and
Figure 7 (even order modes) for selected values of the buoy mass. Note that as the buoy
mass increases, the first and second natural frequencies approach zero and the first mode
approximates a pendulum-like mode (no nodes) as shown in Figure 6(a). The fourth and
higher order even in-plane mode shapes become sensitive to the cable parameter A/n as the
buoy mass increases (z; — o0). For example, the fourth in-plane mode shape evolves from
the first symmetric mode for fixed supports at A/ =2 in Figure 7(b) to the second
symmetric mode at 4/7 = 10 as illustrated in Figure 7(e). The first symmetric in-plane mode
shape for fixed supports continuously evolves to the second symmetric mode and thereby
minimizes the dynamic cable tension.

The out-of-plane natural frequency spectrum is illustrated in Figure 5 as a function of the
buoy mass when A/m = 6. Unlike the in-plane natural frequencies, the out-of-plane natural
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Figure 8. Out-of-plane mode shape for selected values of the buoy mass: z; = 0, 0-1, 1, and oo. (a) first mode, (b)
second mode, (c) third mode, and (d) fourth mode. — - - line represents the equilibrium configuration of the cable.

frequencies are independent of the cable parameter 4/z since they do not induce dynamic
stretching. The fundamental natural frequency for vanishing buoy mass (z; — 0)
approaches zero with increasing buoy mass and the corresponding mode shape approaches
a pendulum-like mode as expected; see Figure 8(a). The second and third natural
frequencies evolve to the first and second out-of-plane natural frequencies of an inclined
cable with fixed supports, respectively. The out-of-plane natural frequency spectrum shows
rapid changes at moderate buoy mass (0-1 < z; < 1) and also shows earlier transitions from
those of fixed—free supports to fixed supports at higher vibration modes.

Figure 9 shows the in-plane natural frequency spectrum as a function of the flow velocity
for six values of the buoy mass. The flow velocity controls the hydrodynamic drag which
then controls the equilibrium curvature and tension, hence the natural frequencies. Note
that the accuracy of the approximate equilibrium solution initially degrades with an
increase in the flow velocity because the linear inclination angle approximation in
equation (17) initially deviates from the exact solution. However, increasing flow velocity
also creates more drag on the buoy and eventually more tension. These effects make the
uniform curvature and tension accurate in the range of moderate flow velocity (0-4 m/s). In
this range, the first in-plane natural frequency approaches zero with increasing buoy mass
and it is not sensitive to the flow velocity. However, the second natural frequency
significantly depends on the flow velocity and the buoy mass. With increasing flow velocity,
the equilibrium curvature of the cable first increases and then decreases towards zero. The
second natural frequency achieves its minimum value when the curvature achieves its
maximum (¥ = 3.75 m/s) since the cable becomes structurally softer with greater curvature.
The natural frequencies of the third and higher order, odd in-plane modes are nearly
independent of the flow velocity for moderate buoy mass (z; = 0-1, 1, 10). With increasing
buoy mass, however, frequency veerings appear; refer to “v’s” denoted in Figure 9. The
natural frequencies exhibit considerable dependence on the flow velocity for the case of
higher buoy mass (z; = 20) and the sensitivity is greatest within the range of flow velocities
expected in the ocean environment (0-2 m/s).

6. SUMMARY AND CONCLUSION

A model for the linear vibration characteristics of cable-buoy systems subject to
a uniform current has been developed. The equilibrium of the cable-buoy system is
evaluated first and the associated equilibrium tension and curvature are determined from
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(a)zy =01, (b) zy =1, (¢) z; = 10, (d) z; = 20, (¢) z; = 50, and (f) z; = 100. Natural frequencies are normalized
with respect to the fundamental natural frequency of a string with fixed supports (w,). In the figure, “V’ denotes
a region of curve veering.

an approximate closed-form solution. The accuracy of this approximation is confirmed by
comparison with results found by numerical integration.

The natural frequencies and mode shapes for the in-plane and out-of-plane modes of the
cable-buoy system are studied. When the buoy mass approaches zero, the results converge
to the classical cases of a taut string with fixed-free boundary conditions as required. At the
other extreme, when the buoy mass approaches infinity, the results converge to those of
a taut inclined cable with fixed supports. For finite and non-zero buoy mass, the natural
frequencies and mode shapes are evaluated as functions of the cable parameter A/%, buoy
mass zy, and flow velocity V. For the in-plane natural frequencies, frequency curve veering
exists.

As the buoy mass increases, the first and second in-plane natural frequencies and the first
out-of-plane natural frequency all converge to zero when the current exists. For both types
of modes, the corresponding fundamental mode shape evolves to a pendulum-like mode for
large buoy mass. The natural frequency spectrum for the in-plane modes exhibits a strong
dependence on the cable parameter and flow velocity for cases of large buoy mass.
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