Journal of Sound and Vibration (2002) 252(4), 675-696
doi:10.1006/jsvi.2001.4050 available online at http://www.idealibrary.com on |||EF

®

NON-LINEAR STEADY STATE VIBR ATIONS OF BEAMS
EXCITED BY VORTEX SHEDDING

R. LEWANDOWSKI

Poznan University of Technology, Institute of Structural Engineering, 60-965 Poznan,
5 Piotrowo Street, Poland. E-mail: roman.lewandowski@put.poznan.pl

(Received 18 October 1999, and in final form 23 August 2001)

In this paper the non-linear vibrations of beams excited by vortex-shedding are considered.
In particular, the steady state responses of beams near the synchronization region are taken
into account. The main aerodynamic properties of wind are described by using the semi-
empirical model proposed by Hartlen and Currie. The finite element method and the strip
method are used to formulate the equation of motion of the system treated. The harmonic
balance method is adopted to derive the amplitude equations. These equations are solved
with the help of the continuation method which is very convenient to perform the parametric
studies of the problem and to determine the response curve in the synchronization region.
Moreover, the equations of motion are also integrated using the Newmark method. The
results of calculations of several example problems are also shown to confirm the efficiency
and accuracy of the presented method. The results obtained by the harmonic balance method
and by the Newmark methods are in good agreement with each other.

© 2002 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

The effects of wind action on structures are vibrations of different kinds. Some of
them can be dangerous for the safety of structures. Slender structures like steel chimneys,
bridge pylons and guyed masts are examples of structures which are very sensitive to
wind-induced vibrations. One type of such dangerous vibrations is known as the
lock-in phenomenon. The effects of these vibrations are the results of wind passing across
a bluff body and forming an aerodynamic wake. In a flowing fluid, vortices are shed
alternately from either side of the body, and the resulting changes in circulation around
the body lead to fluctuating forces. As the frequency of shedding w; is approximately equal
to one of the natural frequencies of structures ,, the structure often vibrates with large
amplitudes in a plane perpendicular to the flow direction. Vortex-induced vibrations are
found to be amplitude dependent, self-limiting and very sensitive to the structural damping
level. As it is clearly shown in many papers describing the results of experimental works
(written, for example, by Brika and Laneville [1] and Goswami et al. [2]) in the
synchronization range (i.e., when w; &~ ®,), the vibrations of structures are periodic and
modulated outside this range. In the lock-in range the oscillation of the body takes control
of the shedding and the feedback of the affected flow field may, in turn, reinforce the
vibrations.

The investigations of the lock-in phenomenon, which is complex, requires advanced
theoretical models, e.g., Navier—Stokes equations, but the computational requirements of
these models strongly limit their applications. Due to the complicated process of
simulation of vortex shedding phenomena, empirical models are often used in civil
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engineering because one is mainly interested in the maximum vortex-induced response of
structures and the details concerning the flow are less important. Therefore, empirical or
semi-empirical models that provide a reasonable approximation of the aeroelastic
response are used. There are a number of models of this kind. Generally speaking,
almost all these models are non-linear and deterministic or stochastic. The most popular
stochastic model proposed by Vickery and Basu [3] takes into account the probabilistic
character of the wind excitation forces. Recently, a new model of this kind is proposed by
Flaga [4].

Deterministic models fall into two main categories. The basic idea of the first model is
that the fluid is associated with an internal degree of freedom that interacts with the
structural elements in the form of two coupled oscillators. The models of this kind are
proposed by Hartlen and Currie [5], Iwan and Blevins [6] and by Landle [7]. The Hartlen—
Currie model was modified by Skop and Griffin [§8] who introduced a non-linear spring
stiffness. However, the experiments by Oey et al. [9], set up specifically to identify the effect
of non-linear stiffness, concluded that the response of a cylinder was insensitive to this
effect. Recently, a very interesting model was presented by Krenk and Nielsen [10].
Another class of models proposed by Simiu and Scanlan [11], Vickery and Basu [3],
Goswami et al. [12] and Larsen [13] describes the phenomenon by a single equation of
motion in which aeroelastic forcing terms are included.

At the present time it is hard to say which model is the best. Each model has its own
advantages and disadvantages. For example, in the Vickery and Basu model the so-called
correlation length of the aerodynamic forces can be taken into account in a natural way.
However, in the deterministic models, the correlation length cannot be easily introduced
because of the stochastic character of this quantity. An empirical formula which
approximately describe the correlation length in terms of amplitudes of vibration is
proposed by Ruschaweyh [14].

Despite its own limitation the model proposed by Harten and Currie is often used as the
one which seems to be in quite good agreement with the experimental data.

The problem of vortex-induced vibrations of beams was analyzed previously
by Baroush et al. [15] and Dul and Pietrucha [16], who used semi-empirical
aerodynamic models and time integration methods to determine the steady state
vibration of beams. This approach requires an extremely high computational
effort because of small system damping. However, the computational cost can be
drastically reduced by using the harmonic balance method as shown by Lewandowski [17]
for the semi-empirical models proposed by Simiu and Scanlan [18] and by Goswami
et al. [12].

In the present paper, the strips and finite element methods together with the Hartlen—
Currie type vortex shedding model are used in a parametric analysis of vortex-induced
vibrations of beams in a synchronization region.

2. BRIEF DESCRIPTION OF HARTLEN-CURRIE MODEL

In reference [5] an elastically supported, rigid cylinder in air flow is considered. The
cylinder motion is restricted to pure translation in the direction perpendicular to the flow
direction and the cylinder axis. The equations of motion for this model are derived in the
following non-dimensional form:

W 28w+ w= awch, (1)

¢ — awCr + yéi/a)s + wch = bw,w, ()
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where, w,cr, &, ws,a,7,a,b are the cylinder displacement, the “hidden” aerodynamic
variable interpreted as the lift coefficient, the damping factor for the cylinder, the
non-dimensional shedding frequency which is proportional to the wind mean
velocity U and some aerodynamic constants respectively. The differentiation with respect
to time is denoted by a dot. The aerodynamic constants o,y,a,b are determined
experimentally. Equation (2) is the non-linear, van der Pol differential equation. From the
mathematical point of view this equation could be understood as the equation of motion
of a fictitious mechanical oscillator with a non-linear damping characteristic. More
detailed description of the above model is given in reference [5]. In the next section, the
Hartlen—Currie model will be extended to beams treated as systems with multi degrees of
freedom.

3. DESCRIPTION OF COMPUTATIONAL MODEL

The finite element method has received broad acceptance as the convenient analysis tool
in structural engineering because this method allows detailed computations of the response
and stress distributions in structural members subjected to loads. In this work, the well-
known displacement version of finite element method is used to developed a discrete model
of a beam. This approach to considered particular problem is more adequate than very
popular modal ones because the influence of more then one mode of vibration can be
taken into account in an easy way. As shown in many papers (see, for example references
[19-22]), the interaction of two or more modes of vibration could be very important if non-
linear systems are considered. Moreover, beams with the non-uniform spatial distribution
of the beam bending stiffness, the mass per unit length or the cross-section characteristic
dimension can be modelled more accurately.

The considered system (the beam and the flow field) is divided into finite elements
(beam) and strips (flow field). Each strip is parallel to the direction of the undisturbed flow
and has a width equal to the finite element length. The strips are also perpendicular to the
finite elements. The main assumption is that flows in strips are mutually independent,
which means that the acrodynamic forces are induced only by the flow in the associated
strip.

In this article, two types of descriptions of the lift factor ¢y (x, ) along the strip width are
taken into account. In Case 1, the distribution of the lift coefficient ¢, (x, 7) along the strip
width is a linear function of the nodal parameter and it is assumed that

cr(x, 1) = NI (x)eu(0), (€)

where Nz (x) = col(N(x), N2(x)), Ni(x) = 1 —n, No(x) = n,n = x/1, ¢, = col(c,, ¢p) are the
vector of shape functions and the vector of nodal parameters of the strip respectively.
Moreover, in the Case 2, it is assumed that the lift factor is constant along the strip. Thus,
one can formally write Ny (x) = col(N(x)), Ni(x) = 1, and ¢, = col(c).

The cross-wind transverse displacements w(x, ) of the typical two-node beam finite
element with two degrees of freedom per node are described using the Hermitan
polynomial shape functions, i.e.,

w(x, 1) = Ng(x)we(t), 4)

where Ny(x) = col(N3(x), Na(x), Ns(x), No(x)) and w.(2) = col(w,, ¢,, wp, ¢;) are the vector
of beam shape functions and the vector of nodal parameters respectively.
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The kinetic and strain energy of the finite element can be written in the form
. T . Tye
K; = %w() M;w,, Wy = %we Kjw,, (5)

where M; and K} are the well-known mass and stiffness matrices respectively.

The virtual work of non-conservative forces acting on the finite element consists
of the damping term and external excitation term. The damping term is represented
by

OLS, = owlDiw,, (6)

where the Dj damping matrix is given by Dj = x;Mj + «,K} and x; and x, are some
constants. It means that the so-called proportional damping model is taken into account.
The aerodynamic external forces f(x, ¢) acting on the beam are given by

[, 0) = 3pU(x)D(x)er (x, 1), (7

where the p, U(x), D(x) symbols denote the air density, the mean velocity of wind and the
cross-section characteristic dimension respectively. The distribution of mean wind velocity
along the beam could be represented as a product of the reference wind velocity denoted
by U and the function of the wind profile p(x) i.e., U(x) = Up(x). In a similar way, the
non-dimensional characteristic cross-section dimension d(x) is defined as d(x) = D(x)/D,
where D is the reference characteristic cross-section dimension. However, in this paper, it
is assumed that U(x) and D(x) are constant along the length of the finite element. It means
that p(x) = p., and d(x) = d, are also constant.
The virtual work of aerodynamic forces can be written as

[5) 5] / t
/ oL;,dt = / / ow(x)f (x,t)dx dt = / w?éwZS‘Lce(l‘) dz, (®)
151 hn 0 1
where the S; matrix is defined by
e pD3pgd€ ! T
SL="2¢ 5 Np(x)N, () dx. ©))

Moreover, w; = 2nSU/D, S is the Stouhal number and / is the length of the finite element.
After integration the elements of the S§ matrix are

in Case 1
-7 3
20 20
D3pd,l =
SL= S:;S; 230 370 . (102)
20 20
/ /
30 20
whereas in Case 2
D3p2d,l 171 1
Si = 87572652 CO[(E,E, 5, E) (lOb)

The Hartlen—Currie model describes, by equation (2), the motion of some artificial
variable (i.e., the motion of the lift factor) which characterizes the flow action in a global
way. This equation takes into account only the primary characteristic deduced from
experiments. However, many details connected with the flow are omitted. From the
mathematical point of view the above mentioned equation could be understood as the
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equation of motion of a fictitious mechanical oscillator with a non-linear damping
characteristic. In order to make possible the weak formulation for the whole system the
“kinetic and strain energy” and the “‘virtual work of non-conservative forces for the
fictitious oscillators are also introduced in this article. Obviously, these quantities must be
considered as specific functionals, which leads one to the counterparts of the second
equation of the Hartlen—Currie model in the case of systems with many
degrees of freedom. The ‘kinetic and strain energy’ for the lift coefficient is defined as
follows

1 1
Ko = / L2 (o dy = 1éTMS e,  WE = / Lo (v, dx = Lo?TKee,, (1)
0 0
where the matrices

!
Pe
M7 :/0 NL(x)N] (x) dx, K$ = d—‘z/ N (x)N] (x) dx, (12)
are the “mass’ and “‘stiffness matrices of introduced fictitious aerodynamic oscillators.
After integration these matrices can be written in the following form:
in Case 1

11 11
e _ 7|3 6 e _Pe|3 6
M =1 L1l K} = dzl E (13a)
6 3 6 3
where as in Case 2
P
M; = [[1], K§ = d_;l[l]' (13b)
The ‘virtual work of the damping forces’ for the ‘hidden variable’ is defined by
15 1
| bertosontnn + s njw) dxds
n 0
5]
= / Sel[—wsDS + o, DY, (€., €)]8.(1) dt, (14)
4]
where
!
D¢ = % / Nz (0)NT(x) dx, (15)
e JO
D, 60 = 1 / NI &(DET(ONLCONLCON () (16)
After integration, the D matrix can be written in the following form:
in Case 1
1 1
e wepel |3 6 .
DL_—de 1 (17a)
6 3
in Case 2
DS = sepel 1y (17b)
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The DY, (€., ¢.) non-linear damping matrix is a quadratic function of velocity of nodal
parameters. The elements of this matrix are denoted by dj; and can also be written in the
explicit form given below

in Case 1
Vedel (1 5 1
d = = C TA ta )
n=s, (5 a0 T 30%
_ _ /edel L 2 1 i 2
dip =dyy = - (2Oca+156acb+2ocb ,
o 1 | |
dy = ee <3()C§+10Ca6b +5012,), (18a)
in Case 2
V. del
dyy = el 2 (18b)

e

In the above relations the o, and 7y, symbols denote the constants which must be
determined experimentally and they can be different for each strip.

The ‘virtual work of external forces’ associated with the fictitious oscillators is defined
by

15 153 / 5]
/ oLy, dt :/ / oc(x)bw(x, t)dx dt :/ de; Siw,(t) dt, (19)
n I3t 0 141
where
!
S¢ = b, / NL(x)N; (x) dx. (20)
0
The explicit form of the Sj, matrix is given by
in Case 1
731
e 20 20 20 30 ,
S;, = b.! ) (21a)
20 30 20 20
and in Case 2
. 171 1
S; = bl [5, K —E]. (21b)

Here b, is the experimentally determined aerodynamic constant. The equation
of motion of the original Hartlen—Currie model is described using the non-dimensional
time t = w,t, where w, is the natural frequency of the cylinder. In this paper, we
do not deal with non-dimensional time. For this reason, our definition of the b,
constant is b, = w,byc, where byc is the b constant as defined by Hartlen and Currie and
now w, denotes the natural frequency near which the synchronization region is currently
analyzed.

The equations of motion are derived on basis of the Hamilton principle, which states
that

/ tz[é(K — W)+ 6L)dt =0, 22)

141
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where ¢ is the variational operator and K, W and JL denote the total kinetic and strain
energy of the system and the virtual work of non-conservative forces respectively. Using
the Hamilton principle one can derive the following equations of motion for the typical
beam element and strip respectively

5 = Myie(1) + Dy (1) + Kiwe(1) — 7S5 eo(0), (23)

RS = MS&.(1) — o,D5 &.(2) + o] "D (€e(2), €.(0))Ee(2) + 0?KG eo(t) — Siwe(r).  (24)

After the assembly procedure the equations of motion for the entire system can be
written as

Ry (1) = MW (1) + Dyw(7) + Kpw(1) — w3Spe(r) = 0, (25)

R.(1) = ML&(1) — o,D&(t) + oF "Dy (1), &(1))e(7)

26
+ o?Kpe(t) — Spw(?) = 0, o

where My, Mz, Dy, Dz, Dyz(€(2), €(7)), Ky, Kz, Sp, Sz w(?), ¢(¢) are the global counterparts of
previously defined, matrices and vectors on a level of element and strip. The R,(¢) and
R, (?) residual vectors vanish in an equilibrium state.

4. DERIVATION OF AMPLITUDE EQUATIONS

The steady state, periodic response of the system can be described in a first appro-
ximation by

w(t) = w, cos wt + W sin wt, c(t) = ¢, cos wt + ¢, sin wt, 27

where w,., W, c.,¢; are the unknown vectors of harmonic amplitudes of nodal
parameters of beam and strips on a level of the entire system and the finite element
and strip respectively. Also, the frequency of oscillation w is an unknown quantity.
In this paper, the solution with only one harmonic is taken into account because
the results of experiments show that it is accurate enough in the synchronization
region.

The solutions of the equations of motion on a finite element level and on a strip level are
given in a similar way:

W.(1) = W, COS Wt + Wy, Sin wf, c.(?) = ¢.. cOs ot + ¢ sin wt. (28)

The in-time Galerkin procedure is used to derive the amplitude equations. These
equations follow from the Galerkin conditions which state that

2 (T 2 (T
—/ Ry(t)cos wtdt = 0, —/ Ry(?)sin wtdt = 0,
T Jo T Jo

2 (7 2 (7
—/ R (¢t)cos wtdt = 0, —/ R, (t)sin wtdt = 0, (29)
T 0 T 0

where T = 2n/w denotes the unknown period of the limit cycle. The Ry(7) and Ry(?)
residual vectors appearing in equations (29) are determined by introducing the assumed
solution of motion equations into equations (25) and (26). After calculating the resulting
integrals from the Galerkin conditions, one obtains the following set of non-linear
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algebraic equations with respect to w,, wg, ¢. and ¢,:

Ky — szb)wc + wDyw; — waLcc =0, (30)
— oDpw, + (Kp — szb)wS — a)f.SLc.y =0, 3D

(waL — 0*Mp)e. — ww,Dyeq

(32)
+ 30 o) '[Dyr(ee e) + Dyr(es ¢)les — oSpw, = 0,

COCOXDLCC - % (1)360;1[DNL(C(;, cc) + DNL(CS’ c.v)]cc

(33)
+ (wszL - (UzML)cs + wSpw,. = 0.

The explicit form of elements of the non-linear matrix D, (cc,¢s), Which is the
counterpart of the Dy, (c., ¢;) matrix on a strip level, is given below:
in Case 1

poded [1 1 !
dll = Ve - |:5 CeaCsa + % (C(‘acsb + Cchcsa) + 3005}’C5b:| °
podel [ 1 1 !
diy = dyy = y : [% CoaCsa + 0 (ceaCsh + CepCsa) + %CCbCSbil >
Pedel [ 1 1 !
dy» = /ep: |:% CeaCsa + % (CeaCsp + chcsa) + gccbcsb:| 5 (34d)
in Case 2
dll = Ved‘flccc& (34b)

e

Above, the ¢4, cp and ¢y, g, symbols denote the elements of the ¢, and ¢, vectors
respectively.
For convenience, and using the following notation:

- M, 0 - K, 0 ~ 0 D, ~ S;, O
M, = , K, = , D, = , S, = ,

0o M, 0 K, -D, 0 0 S,
(35)

- M 0 - K 0 ~ 0 D ~ 0 S
M, = . , L - , L= g ,  Sp= ’ ,

0 My 0 K, —-Dp 0 =S, 0
(36)
]~)NL 0 DNL(CCa cc) + DNL(cS’ cs) , (37)

—Dyr(ec, e.) — Dyr(cs, ¢) 0

W = col(we,wy), &= col(cc,cy), (38)



VORTEX-SHEDDING VIBRATIONS OF BEAMS 683

the amplitude equations can be rewritten in the compact form of the first order:

Gy(W, 8, 0, w5) = (Kp — 0’M), + 0Dp)W — 0’S,E =0, (39)

GL(W,8 w,05) = — 0SW

y . ~ ~ (40)
+ [0}K — *M; — 0o,D; + 3o’ o; "Dy, (& 88 = 0.

The most compact form of amplitude equations is given by

(~}(a), Ws,a) = K(co, ws,c)a =0, 41
where
- . (Kb — w21\7[b + a)r)b) —w%SL
K(C(), wx: c) = ~ ~ ~ ‘~ ~ ’
—wSp (w?KL — (DZML — owwD; + %aﬁw;lDNL(é, é))
G = col(Gy,Gr), 4= col(W,?). (42)

The G vector vanishes in an equilibrium state.

5. CONTINUATION PROCEDURE

The amplitude equation (41) is algebraic, homogenous and non-linear. Due to non-
linearity the solution of this type of equation, for the given value of U, is not a trivial
problem, so it is necessary to apply an advanced procedure. Moreover, one is often
interested in the solution of the considered problem for different values of mean wind
velocity U taken from an assumed range.

For these reasons, equations (30)—(33) are solved for different w; (or U due
to the relation w; = 2nSU/D) using the continuation method. The method has been
widely described in a book by Seydel [23]. It is very well oriented as a procedure for solving
the system of equations with a parameter. In this article the wind velocity is chosen
as the main parameter. It is easy to verify, one basis of equation (41), that a = 0 is the
solution of the amplitude equations for all U. Moreover, if @ and a#0 are, for a particular
value of U, the solution of the amplitude equation then w, and —a are also the solution. It
follows from the facts that the amplitude equation is homogeneous and the non-linear
matrices of the type Dy, (c.,¢5) are quadratic functions of amplitudes of the lift
coefficients ¢, and c.

The trivial solution could be represented on the amplitude of vibration—wind
velocity diagram or the amplitude of lift coefficient—wind velocity diagram as a line
coinciding with the wy (or U) axis. This is the line on which the bifurcation point exists.
An additional branch representing the non-trivial solution of equation (38) emanates from
the bifurcation point. This branch has been determined by means of the continuation
method.

The bifurcation analysis of the original Hartlen—Currie model described by equations
(1) and (2) has already been presented in reference [24] by Poore and Al-Rawi. It has been
found that the primary bifurcation points exist on the response curve and the non-trivial
solutions emanate from these points.

In the case of the system with many degrees of freedom the primary bifurcation points
could be determined as described below. At the beginning, the equations of motion (25)
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and (26) are written as a system of four first order matrix differential equations. Let
x1(2) = w(1), xa2(1) = W(1), x3(¢) = c(¢) and x4(¢) = ¢(¢). Now the equation of motion can be
written in the following matrix form:

X(1) = A(x(0)x(2), (43)
where x(¢) = col(x(1), X2(?), x3(?), x4(¢)) and
0 I 0 0
-M,'K, -M;'D, o’M,'S, 0
A(x(7) = 4 44
x(0) 0 0 0 1 (44)
0 ~-M;'S; —a’M['K; M;'(o,D; — o 'Dyr(x4,Xs))

The one steady state solution of equation (43) is x = 0. The stability of this steady state
is based on the exponential growth or decay of solutions of the following perturbation
equation:

SX(1) = AdX(1), (45)

where 0x(¢) is the small perturbation of steady state solutions and the matrix A which has
the form

0 I 0 0
-M;'K, —M;'D, «*M;!S 0
A= b Bp b b sV DL (46)
0 0 0 I
0 -M;'S;, —o’M;'K;, M;'oD,

It is well known that if the real parts of all eigenvalues of A are negative, the trivial
solution is stable, whereas if any of the real parts are positive, the trivial solution is
unstable. The bifurcation point occurs when there is a zero eigenvalue or whenever there is
a pair of complex conjugate purely imaginary eigenvalues. In the latter case we have the
Hopf bifurcation point from which the periodic solution emanates as one of the system
parameters (here the mean wind velocity) varies. By holding the remaining system
parameter fixed and varying the wind speed gradually, the stability of trivial solution can
be checked and in this way the critical wind speed U, at which the A matrix has a pair of
purely imaginary eigenvalues can be determined.

Unfortunately, for the considered problem, the numerical experiments show that it is
very difficult to determine the non-trivial branch of the periodic solution if the primary
bifurcation point is taken as the starting point of the continuation procedure.
Furthermore, outside the synchronization region the amplitudes of vibration are small
and close to the ones obtained on basis of the linear theory. For these reasons the initial
approximation of the first point on the response curve can be chosen as follows. The initial
value of shedding frequency w; is taken far away from the synchronization range and the
initial value of w is equal to w,. The chosen initial values of amplitude vectors are

We = Wy = C, = 0s Csi = 4iDL,ii> (47)
Y
where Dy, ; and c; are the ith diagonal element of the D; matrix and the ith element of the
¢, vector respectively. The initial values of the ¢, vector are approximately equal to the
amplitude of the lift factor in the case of wind acting on the motionless rigid finite elements
(see also reference [5]). The Newton method is used to determine accurately the first point
on the response curve.
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Having one point on the response curve one can determine the next one using the
continuation method. In comparison with the typical continuation procedure applied to
the system of non-linear equations, the one used in this paper is different in some
important details and that is why it is described briefly below.

The continuation method is incremental-iterative. The solutions of the matrix
amplitude equation are represented by a sequence of vortex-shedding frequencies,
the frequencies of periodic responses and the amplitudes vectors, i.e. "w,™ w,” a for
m=1,2,.... For any incremental step, the ”a vector and "w;,” w of the proceeding step
m is assumed to be given. The purpose of the incremental process is to find the increments
of the above-mentioned quantities denoted by Aw;, 4w, Aa, which can be accumulated
to yield

erlw‘Y — mws + Aws, m+1w = Mg + Aa), m+1 3 ="m3 + AA. (48)

The last equation can be also rewritten in the form
m+1v~v _ mW + A‘TV, m+1 ¢ = mé + AG. (49)

In equation (41) there are (r + 1) unknowns (i.e., w, W and ¢) and the main parameter
w,. However, since the considered dynamic system is autonomous, one of the Fourier
coefficients in the function describing the steady state solution can be fixed. For this
reason, it is assumed, without loss of generality, that one element of the W vector, say Wy, is
equal to zero and we can write the following equation:

W = 0. (50)

Furthermore, following the continuation method described for example by Seydel [23]
the constraints equation is added to the matrix amplitude equation in the form proposed
by Crisfield [25]

AW AW/ 13 + AGT AR )13 = (4s)?, (51

where A4s is the increment of the arc-length s, u, and y; are some scaling parameters. As
before the 4 symbol means the increment of succeeding quantity.

Because of non-linearity the set of non-linear equations (41), (50) and (51) can be solved
with respect to w,, w,a only by an iterative procedure. Suppose, after the iteration i, one
knows some approximation of the solution denoted by w', ', a'. The iteration change of
the frequencies increments dwy, dw and the da vector of amplitude increments are governed
by the following equation:

G.(@@, 0, 0)0a = —G(@, 0, ') — Gy@', !, w)dw, — G, (@', wl, w)dw, (52)

where G, is the matrix of the first derivatives of the G vector with respect to a and G,.G,
are the vectors of the first derivatives of G with respect to w; and  respectively. The
explicit form of the above quantities will be given in the next section.

Moreover, we can write

S = 0, (53)

Condition (53) is used to remove ow; from a set of unknowns and to modify
the incremental equation (52). The kth column of the G, matrix which is multiplied
by oWy is removed and the G, vector is introduced in its place. Also the a vector
of unknowns is modified in such a way that Jw, is introduced in a place of oWy.
Denoting the G,, matrix and the a vector after modification by Gam and a,, we can rewrite
equation (52) in the form

Gun(@, 0, 034, = —G@, 0, 0") — G, (&, v, v') dw. (54)
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The da,, vector can be written as a sum of two components
5ﬁm = 5ﬁmr + 55m(05w: (55)

where the first component represents the influences of the residual vector and the second
one is due to the unit change of the frequency of steady state vibration. The da,,, and da,,,
vectors are determined by using the following relations:

i, = —G, (&, o, 0)G@E, o, o), (56)

S = —G, (i, 0, 0)Go (@, 0, ). (57)

Having ¢a,, and 0a,, we can easily form the da, = col(oW,,d¢,) and da, = col
(0W,, 0C,,) vectors. The iterative change of shedding frequency due to residuals dwg and
due to the unit change of frequency of vibration dw,, is also determined. The total iterative
change of dwy is given by

0m; = 0wy + 0w, 0. (58)

The unknown iterative change of frequency of steady state vibration dw is determined in
the usual way. Substituting the total increment of & up to the (i + 1)th iteration given by
A3 = A&’ + 63 into constraints equation (51) gives the following equation with respect
to ow:

a100° 4+ ardw + az = 0, (59)
where

ap = oW, W, /g, + 68 58, /112,
ay = 2(AW + 6W,) oW, /10 + 2(AE + 68,)1 58, /112,

ay = (AW 4 6W,) (AW + 5W,) /13 + (AT + 6&,) (A& + 58,) /12 — As>. (60)

In equation (59), the increment de, which gives a positive value of (4a""")T 44’ is taken
as the non-trivial solution to avoid doubling back on the response curve. If both solutions
give negative or positive values to (4a"*!)T4a’, the corresponding incremental step is
restarted automatically with the arc-length reduced to half. Also, in the case of negative
discriminant of equation (59), the same procedure is followed. To prevent the number of
iterations from being too large, a maximum number of iterations is set. If the number of
iteration exceeds it, the incremental step is restarted according to the same procedure as
before.

A new approximation of the solution of the matrix amplitude equation is given by

A3t = A3 + 54, Aot = Aol + Sy, Ao = Ao’ + dw,

51+1 — mﬁ+A§z+l’ C0‘1er1 _ ma)AmLAw;“, CUIJrl —_ ”’erAa)’H. (61)

The iterations are repeated until the assumed accuracy of calculations is reached.
The existence of critical points on the response curve can be checked in a similar way as
is described in reference [26].

6. DERIVATION OF G, MATRIX AND G, AND G, VECTORS

Taking into account relations (30)—(33) as a starting point one can easily verify that the
G, and G,, vectors (i.e., the vectors of the first derivatives of G with respect to w,; and
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respectively) can be written in the following form:
—2w,S;c,.
- —2w,S; ¢
GS = 3 H (62)
260\KLC( - (,ODLC\ 7 (H CU [DNL(CL: C, ) + DNL(C\> C, )]C‘

oDre. +3 w30 [Dye., e) + Dyr(ey, ¢5)lee + 20K ¢

—20Mpw,. + Dpwg
B —Dyw. — 20M,w; 63)
“ _Z(UMLCC - wsDLcs + % (1)2(1);1 [DNL(CC: CC) + DNL(CSs cs)]cs - Sbws ’

wsDLcc - %wzw;l[DNL(ca cc) + DNL(CS: CS)]CC - 2CUMLCS + Sbwc

o

The differentiation of non-linear parts of equations (32) and (33) needs particular
attention when we derive the elements of the G, matrix. The non-linear part of equation
(32) is

Fe(e,¢) = 1 j0’ on [DNL(CC, ) + Dyi(es, ¢5)ley (64)
and the directional increments of this function can be written as
oF.(c.,¢;)  OFc(c,cy) 3 3 _1(5DNL(cm )
— Se. == — Ao T 65
sc. o, T T e, ™ (65)
oF.(c.,¢5)  OF (c,,¢y) 3 3

de,  Oc 4

D AR Y
sey =2 ey {[DNL@(,, 0+ Dii ey ¢, + TPVAC ) c}

(66)

The terms like (6D, (c., c.)/dec.)c, appearing in relations (65) and (66) must be derived
on a strip level. Taking into consideration the definition of the DY, (¢, ¢.) matrix given
below

DS, (Coos ) = 12 / NT(0)eeet N, (ONLONL(x) dx 67)

and noting that the terms like NT(x)ca,c NL(x) =c¢, NL(x)NT(x)cce are scalars the
following simple result is obtained

5De ces ~ce o

Dl ee) o ope (e el (68)
0Cce
Now relations (65) and (66) can be rewritten in the form

oF.(cc,¢;) 3

5cc = E (1030);1DNL(csa CC)(SCL., (69)
F
W _ Zwsw‘;l[DNL(cg, ¢.) + 3Dy (e, e )¢, 70)
Al

In a similar way, one can analyze the non-linear part of equation (33).
Finally, the G, matrix can be written in the following form:

G, = , (71)
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where the G;; submatrices are defined below

G =K, — o*M,, G = @Dy, G;; = —0’Sy, Gy =0,

Gy = —wDy, G =K, — o’M,, Gy =0, Gy = —07S,

G; =0, G = —0S;, Gy = 'K, — o*M, + %w%o;lDNL(cs, c.),
Gis = —oo,Dp +3 o’ o, [Dyz(ee e.) + 3Dyr(es )], Gy = 0Sy,

Gy =0, Gys = wo,D — 30’ 0] '[3DyL(cc. ¢c) + DyL(es, ¢,

Gy Q)?KL — (A)zML - %(u3w;1DNL(cs, c.). (72)

7. SOLUTION OF MOTION EQUATIONS BY NEWMARK METHOD

A time integration method is also used to obtain the steady state, periodic vibration of
the considered system and to verify the accuracy of the solution given by the harmonic
balance method. The well-known version of the Newmark method called the average
acceleration method is chosen to integrate the equations of motion. The algorithm of this
method is described in this section.

For convenience, equations (25) and (26) are first rewritten in the following compact
form:

R(7) = Ma(r) + D(v(2))v(¢) + Kd(¢) = 0, (73)
where
R = col(Ry, R}), d(?) = col(w(?), (1)), v(t) = d(1), a(t) = v(2),
M 0 K, —o3S D 0
M — b ’ K — b CZ)S L , D— b .
0 M, 0 (USKL =S, —o,Dr + a);]DNL(V, V)
The following Newmark formulas:
di =d, + v, + %‘Cz(arﬁl + an)s (74)
Vorl = Vy + %T(anJrl + an)a (75)

gives the system state at time #,,| = t, + t, where 7 is the small time interval, if the state at
t, (i.e., the a,, v,,d, vectors) and the a,. | acceleration vector are known. If the equation of
motion is understood to be the equilibrium equation at time #,.1, i.c.,

Ryp1 =Ma, g + D)yt + Kdyyp =0, (76)

the solution of equations (74)—(76) will give the system state at time ¢, ;. Equation (76) is
non-linear and the Newton method is needed to solve it. Equation (76) is treated as non-
linear with respect to a,, | and the incremental equation corresponding to equation (76)
has the form

Mtéa - _Rﬂ+15 (77)
where

_ OR, 41 — M+ OD(Vyq1) OVt T Kadnﬂ. (78)

M[ —_
0,41 OVuy1 02,41 0a,,
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Because

ot 1 ody: 1 D(v,
oV, +1 =—1l, +1 _ _TZL 0 (V +l) -D, (79)
oa, 1 2 oa,; 4 OVuy1

where I is the diagonal matrix and

D, 0
Dl = -1 o« . (80)
=S, —wDp + 3w, 'Dy(€,¢)
the M, matrix is given by
M, =M + 1D, + K. (81)

Starting with the given initial conditions, the system of equations (74)—(76) is solved and
the solution of the equation of motion can be determined by applying the above method
recurrently for a number of 7 intervals. The steady state solution can be obtained in this
way as well.

8. PARAMETRIC ANALYSIS

First of all, results obtained for a simply supported beam by using the well-known
normal approach and the present method will be compared. The beam is of length
L =320m, the bending rigidity EJ =20 x 10° Nm? and the diameter cross-section
D = 1.0m is chosen. The modal damping of the first mode of vibration is equal to 0-2% of
critical damping. The beam is divided into 10 identical finite elements. The mean wind
speed is equal to U for all finite elements. A brief description of the solution obtained by
the normal mode approach is given in Appendix A. The results of the calculations are
shown in Figures 1 and 2. In Figure 1, the non-dimensional amplitude of vibration, i.e.,
v = w/D in the middle of the beam versus non-dimensional frequency of vibration w/w, is
presented. w, is the first natural frequency of beam. The solid line represents the response
curve obtained by means of the finite element method whereas the response curve
determined by the normal mode approach is shown as the dashed line. Moreover, in

£ 03
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=
2
g 01 -
(5}
£
e
=
1)
=
[}
_ﬁ 0-0 & 1 1 1
090 095 1-00 1-05 1-10 1-15
The non-dimensional frequency of vibration
Figure 1. A comparison of the response curves obtained by the normal mode approach (———-) and by the

present method (—).
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Figure 2. A comparison of the lift factor determined by means of the normal mode approach (———-) and by
the present method ( ).

Figure 2 a similar comparison for the lift coefficient is presented. A good agreement
between the results obtained by both methods is visible.

Several numerical analyses for the free-fixed beam with a cylindrical cross-section have
been carried out. The following principal data have been chosen: the beam length
L = 32:0m, the bending rigidity EJ = 2-0 x 10° N m?, the diameter of beam cross-section
D = 12m. In almost all the cases considered the beam is divided into 10 identical finite
elements. The data concerning air are the following: the air density p = 1.2 kg/m3,
the Strouhal number S = 0-2 and the following aerodynamic parameter are chosen:
o=002,h=04,7y=2/3.

The first and second natural frequencies of the beam are equal to w; = 72387 rad/s
and @, =453656rad/s. The damping matrix of the beam is proportional
ie. Dy, = My, + oK, and the factors o) and o, are determined in such a way that the
modal damping of the first and second modes of beam vibrations are equal to 0.1% of
critical damping.

The data concerning air are chosen as in a previous case. The mean wind speed is
equal to U in a range of first eight elements from the top of beam and equal to zero for
others.

The results of calculations obtained by means of the harmonic balance method
are shown in Figure 3 (the solid line). The region of the lock-in phenomenon can
easily be recognized from this figure. Moreover, the equations of motion are solved
using the Newmark method. In this method, having given initial conditions, the
equations of motion are integrated numerically until the steady state solution is
obtained. The above-mentioned process of integration can be very time consuming,
especially when the damping in structures is very small as in the considered case. For
example, in the present case the determination of steady state solution by the Newmark
method for the chosen mean velocity was from a few hundred to one thousand times
slower than the time needed to determine the whole response curve by the continuation
method. The calculated results for the steady state solution are also shown in Figure 3
(the small crosses). The perfect agreement between the results obtained by both methods
is obvious.

In Figure 4, the convergence of the finite element method, with respect to a number of
elements, is presented. The dashed line shows the response curve for the beam divided into
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Figure 3. A comparison of results obtained by the Newmark method (+) and the harmonic balance method.
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Figure 4. The response curves for beams divided into --- 3, — 5 and —[]— 10 finite elements.

three elements. The solution obtained for the beam modelled by five elements is drawn in
the solid line. Moreover, the small squares show the results for the beam divided into 10
elements. It is clear that the model with five elements give us the correct results.
However, the results described below are obtained for the beam divided into 10 identical
elements.

The results of the next analysis are shown in Figure 5, where the response curves
obtained for different damping factors are presented. Here, the synchronization range near
the first natural frequency of the beam is shown. As can be seen, the influence of damping
is very strong both on the amplitudes of vibrations and on the range of synchronization.
Furthermore, the results of similar calculations made for the second synchronization
region are presented in Figure 6. The second synchronization region is considerably larger
than the first one.
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Figure 5. The influence of damping on the amplitude of vibrations and the synchronization range (the
shedding frequency near the first natural frequency).

07

o6 |
05 ‘
0a |

03

The amplitude of vibrations of beam end (m)

0
42 44 46 48 50 52
The shedding frequency (rad/s)

Figure 6. The influence of damping on the amplitude of vibrations and the synchronization range (the
shedding frequency near the second natural frequency).

In Figure 7, the response curves calculated for beams with different rigidity and different
damping factors are shown. The curves 1 and 2 are obtained if the beam rigidity is
EJ = 2:0 x 10° N m? while the curves 3 and 4 are obtained when the beam rigidity is equal
to EJ = 3-0 x 10° N'm?. For the beam with greater rigidity the region of synchronization
is larger and occurs for greater mean wind speeds.

The influence of the length of the loaded part of the beam in the synchronization
region is the subject of the last analysis. In Figure 8, the results of calculations
are presented for different loaded finite elements. As it is expected the maximum
amplitude of vibration and the range of synchronization increase when more elements are
loaded.

All these results indicate that the amplitudes of vibrations grow gradually near the left
end of the synchronization region and decrease very fast near the right one.
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9. CONCLUDING REMARKS

In this paper, the computational methods for the analysis of vortex-induced vibration of
beams are presented. The main aerodynamic properties of air are taken into account using
the model proposed by Hartlen and Currie. The extension of this model to beams treated
as multi-degree-of-freedom systems is proposed in this paper. It is believed that the
approach presented is a good compromise between the needed effort of calculations and
the desired accuracy of the solution of the problem considered. The semi-analytical
method (the harmonic balance method) is employed to determine the steady state solution
for a set of values of the mean wind velocity. The continuation method used to solve the
amplitude equation which makes a parametric analysis of the problem possible. The
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validity of the harmonic balance results is confirmed by means of a time integration
method. Several numerical analyses were carried out for the beams with cylindrical cross-
section. They refer to the convergence of the proposed way of discretization, the influence
of damping on the amplitude of vibration and a range of the mean wind velocities when
the lock-in phenomenon occurs.
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APPENDIX A

The solution of the considered problem by means of the normal mode
approach is briefly described. The equation of motion of the beam and the
equation of motion of the fictitious acrodynamic oscillators are written in the following
form:

(X, 1) + epW(x, 1) + EJW, o = 3p UX(x)D(x)cr(x, 1), (A.1)

Er(x, 1) — awer(x, 1) + 7/ wsé (x, 1) + wler(x, 1) = bw,/Dx)W(x, 1). (A2)
Above, ¢, denotes the beam damping factor and w, is the chosen natural frequency of
beam. The real time 7 is used in the motion equations instead of the non-dimensional time
T = wyt used in the original Hartlen—Currie formulation. For this reason w, appears on
the right side of equation (A.2). Moreover, it is assumed that U(x)= U= const. and
D(x)= D= const.
The solution of the equations of motion is assumed of the following form:

nmx
I
where v(¢) and c(¢) are the modal coordinates.
Introducing the assumed solution (A.3) into the equations of motion (A.1) and (A.2)
and applying the Galerkin method in space, one obtains the following modal equations of
motion for the simply supported beam:

cr(x, 1) = e(7) sin =, (A.3)

w(x, t) = v(¢)/D sin 7

i() + ne,v(t) + w2o(t) — w?ac(t) = 0,

(A.4)
(1) — awsé(t) + 37/ (doy)é (1) + wle(t) — bit) = 0,

where 7 is the modal damping of beam and a = pD? /(872 S*m).
The steady state solution of the modal equations (A.4) is assumed in the form

v(t) = v. cos wt + vy sin wt, c(t) = c. cos wt + ¢ sin wt. (A.5)
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The unknown amplitudes v, v;, ¢. and ¢, are determined from the following amplitude
equations:

2 2 2
(w;, — 07 )ve + now,v, — wsac. =0,

2 2 2
— now,v, + (v, — 0 )v, — wiacy =0,

2 2 9603“/ 2 2
(w0 — w”)c, — wwgucy + (c; + c;)es — wbvy = 0,
: 16w,
9%y 5 2 2
WWC, — 5o (c; + c;)ee + (w; — o) + wbv, = 0, (A.6)
5

derived by means of the harmonic balance method. The amplitude equations (A.6) can be
solved using, for example, the continuation method described in the previous section.
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