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The aim of this paper is to determine whether one dynamic absorber can reduce the
amplitude of the steady state vibration of a parametric system for natural and parametric
resonance frequencies simultaneously. The e$ciency of both the conventional dynamic
absorber and the parametric absorber is analyzed. The "rst order sensitivity analysis of
parametric periodic systems in the time domain is applied to obtain logarithmic sensitivity
functions in the frequency domain. The "rst order sensitivity logarithmic functions are used
to tune the conventional absorber and the parametric absorber.

� 2002 Elsevier Science Ltd. All rights reserved.
1. INTRODUCTION

A linear dynamical system subjected to combined parametric and forcing excitations of
a periodic nature is governed by a system of inhomogeneous di!erential equations with
periodic coe$cients. A steady state periodic response of such a system was analyzed by Hsu
and Cheng [1] and Klasztorny and WoH jcicki [2]. The amplitudes of the steady state
response of the system become unlimited on the stability boundaries of a homogeneous
system corresponding to the non-homogeneous one. There are three sets of boundary
curves separating stability regions from regions of instability. The "rst set (an even order
one when the greatest multiplier is equal to 1 and a ¹-periodic solution exists) is
characterized by the fact that near its boundary curves the steady state response amplitude
of the system is ampli"ed (unlimited) only when the period of the forcing excitation is an
odd multiple of the period of the parametric excitation. For the second set (an odd order
one when the greatest multiplier is equal to !1 and a 2¹-periodic solution exists) the
steady state response amplitude of the structure is ampli"ed (unlimited) only when the
period of the forcing excitation is an even multiple of the period of the parametric excitation
[1, 2]. The third set of boundary curves (the absolute value of the greatest multiplier is equal
to 1 separates stability regions from regions of combined parametric instability. The steady
state response amplitude of the system is not ampli"ed (is always limited) near these
boundaries.
The problem of optimal tuning of the absorber for an undamped single-degree-

of-freedom system subjected to harmonic forcing excitation was formulated and solved by
Den Hartog [3]; see also Harris [4]. The absorber's sti!ness and damping are the
parameters which change during the optimization procedure.
0022-460X/02/$35.00 � 2002 Elsevier Science Ltd. All rights reserved.
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The most e!ective reduction in the steady state response of the parametric system near
the resonance areas is a more complicated problem, especially as there are no analytic
solutions. The main di$culty is that the dynamic absorber must be tuned for more than one
parametric resonance frequency. Hence, it is di$cult to introduce a suitable optimization
method. Optimal tuning for one frequency (force to parametrical excitation) ratio cannot be
(usually is not) optimal for another one. Moreover, unlike any other kind of vibration, the
resonance response amplitude in a linear parametric system may increase boundlessly in
spite of the damping in the primary system [5]. Thus, damping must be involved to
eliminate the unstable regions [5]. It therefore also becomes necessary to investigate the
instability regions according to the Floquet theory [6]. This stability analysis is necessary as
it makes little sense to talk about a steady state response of the system if the system is
unstable [1, 2, 6]. Therefore, the optimization method ought to contain an e!ective
stabilization method, for instance, similar to the one proposed by Seyranian et al. [7].
Thus, the stability of the system has to be checked continuously and an objective
optimization function is di$cult to de"ne. Moreover, many parameters have to be changed.
The interactive participation of a designer in the tuning procedure seems to be a better
solution. A decision about which parameter and how much it should be changed to
obtain better e$ciency of the absorber is quite simple if the sensitivity function values are
known.
When a harmonic force is the only one to excite the primary undamped system, an

auxiliary mass damper in the resonance zone (close to the natural frequency of the primary
system) is e!ective [3, 8]. In the present paper, the e$ciency of a vibration absorber, when
parametric excitation appears beside the forcing excitation, is analyzed. Moreover, a case of
parametric excitation under a constant load is also examined [9, 10].
It is assumed that parametric instability resonance does not occur but excitation is very

close to an instability region. Then the steady state response amplitude values may be very
high [1, 2]. The most important question to examine is whether one dynamic absorber can
reduce the amplitude of vibration of the primary system for both natural and parametric
resonance frequencies. From this point of view, the application of a dynamic absorber to
reduce the vibration of a single-degree-of-freedom parametric system is similar to the
problem of a multi-degree-of-freedom system with many resonant peaks [8].
A numerical veri"cation of the above question is the aim of this paper. The "rst order

logarithmic sensitivity functions [11}13] are used to tune the dynamic absorber. The
numerical calculations are aided by the Mathematica computer software [14].

2. STABILITY AND SENSITIVITY ANALYSIS

2.1. MATRIX EQUATION OF MOTION

The matrix equation of motion has the form

B(t) qK#C(t) q� #K(t) q"f(t), (1)

where overdots refer to di!erentiation with respect to time t; q(t) is an n-dimensional vector
of the generalized co-ordinates; f(t) is an n-dimensional force vector periodic in twith period
¹

�
; and B, C, K are square n-dimensional real matrices of inertia, damping and sti!ness

respectively. Matrices B (t), C(t), K(t) are also periodic in t but with period ¹
�
. Let

¹
�
"¹

�
m

�
/m

�
, where m

�
and m

�
are assumed to be positive integers and m

�
/m

�
is an

irreducible rotational number. Thus, the forcing period of f(t) is commensurate with the
period of coe$cient matrices B, C, K . Let ¹

�
be a common period between parametric and
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forcing excitation so that

¹
�
"¹

�
m

�
"¹

�
m

�
. (2)

The excitation angular frequency of the system is �
�
"2�/¹

�
. For simplicity, instead of

&&angular frequency'' the term &&frequency'' will be used in further analysis.

2.2. STABILITY ANALYSIS

Provided that eigenvalues �
�
of monodromy matrix D lie within a unit circle on a

complex plane, the trivial solution of the parametric periodic linear systems is
(asymptotically) stable in the Lyapunov sense [6, 7]. Alternatively, stability can be
expressed in terms of characteristic system exponents �

�
"ln ��

�
�/¹

�
. In this case, stability

requires that the highest Lyapunov's characteristic exponent � of the system has a negative
value [6, 7].

2.3. STEADY STATE RESPONSE OF LINEAR PARAMETRIC SYSTEM

2.3.1. Combined parametric and forcing periodic excitation

Let R(t) with R(0)"I be the fundamental matrix for the solution of a homogeneous
equation corresponding to equation (1). The steady state response, i.e., the periodic solution
of non-homogeneous equation (1) is given by [1, 2]

r
�
(t)"rw(t)!R(t) (I!H)��b"r

�
(t#¹

�
), (3)

where

rw(t)"R (t)�
�

�

R�� (s)g (s) ds (4)

is the particular integral which satis"es the initial condition q(0)"q� (0)"0; r"[q, q� ]� and
g(t)"[0, f ]�"g (t#¹

�
) are 2n-vectors of state and forcing excitation respectively;

H"D�� where D"R (¹
�
) is a monodromy matrix and b"r

�
(¹

�
).

The amplitudes of this steady state response become unlimited [1, 2] on the boundaries of
the even or odd order periodic parametric instability regions of the homogeneous system
corresponding to non-homogeneous equation (1). The only interesting case from a practical
point of view is when the homogeneous system is asymptotically stable. Otherwise, the
homogeneous system's response is unlimited and it does not make much sense to talk about
a steady state response, even though the mathematical expression (3) for r

�
(t) is still valid

[1, 2]. Therefore, the stability of zero solution q,0 of the homogeneous equation
corresponding to equation (1) must be investigated initially.

2.3.2. Parametric excitation under constant load

All the theoretical nuances of the theory which is contained in this section are not easy to
explain simply in this paper. Proofs of the statements and a detailed analysis would take
many pages. Since it may be di$cult to follow all aspects of the theory, the author will try to
explain all the details in a separate paper in the future.
The algorithm presented in section 2.3.1 allows the steady state response of a dynamic

system to be determined under combined parametric and forcing periodic excitation [1, 2].
It is known, however, that when a parametric periodic system is under a constant load, an



758 Z. WOD JCICKI
additional family of parametric vibrations occurs [5, 9, 10]. The simple modi"cation of the
algorithm presented in section 2.3.1 ought to lead to useful formulae describing this
additional family of parametric vibrations. This can be done through a simple change in
equation (4). Since every constant function can be treated as a periodic function, with
a period that can be arbitrarily assumed, it is su$cient to substitute constant functions
(constant loads) for the periodic ones in vector g(t) and then to calculate r

�
(t) according to

equation (4). There are now two cases possible: (i) the period of the constant function is
assumed to be an odd multiple of the parametric excitation period (m

�
is an odd number),

and (ii) the period of the constant function is assumed to be an even multiple of the
parametric excitation period (m

�
is an even number). In order not to complicate the

problem, it is enough to consider the cases: m
�
"1 and 2.

(I) For m
�
"1!¹

�
"¹

�
, H"D��"D where D"R(¹

�
) is a monodromy matrix and

b"r
�
(¹

�
). The amplitude of steady state periodic response (3) may become

unbounded if factor (I!D)��b is unbounded, i.e., when matrix (I!D) is singular (a
necessary condition). This happens if at least one multiplier �

�
of monodromy matrix

D is equal to 1. The multiplier is equal to 1 on the boundary of the even order
periodic parametric instability regions. On this boundary a ¹

�
-periodic solution of

the homogeneous system exists, but then, according to equation (4), vector
b"r

�
(¹

�
)O0. Finally, the amplitude of steady state response (3) becomes

unbounded because factor (I!D)��b may be unbounded when vector bO0 and
matrix (I!D) is singular.

(II) For m
�
"2!¹

�
"2¹

�
, H"D��"D2 and b" r

�
(2¹

�
). The amplitude of steady

state response (3) becomes unbounded if factor (I!D2)��b is unbounded. This factor
may become unbounded if matrix (I!D2) is singular (a necessary condition) and
simultaneously vector bO0. There are two cases in whichmatrix (I!D2) is singular:
(1) at least one multiplier �

�
of monodromy matrix D is equal to 1 (a point on the

boundary of the even order periodic parametric instability regions for which
a ¹

�
-periodic solution exists), but vector b"r

�
(2¹

�
)O0 and then the amplitude

of steady state solution (3) may become unbounded;
(2) at least one multiplier �

�
of monodromy matrix D is equal to !1 (a point on the

boundary of the odd order periodic parametric instability regions for which
a 2¹

�
-periodic solution exists), but then vector b"r

�
(2¹

�
)"0 (see equation (4))

and the amplitude of steady state solution (3) must stay limited.

A general conclusion can now be formed. If the parametric periodic system is under
a constant load, an additional family of parametric vibrations appears. The amplitudes of
the steady state vibrations can become theoretically unbounded on the boundaries of the
parametric instability regions but only on the even order ones. This means that when
the parametric excitation frequency is equal to the doubled natural vibration frequency, the
main parametric resonance (the "rst odd order one) does not occur under a constant load.
Basic resonance under a constant load can appear when the parametric excitation
frequency is equal to the frequency which corresponds to the boundary of the "rst even
order parametric periodic instability region. This boundary is close to the natural frequency
of the system [9, 10]. All the parametric even order instability regions (at slight damping)
are close to the points (in the frequency domain) which are multiples of the natural
frequency of the system (see, for instance, the stability chart for Mathieu's equation [4]).
Thus, the statement that the resonances of the parametric periodic system under a constant
load occur near these points seems to be reasonable. Actually, resonance occurs either on
the left boundary or the right boundary, or on both boundaries of the parametric instability
regions which are near the natural frequency of the system. The amplitudes of these
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resonance vibrations can be theoretically unbounded despite the damping in the system.
This phenomenon is not observed in constant parameter systems with harmonic forcing
excitations, which proves that the above resonance vibrations are of a parametric nature.
Only if damping is large enough to limit the parametric periodic even order instability
regions, the vibrations have a character analogous to the resonance vibrations of
harmonically excited constant parameter systems. Then the parametric resonance
vibrations are observed (if they occur) close to the integer multiple of the natural frequency
of the system. Damping, however, can e!ectively reduce the ampli"cation ratio of the
resonance vibrations. The amplitudes of the responses are then proportional to the values of
the loading force (see also reference [9]).

2.4. FIRST-ORDER SENSITIVITY FUNCTIONS

It is now assumed that each component of matrices B, C, K depends on the parameter
vector

a"[a
�
, a

�
,2, a

�
]�. (5)

The parameter vector, after variation called the actual parameter vector, is a"a
�
#�a

where �a is a small parameter variation and a
�
stands for the nominal parameter vector.

Solution (3) of equation (1) depends on time t and parameter vector a, i.e., q"q(t, a). Let
a be any element of vector a. The equation of sensitivity for this element can be written in
the same form as equation (1), i.e.,

B (t) sK a (t)#C (t)s� a (t)#K(t)sa (t)"p(t), (6)

where

sa(t)"
�q(t, a)

�a �a
�

(7)

is a vector of the sensitivity functions in the time domain.
Subscript &&a

�
'' in equation (7) indicates that the partial derivative is evaluated at the

nominal parameter value. For simplicity, this evaluation indication will be omitted in
further analysis, the evaluations thus always being implicitly understood.
On the right side of equation (6) there is a vector which can be de"ned as

p (t)"
�f (t)

�a
!�

�B(t)

�a
qK#

�C(t)

�a
q� #

�K(t)

�a
q�. (8)

Each element of vector p(t) is a periodic (but non-harmonic) function of time with period ¹
�
,

since steady state response q (t), q� (t), qK (t) of equation (1) and matrices B (t), C(t), K(t) are
periodic in t with period ¹

�
. The solution of equation (6) is given by the same algorithm

(formulae (3) and (4)) as that for equation (1). The only di!erence is that vector p(t) must be
substituted for vector f(t). Unfortunately, functions (7) do not depend on frequency � (they
do so only implicitly), but on time t. To obtain the logarithmic sensitivity functions in the
frequency domain, time must be eliminated. This can be done by substituting the
&&amplitude'' of function q(t) for this function in equation (7) [13, 15, 16]. The "rst order
absolute dimensional sensitivity function in the frequency domain of general co-ordinate
q(t) can be calculated from the following formula:

s
�
"s

�
(t
	
)"

�q(t, a)
�a �a

���	

, (9)
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where t
	
3	0, ¹

�

 denotes the time for which function q (t) has the greatest absolute value

q
��


(in period ¹
�
), where

q
��


"max
�

( �q(t, a) � �a
�

"�q (t
	
, a

�
) �. (10)

Finally, the "rst order non-dimensional relative (logarithmic) sensitivity function in the
frequency domain [9, 12, 13] has the form

w
�
"

� ln q(t, a)
� ln a �a

���	

"

�q (t, a)/q(t, a)
�a/a �a

�� �	

"

a

q(t, a)

�q(t, a)
�a �a

�� �	

"

a

q
��


s
�
. (11)

Sensitivity functions (7), (9), and (11) are calculated according to the algorithm described in
this section. The basis of the calculation is the numerical integration of equations (1) and (6)
in agreement with relations (3) and (4). This numerical integrationmust be done merely over
one period ¹

�
.

Theoretically, there is a slight risk of the jumping of the logarithmic sensitivity function
values in equation (11). This can occur when the parametric periodic response has almost
the same absolute values of maximum positive and maximum negative total de#ection from
the equilibrium state. Because of the numerical integration (discretization in time) of
equation of motion (1) the values of the maxima are only calculated approximately and can
be exchanged (theoretically). The positive and negative maximum de#ections occur at
di!erent time points, thus the sensitivity functions are also calculated at di!erent time
points. The jumping of the sensitivity functions may also occur then. As regards de#ection,
this situation may arise sporadically for two reasons. Firstly, the accuracy of de#ection
calculations is higher than that of velocity and acceleration calculations. Secondly, a slight
di!erence between the positive and negative maxima for steady state response parametric
systems occurs very rarely, the more so as the static load involves the asymmetry of the total
(a sum of the static and dynamic displacement) periodic steady state displacement time
functions. Therefore, the jumping of the logarithmic sensitivity functions did not occur
during the calculations.

3. EFFICIENCY ANALYSIS OF VIBRATION ABSORBER

3.1. MODEL OF SYSTEM

The viscously damped two-degree-of-freedom parametric system is shown in Figure 1.
Auxiliary mass m is coupled by spring k and viscous damper c to primary system M,

which is coupled by springK and viscous damper C to a ground base (the lower lined block
in Figure 1). The primary system is excited by force f (t), which is harmonically changing in
time with period ¹

�
, and simultaneously by parametric excitation * the characteristic of

springK (t) changes periodically in time with period ¹
�
. Viscous damper characteristic c can

also change periodically in time with period ¹
�
. Thus,

K(t)"K
�
#K

�
cos (�

�
t),

c(t)"c#c
�
cos (�

�
t), f (t)"f

�
#f

�
cos(�

�
t). (12)

The elements of matrix equation of motion (1) and equation of sensitivity (6) have the form

B"�
m 0

0 M� , (13)



Figure 1. Schematic diagram of auxiliary mass m coupled by spring k and viscous damper c to primary
parametric system M which is coupled by spring K and viscous damper C to ground base (lower lined block).
Primary system is excited simultaneously by force F(t) and parametric excitation K(t).
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C(t)"�
c !c

!c c#C�#�
c
�

!c
�

!c
�

c
�
� cos(��t) , (14)

K(t)"�
k !k

!k k#K
�
� # �

0 0

0 K
�
� cos(��t), (15)

f(t)"�
0

f
�
�#�

0

f
�
� cos(��t), (16)

where according to relation (2)

�
�
"

�
�
m

�

"

�
�
m

�

, m
�
, m

�
"1, 2,2. (17)

In order not to complicate the algebraic analysis which is to follow, the most general case
will not be considered and attention will be focussed on the cases where m

�
"1.

3.2. UNDAMPED NON-PARAMETRIC SYSTEM

Nominal parameter values are assigned as follows: M"3�10� kg, K
�
"4�10� N/m,

C"0, f
�
"0, f

�
"1 N, K

�
"0, c

�
"0. The components of the parameter vector are

a"[c, k]�. The natural frequency of the primary system is �"�K
�
/M"115)5 rad/s.

Assuming mass ratio �"m/M"1/20, the mass parameter of the vibrating absorber is
m"1500 kg. The problem of the optimal tuning frequency and damping absorber



Figure 2. Normalized amplitude}frequency characteristics of primary mass and logarithmic sensitivity
functions of displacement of primary mass w

�
(dashed line) and w

�
(continuous line) with respect to parameter c or

k for undamped non-parametric system with optimally tuned classical absorber (identical left and right columns):
(a) 2, c"R; �"�

�
�
; C"0;**, K

�
"0; c

�
"0; f"f

�
#f

�
(t); (b) ' ' ' , w

�
; **, w

�
; (c) 2, c"R; �"�

�
�
;

C"0; **, K
�
"0; c

�
"0; f"f

�
#f

�
(t); (d) ' ' ' , w

�
; **, w

�
.
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parameters for an undamped single-degree-of-freedom system subjected to harmonic
forcing excitation was solved and formulated by Den Hartog [3]. According to references

[3, 15], optimum frequency ratio �"
/� (
"�k/m is the natural frequency of the
absorber) and optimum damping c of the absorber are given by

�
�
�

"

1

1#�
+0)95, c"�

K
�
M�	

2(1#�)	
. (18)

Thus, parameter k can be calculated from formula k"���K
�
and the natural frequency

from formula 
"�k/m"112)7 rad/s. The e$ciency of the auxiliary mass damper with
optimum tuning is shown in Figure 2.
The amplitude}frequency characteristic of displacement q

�
of primary system mass M as

a function of �
�
is shown in Figure 2(a, c) and at the top of all the next composite "gures. The

logarithmic sensitivity functions of displacement q
�
are shown in the lower "gures. Functions

w
�
and w

�
(dashed line) are "rst order logarithmic sensitivity functions with respect to the

appropriate design variable c or k as can be seen in Figure 2(b, d) and at the bottom of all the
following composite "gures. All the left-hand "gures are for m

�
"1 and all the right-hand

ones for m
�
"2. The amplitude}frequency characteristics, when the characteristic of damper

constrain c"R, are shown in the background of the upper "gures (dashed line).

3.3. UNDAMPED PARAMETRIC SYSTEM

The only change involving parametric excitation parameter K
�
"0)5K

�
is now

introduced. The amplitude}frequency characteristics of q
�
and "rst order logarithmic



Figure 3. Normalized amplitude}frequency characteristics of primary mass and logarithmic sensitivity
functions of displacement of primary mass w

�
(dashed line) and w

�
(continuous line) with respect to parameter c or

k for undamped parametric system with classical absorber. Left column for parametric excitation frequency equal
to force frequency, right column for parametric excitation frequency twice as high as force frequency: (a) 2,
c"R; �O�

�
�
; C"0;K

�
"K

�
/2;**, c

�
"0; f"f

�
#f

�
(t);m

�
"�

�
/�

�
"1; (b) ' ' ' ,w

�
;**, w

�
; (c) 2, c"R;

�O�
�
�

; C"0; K
�
"K

�
/2; 22, c

�
"0; f"f

�
#f

�
(t); m

�
"�

�
/�

�
"2; (d) ' ' ' , w

�
; **, w

�
.
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sensitivity w
�
and w

�
are shown in Figure 3. The left-hand "gures are for m

�
"1 and the

right-hand ones for m
�
"2.

When parametric excitation occurs, damping and the frequency ratio of the absorber
for m

�
"1 are not optimum. The amplitude of the response close to the natural frequency

of the primary system increases almost 3 times in comparison with the one shown in
Figure 2. The sensitivity functions are useful when carrying out the tuning procedure.
Sensitivity functions show the in#uence of damping parameter c and sti!ness parameter
k on the amplitude}frequency characteristic. For example, the results presented in
Figure 3 lead to the following conclusions: the sti!ness coe$cient k is the only important
parameter, changing the value of the primary mass M amplitude. A decrease in the
value of the sti!ness parameter k leads to a decrease in the amplitude of the vibration
close to the frequency of 100 rad/s (the positive value of the sensitivity function in this area)
but at the same time it leads to an increase in the amplitude of the vibration close to the
frequency of 120 rad/s (the negative value of the sensitivity function in this area). By
changing parameter c appropriately the optimum tuning of the absorber is obtained.
The optimum frequency ratio is �"0)92(�

�
�
"1/(1#�)+0)95. The results are shown

in Figure 4.
Additionally, in Figure 4(a, b) it can be seen that form

�
"1 optimum tuning occurs where

the displacement function has its maximum and at the same time the "rst order logarithmic
sensitivity function with respect to c has zero value. This means that a change of the
damping value cannot decrease the response of the system. The damper of the parametric
system for m

�
"1 seems to be well founded. The amplitude value of the response of the



Figure 4. Normalized amplitude}frequency characteristics of primary mass and logarithmic sensitivity
functions of displacement of primary mass w

�
(dashed line) and w

�
(continuous line) with respect to parameter c or

k for undamped parametric system with classical absorber optimally tuned for parametric excitation frequency
equal to force frequency. Left column for parametric excitation frequency equal to force frequency, right column
for parametric excitation frequency twice as high as force frequency: (a) 2, c"R; �"�

�
�
; C"0; K

�
"K

�
/2;

**, c
�
"0; f"f

�
#f

�
(t); m

�
"�

�
/�

�
"1; (b) ' ' ' , w

�
;**, w

�
; (c) 2, c"R; �O�

�
�
; C"0; K

�
"K

�
/2;22,

c
�
"0; f"f

�
#f

�
(t); m

�
"�

�
/�

�
"2; (d) ' ' ' , w

�
; **, w

�
.
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primary system only approximately doubles (the e!ect of the parametric excitation) in
comparison with the one shown in Figure 2(a) and decreases about one-third in comparison
with that shown in Figure 4(a).
For m

�
"2 the situation is substantially di!erent. High peaks are observed close to the

frequencies of �
�
"95 rad/s (�

�
"2�

�
"170 rad/s) and �

�
"135 rad/s (�

�
"2�

�
"

270 rad/s). Theoretically, there is only one possible explanation of such resonance
ampli"cations. An odd order instability region must occur for a frequency of 95}135 rad/s.
And then

� if the frequency of the parametric excitation is an odd multiple: m�"1, 3, 5,2 of the
forcing excitation (for instance they are equal), the amplitude of the steady state response
of the system should not be increased (Figures 3(a) and 4(a));

� if the frequency of the parametric excitation is an even multiple: m�"2, 4, 6,2 of the
frequency of the forcing excitation (for instance twice as higher), the amplitude of the
steady-state response of the system should be increased (theoretically unlimitedly) near
the boundary curves separating the stability regions from the instability ones (Figures 3(c)
and 4(c)).

According to section 2.2, the stability can be expressed in terms of characteristic system
exponents �

�
"ln ��

�
�/¹�, where ¹� is the period of the parametric excitation. The instability

requires the highest Lyapunov's characteristic exponent � to have a positive value [2, 6].
Lyapunov's characteristic exponent � as a function of the forcing excitation frequency (not
the parametric excitation frequency) is shown in Figure 5.



Figure 5. Lyapunov's characteristic exponent function for undamped parametric system (positive values of
function mean that system is unstable).

SENSITIVITY ANALYSYS IN ABSORBED TUNING 765
The even order instability region in the frequency range �
�
"95}135 rad/s (��"

190}270 rad/s) indeed occurs. Moreover, the natural frequency of the primary system,
which is 115)5 rad/s, is within this parametric instability region. Consequently, the
parametric resonance and the forcing resonance occur simultaneously. This is the most
dangerous resonance combination for this system. The best way to stabilize the system
could be to apply the stabilization method presented in reference [7]. Another way to
stabilize the system is to introduce damping for massM of the primary parametric system
(Figure 1).

3.4. DAMPED PARAMETRIC SYSTEM

Value C of the characteristic damping constraint must be high enough to eliminate the
unstable regions. This happens when damping characteristic C"4)4�10
 Ns/m is
assumed (it amounts to about 10c ). It can be seen (Figure 6) that Lyapunov's characteristic
exponent function for this value of the damping coe$cient has only negative values. This
means that the parametric system is stable.
Analogous amplitude}frequency characteristics of q

�
and the "rst order logarithmic

sensitivity functions for m
�
"1 and 2 are shown in Figure 7.

Although the regions of the parametric instability are reduced slightly, the boundary
curves are very close for �

�
"100 rad/s (�

�
"200 rad/s) and �

�
"122)5 rad/s

(�
�
"245 rad/s) (Figure 6). The amplitudes of the steady state response of the system for

m
�
"2 are still very large (Figure 7(c)), and the tuning of the absorber is not optimal. Since

the amplitude of the response for m
�
"2 (Figure 7(c)) is larger than that of the response for

m
�
"1 (Figure 7(a)), the tuning procedure was carried out for m

�
"2 as a more important

event. In Figure 7(c), the amplitude is much greater for �
�
"122)5 rad/s than for

�
�
"100 rad/s. Sensitivity function w

�
has negative values close to the higher peak and

positive values close to the lower one (Figure 7(d)). This means that an increase in the



Figure 6. Lyapunov's characteristic exponent function for damped parametric system (negative values of
function mean that system is stable).

Figure 7. Normalized amplitude}frequency characteristics of primary mass and logarithmic sensitivity functions
of displacement of primary mass w

�
(dashed line) and w

�
(continuous line) with respect to parameter c or k for

damped parametric system with classical absorber. Left column for parametric excitation frequency equal to force
frequency, right column for parametric excitation frequency twice as high as force frequency: (a) 2, c"R;
�O�

�
�
; C"10c; K

�
"K

�
/2; **, c

�
"0; f"f

�
#f

�
(t); m

�
"�

�
/�

�
"1; (b) ' ' ' , w

�
; **, w

�
; (c) 2, c"R;

�O�
�
�

; C"10c; K
�
"K

�
/2; 22, c

�
"0; f"f

�
#f

�
(t); m

�
"�

�
/�

�
"2; (d) ' ' ' , w

�
; **, w

�
.
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Figure 8. Normalized amplitude}frequency characteristics of primary mass and logarithmic sensitivity
functions of displacement of primary mass w

�
(dashed line) and w

�
(continuous line) with respect to parameter c or

k for damped parametric system with classical absorber optimally tuned for parametric excitation frequency which
is twice as high as force frequency. Left column for parametric excitation frequency equal to force frequency, right
column for parametric excitation frequency twice as high as force frequency: (a) 2, c"R; �O�

�
�
; C"10c;

K
�
"K

�
/2; **, c

�
"0; f"f

�
#f

�
(t); m

�
"�

�
/�

�
"1; (b) ' ' ' , w

�
; **, w

�
; (c) 2, c"R; �"�

�
�
; C"10c;

K
�
"K

�
/2; 22, c

�
"0; f"f

�
#f

�
(t); m

�
"�

�
/�

�
"2; (d) ' ' ' , w

�
; **, w

�
.
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sti!ness k of the absorber should decrease the higher peak and increase the lower one.
Therefore, the value of the sti!ness k of the absorber spring must be increased, and
consequently the frequency ratio � of the absorber must be increased too. Optimum tuning
can be achieved for absorber sti!ness k"1)77�10� N/m (�"0)9407). The results are
shown in Figure 8.
The parameters of the absorber are tuned optimally in such a way as to

obtain a minimum response near the parametric resonance zone. The peaks in
Figure 8(c) for m

�
"2 have the same height when �

�
"100 rad/s (�

�
"200 rad/s)

and �
�
"122)5 rad/s (�

�
"245 rad/s), which proves that the tuning really is optimal.

This is additionally con"rmed by the logarithmic sensitivity functions. The
amplitude}frequency characteristic of displacement function q

�
has maximum values at the

same points at which the "rst order logarithmic sensitivity function with respect to c has
zero value (Figure 8(d)).
For the other values of the excitation frequency the results of applying the absorber are

also signi"cant. Form
�
"1 the response of the system for which the force excitation is close

to the natural frequency of the system (about 115)5 rad/s) is still reduced by more than 50%
(Figure 8(a)).
The tuning capabilities of the conventional absorber cannot be improved further. This

means that changes of the absorber parameters' values will not decrease the response of the
parametric system. Therefore, it seems sensible to introduce another kind of absorber such
as a parametric one.



Figure 9. Normalized amplitude}frequency characteristics of primary mass and logarithmic sensitivity
functions of displacement of primary mass w

�
(dashed line) and w

�
(continuous line) with respect to parameter c or

k for damped parametric system with parametric absorber optimally tuned for parametric excitation frequency
which is twice as high as force frequency. Left column for parametric excitation frequency equal to force frequency,
right column for parametric excitation frequency twice as high as force frequency: (a) 2, c"R; �O�

�
�
; C"10c;

K
�
"K

�
/2; **, c

�
"c/2; f"f

�
#f

�
(t); m

�
"�

�
/�

�
"1; (b) ' ' ' , w

�
; **, w

�
; (c) 2, c"R; �"�

�
�
; C"10c;

K
�
"K

�
/2; 22, c

�
"c/2; f"f

�
#f

�
(t); m

�
"�

�
/�

�
"2; (d) ' ' ' , w

�
; **, w

�
.
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3.5. PARAMETRIC ABSORBER

In this case, periodically changing characteristic c(t) of the absorber is involved and the
latter becomes parametric [16]. The amplitude}frequency characteristics of q

�
and the "rst

order logarithmic sensitivity functions for the parametric damper are shown in Figure 9. It
is assumed that K

�
"0)5K

�
, k"1)77�10� N/m, c

�
"c/2.

The tuning remains optimal at m
�
"2. When the parametric absorber is used, the

maximum response of the primary system (max. amplitude q
�
of mass M) (Figure 9(c)) is

over 10% lower than that obtained for the conventional absorber (Figure 8(c)). For m
�
"1

the steady state response of the system is still very low (Figure 8(a)) in comparison with that
obtained for m

�
"2 (Figure 8(c)). The system is still stable, even though the arrangement of

the instability regions changes slightly (Figure 10).

3.6. PARAMETRIC EXCITATION UNDER CONSTANT LOAD

An e$ciency analysis of the classical absorber and the parametric absorber for
parametric excitation under a constant load is also carried out. Two cases are analyzed: (1)
damping is low and parametric instability regions may occur (see section 3.3.*undamped
parametric system) (Figure 11(a)); and (2) damping is high enough to eliminate parametric
instability regions (see section 3.5*parametric absorber) (Figure 11(b)), but this is close to



Figure 10. Lyapunov's characteristic exponent function for damped parametric system with optimally tuned
parametric absorber (positive values of function mean that system is unstable).

Figure 11. Normalized amplitude}frequency characteristics of primary mass for undamped: 2, c"R;
�"�

�
�
; C"0; **, K

�
"K

�
/2; c

�
"c/2; f"f

�
"const.; (a) and damped: 2, c"R; �O�

�
�
; C"10c; **,

K
�
"K

�
/2; c

�
"c/2; f"f

�
"const.; (b) parametrically excited system under constant load.
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the boundaries of the regions. The e$ciency of the absorbers in reducing the steady state
response of linear parametric systems under a constant load is quite good.

3.7. ESTIMATION OF PARAMETRIC ABSORBER EFFICIENCY

The e$ciency of the parametric absorber in some cases of excitation of the damped
primary system can be estimated on the basis of the results presented in Figure 12. In all
cases the system remains the same and only the excitations change. The dashed line in the
background refers to a situation when the parametric absorber is not working (absorber
damping characteristic c"R). The bold line represents the amplitude}frequency
characteristic in the case when the parametric absorber is working.
The amplitude}frequency characteristics for the harmonic forcing excitation of

a non-parametric system are shown in Figure 12(a). The tuning of the absorber is not



Figure 12. E$ciency of parametric absorber in some cases of excitation of damped primary system:
(a) harmonic forcing excitation of non-parametric system: 2, c"R; �O�

�
�
; C"10c; **, K

�
"0; c

�
"0;

f"f
�
#f

�
(t); (b) parametrically excited system under constant load: 2, c"R; �O�

�
�
; C"10c; 22,

K
�
"K

�
/2; c

�
"c/2; m

�
"�

�
/�

�
"1; (c) harmonic forcing excitation of parametric system when parametric

excitation frequency is equal to force frequency: 2, c"R; �"�
�
�

; C"10c; **, K
�
"K

�
/2; c

�
"c/2;

f"f
�
"const.; (d) harmonic forcing excitation of parametric system when parametric excitation frequency is twice

as high as force frequency (optimally tuned absorber): 2, c"R; �"�
�
�

; C"10c; 22, K
�
"K

�
/2; c

�
"c/2;

m
�
"�

�
/�

�
"2.
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optimal but its e$ciency near the natural frequency of the system is quite good, being
approximately 50%.
The amplitude}frequency characteristics for the parametric excitation system under

a constant load are shown in Figure 12(c). The tuning of the absorber is optimal and its
e$ciency near the natural frequency of the system is still quite good (about 50%). The
resonance amplitudes are almost the same as in the previous case, the only di!erence being
that the width of the resonance zone is greater.
The amplitude}frequency characteristics for the harmonic forcing excitation of the

parametric system are shown in Figure 12(b, d).
The case when the frequency of the parametric excitation is equal to the frequency of the

forcing excitation (m
�
"1) is shown in Figure 12(b). The tuning of the parametric absorber

is not optimal. The e$ciency of the absorber in the resonance frequency zone is a little
higher than in the previous cases, but it is still about 50%. The resonance amplitudes
reduced by the absorber are almost twice as large as the previous ones.
The case when the frequency of the parametric excitation is double the frequency of the

forcing excitation (m
�
"2) is shown in Figure 12(d). The tuning of the parametric absorber

is now optimal. The e$ciency of the absorber in the resonance frequency zone is much
higher, being about 90%. The resonance amplitudes reduced by the absorber are almost
seven times larger than for the harmonic forcing excitation of the constant parameter
system (Figure 12(a)).
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The application of a dynamic parametric absorber to reduce the vibration of
a single-degree-of-freedom primary parametric periodic system is similar to the problem of
multi-degree-of-freedom systems. The general conclusion is that one dynamic absorber can
reduce e!ectively the amplitude of vibration of a parametric system for non-parametric and
many parametric resonance frequencies simultaneously. Also the e$ciency with which the
absorber reduces the steady state response of linear parametric systems under a constant
load is su$cient.

4. CONCLUSIONS

The study presents a methodology for designing a dynamic parametric absorber for the
reduction of the steady state response of a single-degree-of-freedom system subjected to
parametric and forcing excitations.
The study incorporates the following results:

� For the parametric system, the parametric absorber is more e$cient than the
conventional one. The maximum response of the primary mass can be reduced by about
10% more when the parametric damper is employed (Figures 8(c) and 9(c)).

� The parametric resonance is much more dangerous and the amplitudes of the steady state
response of such a system are greater than those obtained by forcing excitation only
(Figures 9(c) and 2(c)).

� Damping in the primary system is necessary to reduce the parametric resonance regions
(Figures 5 and 6).

� One dynamic absorber can reduce the amplitude of vibration of a parametric system for
non-parametric and many parametric resonance frequencies simultaneously (Figure 12).

� The e$ciency of the absorber in reducing the steady state response of linear parametric
systems under a constant load is also su$cient.

� The application of a dynamic absorber to reduce the vibration of a single-
degree-of-freedom primary parametric system is similar to the problem of multi-
degree-of-freedom systems.

� First order logarithmic sensitivity functions with respect to appropriate design variables
k (the sti!ness constraint of the absorber) and c (the damping constraint of the absorber)
are very useful tools for the absorber tuning procedure.

REFERENCES

1. C. S. HSU and W. H. CHENG 1974 Journal of Applied Mechanics, ¹ransactions of the American
Society of Mechanical Engineers 41, 371}378. Steady}state response of a dynamical system under
combined parametric and forcing excitation.

2. M. KLASZTORNY and Z. WOD JCICKI 1987 Archive of Civil Engineering 44, 385}408. Steady-state
vibrations of discrete systems under parametric and forcing excitation (in Polish).

3. J. P. DEN HARTOG 1956 Mechanical <ibrations. New York: McGraw-Hill; fourth edition.
4. C. M. HARRIS 1996 Shock and <ibration Handbook. New York: McGraw-Hill; fourth edition.
5. Z. OSIND SKI 1978 ¹eoria drganH . Warszawa: PWN (in Polish).
6. B. P. DEMIDOWICZ 1972 Matematyczna teoria stabilnosH ci. Warszawa: WNT (in Polish).
7. A. P. SEYRANIAN, F. SOLEM and P. PEDERSEN 2000 Journal of Sound and <ibration 229, 89}111.

Multi-parameter linear periodic systems: sensitivity analysis and applications.
8. M. KLASZTORNY 1995Earthquake Engineering and Structural Dynamics 24, 1155}1172. Reduction

of steady-state forced vibrations of structures with dynamic absorbers.
9. J. OSIND SKI 1991 Machine Dynamic Problems 2, 221}246. Modeling and analysis of vibration of

discrete-continuous systems with parametric excitation under constant load.



772 Z. WOD JCICKI
10. A. KRUPA and J. OSIND SKI 1996 Prace Instytutu Podstaw Budowy Maszyn Politechniki
=arszawskiej 2, 19}29. On the dependence between parametric and forced vibrations in
discrete-continuous dynamical model (in Polish).

11. P. M. FRANK 1978 Introduction to System Sensitivity ¹heory. New York: Academic Press.
12. A. G. NA|E, CZ and J. WICHER 1988 Journal of Sound and<ibration 120, 517}526. Design sensitivity

analysis of mechanical systems in frequency domain.
13. Z. WOD JCICKI 1994 Proceedings of the 2nd International Conference on Computer Structure

¹echnology,Athens,Greece,Advances in Computational Mechanics (M. Papadrakakis and B. H. V.
Topping, editors), 215}223. Edinburgh: Civil-Comp Press. Sensitivity analysis of steady-state
response of parametric system.

14. S. WOLFRAM 1999 ¹he Mathematica Book. New York: Wolfram Media/Cambridge University
Press; fourth edition.

15. Z. WOD JCICKI 1997 Proceedings of the 11th Polish Conference on Computer Methods in Mechanics,
PoznanJ , Poland, <ol. 4, 1417}1424. E$ciency analysis of a vibration absorber in case of
parametric excitation.

16. Z. WOD JCICKI and J. GROSEL 1999 Proceedings of the 4th European Conference on Structural
Dynamics E;ROD>N'99, Prague, Czech Republic (L. Fryba and J. Naprstek, editors) Vol. 1,
531}536. Rotterdam: A.A. Balkema. E$ciency of a parametric absorber in case of parametric
excitation.

APPENDIX A: NOMENCLATURE

B, M, m mass matrix and masses of primary system (capital letter) and absorber (small
letter) respectively

C, C, c, c
�
, c

�
damping matrix and damping coe$cients of primary system (capital letter) and
absorber (small letters) respectively

D monodromy matrix
H integer power of monodromy matrix
I identity matrix
K,K,K

�
,K

�
, k sti!ness matrix and primary system (capital letters) and absorber (small letter)

spring sti!nesses
R fundamental matrix of solutions
a, a

�
a, a

�
parameter vector, nominal parameter vector and parameters

�a small parameter variation vector
b particular integral vector in state space (evaluated at end of period)
f, f

�
, f

�
force excitation vector, static and dynamic force amplitudes

g force excitation vector in state space
q, q� , qK vectors of dynamic displacements (general co-ordinates), velocities and

accelerations respectively
r, r

�
vector of state and steady state (periodic) response vector in state space (particular
integral vector which satis"es non-zero initial conditions)

r
�

particular integral vector which satis"es zero initial condition in state space
sa, s� a, sK a absolute sensitivity functions vector and its time derivatives
m

�
, m

�
positive integers

q
��


highest absolute value of total (static and dynamic) displacement of primary mass
s
�
, w

�
absolute sensitivity function and relative (logarithmic) sensitivity function;

t time variable
t
	

time point for which highest absolute value of total displacement of primary mass
occurs

¹
�
, ¹

�
, ¹

�
common, parametric and force period

�, �
�
�

frequency ratio and optimum frequency ratio
�
�
, �

��

Lyapunov's characteristic exponent and highest Lyapunov's characteristic
exponent

�
�
, �

�
, �

�
common, parametric and force frequency

� mass ratio
�
�

eigenvalue of monodromy matrix

 angular undamped natural frequency of absorber
� angular undamped natural frequency of primary system
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