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Road traffic noise is today a serious environmental problem in urban areas. The
dominating noise source at speeds greater than 50 km/h is car tyres. In order to achieve
a reduction of traffic noise tyres have to become quieter. To reduce tyre/road noise a deep
understanding of the noise generation mechanisms is of major importance. An existing
tyre/road noise simulation model consists of a smooth tyre rolling at a constant speed
on a rough road surface. It is composed of three separate modules: a tyre model, a contact
model and a radiation model. The major drawback with the contact model is that it
only takes the radial component of the contact forces into account. To improve this
model, a description of the tangential motion at high frequencies is necessary. Most of
the models for the structure-borne sound behaviour of tyres are designed for the
low-frequency range (i.e., below 400 Hz). Above this frequency range, the curvature of
the tyre is unimportant, while the internal structure (multi-layers of steel and rubber)
increases in importance. For the high-frequency range, a double-layer tyre model is
proposed, which is based on the general field equations, to take into account the
tangential motion and the local deformation of the tread. Both propagating waves and mode
shapes have been investigated by the use of this model. Calculations of the response of the
tyre to an external excitation show relatively good agreement with measurements on
a smooth tyre.

© 2002 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

1.1. BACKGROUND

Today noise is considered as one of the largest environmental problems in urban areas in
Europe. According to reference [1], 20% of the population is exposed to sound pressure
levels greater than 55 dB(A) and more than 65% to levels greater than 55 dB(A) outside
their windows. This level does not constitute a good sound environment. The major part of
the environmental noise comes from road traffic.

Tyre/road noise is the dominant noise source for vehicles at driving speeds greater than
30-50 km/h. During the last 20 years, research has focused on reduction of the noise
generated by the engine, exhaust system and transmission line in vehicles. The tyres,
however, are said to be as noisy today as 20 years ago [2]. Tyre/road noise is today the
limiting factor for the reduction of road traffic noise. Further reductions of the noise from
engine, exhaust system, transmission line, etc. are less and less noticeable in the form of
a reduction of the environmental noise.

0022-460X/02/$35.00 © 2002 Elsevier Science Ltd. All rights reserved.
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1.2. RESEARCH ON TYRE/ROAD NOISE

To be able to reduce the noise from tyres a deep understanding of the noise generation
mechanisms involved in the interaction between the tyre and the road surface is of major
importance. Basically, two different mechanisms can be observed [3]:

e Vibrations of the tyre. The time-varying contact forces will cause vibrations of the tyre,
which will radiate sound.

® The air resonance phenomenon. For example, the grooves of the pattern will act as
Helmholtz resonators, and the air is pushed out of the contact area in front of the tyre
and sucked into the contact at the trailing edge, the so-called air pumping effect.

An additional noise source not included in either of these two classes is the local
deformation of the tread. The rubber in the tread is, compared to the road surface, very soft
with a low shear modulus and a high Poisson ratio. Small roughness peaks in the road
surface will cause a local deformation in the tread around the peak when it comes into
contact with the tyre. This effect was investigated by Ronneberger [4] and was shown to be
a possible noise source at medium and high frequencies.

Previously, a complete simulation model for tyre/road noise prediction has been
developed [5], consisting of a smooth tyre rolling at constant speed over a rough road
surface. This simulation model is composed of three modules, namely

e A tyre model, where the dynamic properties of a tyre are considered.

e A contact model, where the non-linear contact forces during the rolling process and the
resulting vibration velocities on the tyre are calculated.

o A radiation model, where the sound radiation from the tyre due to the velocity field on
the tyre is calculated.

One major drawback of this simulation model is the contact model where only the radial
part of the contact forces is taken into account. In reality, there are also tangential and
lateral forces acting in the contact zone. The tangential forces originate mainly from three
mechanisms:

1. Geometry, the tread blocks enter the contact zone at an angle relative to the road. The
resulting force can be divided into one radial and one tangential component.

2. Friction, due to the velocity differences between the vibrating tyre and the road surface,
time-varying tangential friction forces will act on the tread.

3. Roughness, the roughness of the road surface leads to a variation of the radial contact
forces, which in turn affect the tangential friction forces.

In order to improve the contact model the dynamic tyre model has to be able to include the
reaction to both radial and tangential contact forces.

1.3. EXISTING TYRE MODELS

A lot of research on the vibrational properties of vehicle tyres has been done during the
last decades.

One of the first tyre models was the circular ring model developed by Bohm [6]. The
model takes radial, tangential as well as lateral motions into account. Pacejka [ 7] modelled
the tyre belt as a circular beam under tension, supported by an elastic bedding. The model is
similar to the circular ring model by Bohm, but no lateral motion is included in the model.
He also developed models for the lateral vibrations, where the tyre was modelled as one or
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several strings [8]. Padovan [9] included the viscoelastic effects, both for the belt and for
the foundation in the circular ring model. These models are valid as long as the wavelength
is large compared to the width of the tyre, which typically is below 400 Hz.

A number of examples where the finite element method has been applied to tyres can be
found in the literature, for example, references [10-12].

At frequencies above the ring frequency, the curvature of the tyre can be disregarded. The
radial and the tangential motions can be considered as uncoupled. To model the vibrational
tyre properties in this frequency range, Kropp [13] proposed the orthotropic plate model,
where the tyre belt is modelled as a finite plate, having different properties in tangential and
lateral directions. Uebler [14] developed a model where the belt and the side walls were
modelled as a set of individual Mindlin plates coupled together to represent the curvature in
the lateral direction. Pinnington et al. [15] suggested the tyre to be modelled as an infinite
Timoshenko beam with waves propagating along the tyre, taking shear and rotational
effects into account.

None of the tyre models found in the literature is appropriate for the modelling of radial
and tangential vibrations at high frequencies including the local deformation. This
motivates the development of an improved high-frequency tyre model including these
effects.

In the following, a tyre model including the tangential motion and the local deformation
will be derived. Results will be shown in the form of dispersion relations for the wave types
in the frequency range of interest, wave speeds for this model compared to wave speeds both
calculated by previous models and measurements and driving point mobilities in radial and
tangential directions compared to measurements.

2. PRESENT MODEL

A model for the description of the structure-borne sound propagation of a tyre has been
developed. A tyre is a complex structure composed of comparatively stiff belts, made of
several layers of steel-reinforced rubber, and a tread layer, made of soft rubber, see Figure 1.

The steel threads in the stiff belt have different orientations in order to give proper
mechanical characteristics. The complex structure makes it difficult, if not impossible, to

Figure 1. Internal structure of a radial ply, belted tyre. The belts are made of differently orientated threads in
a rubber matrix. The tread is made of soft rubber.
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Figure 2. A plate represents the unfolded tyre above the ring frquency. The tyre model is constituted by two
coupled elastic layers under tension on an elastic bedding. The bedding consists of individual springs in the
X (tangential), y (radial), and z (lateral) directions.

model the tyre analytically without making a number of simplifications. At high frequencies
(above 400 Hz, which is the ring frequency), the curvature of the tyre may be neglected,
while the internal structure increases in importance. Additionally, the thickness of the tread
layer is no longer thin compared to the wavelength at frequencies above 2 kHz. The model
presented here consists of a double-layered isotropic thick plate under tension. Two elastic
layers having different thicknesses and material properties are coupled together. The
bottom layer represents the stiff belt, while the top layer represents the soft rubber surface.
To take into account the effects of the side walls and the air inside the tyre, an elastic
bedding supports the plate in the radial, tangential and lateral directions. The model is
shown in Figure 2. Using this model, the propagation of free waves for an infinite plate are
studied and compared to dispersion relations using other tyre models and measurements.
Additionally, the response of the plate to external excitations in the radial and tangential
directions is calculated and compared to measurements.

2.1. MATHEMATICAL MODEL

To study the deformations of an elastic layer subjected to an external tension, the general
field equations (GFE) are derived by the use of Hamilton’s principle, as nicely demonstrated
by Heckl, see references [16, 17]. This is a very convenient method to use for complicated
systems, since the only expressions needed in the formulation are the kinetic and the
potential energies of the system. Hamilton’s principle is given in equation (1), where Wy, is
the kinetic energy, W,,, is the potential energy and o is the variation operation.

0 f(ka — Wpa)dt = 0. (1

2.1.1. Kinetic energy

The deformation of a point in the solid is given as the deformation vector u in
equation (2).

u =(§(x, Vs Z»t)’ H(X, Y, Z’t)> é/(xa Y, z, t)) (2)
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The total kinetic energy of a solid body under deformation is given in equation (3), where
p is the density of the material and the integration is performed over the volume, V, of the

solid:
[ [feEN  (an\F [0\
Wian = sz[(a) ¥ <5> ¥ <a> ]dV' ©)

2.1.2. Potential energy

The potential energy in the layer during the deformation originates from two kinds of
mechanisms:

e The elastic deformation energy from the strain during the displacements.
e The external tension gives an additional contribution to the potential energy similar to
a stretched vibrating string.

Elastic deformation. The part of the potential energy coming from the linear elastic
deformation of the material can be formulated according to

W;(l){:stic — J Ui,j 8i,jdVr (4)
14

where i, j = x, y, z.
In equation (4) the stresses are assumed to follow Hooke’s law for a linear isotropic
material, according to

v
0i,j = 2G<m ek iOrk T 8i,j>a (5)

1 (314,' n auj
gi==|— .
T2\ ox;  ox;
In the equations the summation convention is used (summation over repeated indexes k),

and J,, denotes the Kroneckers delta function, G is the shear modulus of the material and
vy is the Poisson ratio.

where the strains are defined as

External tension: To take into account the external tension acting on the layers,
a non-linear strain definition is used, in this case the “finite strain” or “Green-Lagrange”
strain tensor [ 18, 197]. The additional potential energy from the external tension is shown by
Wi =J opelhiedv, (6)

14

where

. 1/0u; 0du; Oudu
finite _ ~ i had'} Y%k YK
SI’J 2 <5x1 + 6Xi + 5xi 8X1> '

2.2. THE GENERAL FIELD EQUATIONS

Using equations (3-6) and performing the calculation of the variation according to
equation (1) gives the general field equations for a single layer exposed to an external
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tension, equation (7). Here the external tension is assumed to be constant, g, and acts only
in the x (tangential) direction. Since at low frequencies (i.e., below about 400 Hz) the tyre
can be considered as a beam, disregarding a tension in the lateral direction can be justified.
At frequencies where the wave propagation also takes place in the lateral direction
(above approximately 400 Hz), the tensional waves are of minor importance, and the
wave field is dominated by bending waves. These assumptions, are verified by the study
of the dispersion relations as well as by comparisons of the results with measurements of the
point mobility.

i 1 0 0%¢ 0%¢

At VY | Toga =g
[ 0 ] 0% 0%

G_A11+1—2V5_y(v ll)g"‘O'o@—pw, (7)
[ 1 0 ] 0% 0%

GAari5 eV Toga=ra

where 4 is the Laplace operator and V is the nabla operator.

Equation (7) has been formulated without taking into account the external tension in
many textbooks (e.g., reference [17]). It can be interesting to note that the classical string
equation appears in equation (7).

3. SOLUTIONS TO THE HOMOGENEOUS EQUATIONS

The general field equations can be solved by the use of a Fourier transformation
technique. The unknown variables are transformed into the frequency-wave number
domain from the original time-space domain. The transformation into the wave number
domain is given in equation (8), where k{, k,, and k5 are the wave numbers in the x, y, and
z directions respectively. Harmonic motion is assumed, and the common factor e’ is
omitted in the following.

1 [° ., _. ) .

é = (271:)3 - ée*]klxefjkzye*ﬂqz dkl dkz dk3,
'

1= | e e ek dka i, ®)
Lo,

C = (277:)3 B CeiJklxeijkzyeijkaz dkl dk2 dk3

These expressions are introduced into the GFE, transforming the coupled partial
differential equation system into a system of linear algebraic equations in the new variables.
The equation system can be written in a matrix formulation and solved by the use of
standard linear algebra. The matrix formulation of the GFE is shown by

myg My, myz) (& ¢

A 2 A
Myy My Moz |[ 0 |=ki[ 7], )
myy M3y maz )\ ¢
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where
myy=(1+a+0ki+ki+k3i, my =my,, ms =my;,

myy = akiky, myy =(1+ ki + (1 + a)k3 + k3, m3y =m,s,

myz = ak1k3, my3 = ak2k3, msz = (1 + C)k% + k% + (1 + a)k%

The non-trivial solutions to equation (9) can be found from the eigenvalues and the
eigenvectors for the matrix, which have been calculated analytically. The results for the
eigenvalues are given in equations (10) and (11), while the three eigenvectors are given in
equation (12).

Jp=kii=(14c)ki+ ki +k3, (10)
i3=ki3=(1+a+c)kf+(l+a)(k§+k§), (11
¢ ks k, ky
vi=|i|= 0 , Vo= —ki|, vi=|ky|. (12)
¢ — ky 0 ks

The eigenvalues give the relations between the wave numbers in different directions and
frequency, while the eigenvectors give the relative amplitudes in the different directions of
the wave. These results show that two different wave types are present in the solid. The first
two identical eigenvalues correspond to transversal waves, where the displacements are
perpendicular to the direction of propagation. The third eigenvalue corresponds to pure
longitudinal waves, where the displacements are parallel to the direction of propagation.
The transversal wave can be divided into two orthogonal polarized waves, where only the
first one has displacements in the horizontal plane (x-z), while the second one only deforms
in the vertical (x-z) plane. The two transversal waves are often referred to as rotational or
horizontally and vertically polarized S (secondary) waves in the literature, while the pure
longitudinal wave is cited as an irrotational or as a P (primary) wave [20]. The eigenvalues
in this case become identical with the ones found for a solid without any external tension if
¢ is assumed to be zero in equations (10) and (11). The eigenvectors, equation (12), are
identical to the eigenvectors found without external tension.

Equations (10) and (11) (the eigenvalues) give restrictions on which wave numbers are
possible for plane waves in the solid for a specific frequency, while equation (12) (the
eigenvectors) gives the relative amplitude ratios for each wave. In this way the number of
unknowns is reduced. When the frequency is determined, i.e., kg, and the plate is considered
as infinite in the x and z directions, the wave number in the thickness of the tyre is defined,
which is given by

0 =g =ky =+ kI — (1 + Ok} — k3, (13)

ki —(1 ki — (1 k3
q3:k2:i/s (L+a+oki—(1+aki 14)

(1+a)
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The displacements inside the solid can in this way be written as a sum over the three plane
wave types travelling in the positive and negative y directions according to

foo 3
&= Y [(Ayse7 i + A,_ei), () ]e ke k= dk, dks,

J—oon=1

fo 3
n= Y LA e799 4 A4, _ei)v, (i) Je ™ ¥e ™% dk, dks, (15)

J—owon=1

fo 3
(=] % [Awee 0 4 A, ey, ()]e e = dk, dks,

J—oon=1

where v,(€), v,(7}), v,(0) are the amplitude ratios, i.., the components of the eigenvectors in x,
y and z directions, respectively, and A, ;, A,— are the unknown amplitudes.

This means that six unknown amplitudes have to be solved for each layer. Equation (15)
can be interpreted as the displacement field which is expressed as the projections of the
eigenvectors along the y-axis propagating in x and z directions.

3.1. COUPLING OF THE LAYERS, BOUNDARY CONDITIONS

Basically, there are two different ways to study the characteristics of multi-layered
structures at high frequencies; the transfer matrix method and the global matrix method
[21]. In this analysis, the global matrix method is used exclusively. One benefit with the
global matrix method is its stability related to large values of the frequency-thickness
product. However, the frequency range of interest in this study does not lead to
frequency-thickness products that are problematic from a numerical point of view.

The coupling of the layers is done by introducing boundary conditions, which are fulfilled
for the complete multi-layered plate. The boundary conditions are given at each side of each
layer, and a global matrix is assembled containing the coupled equations. The stresses at all
surfaces and interfaces are given as boundary conditions, as well as the displacements at the
interfaces of the layers. In the case considered, the stresses and displacements at the
interfaces are assumed to be equal in the two connected layers, which means that the layers
are perfectly bonded, i.e. no slip occurs at the interfaces. At the bottom layer the stresses are
assumed to be identical to the stresses induced by the bedding. At the free top surface all the
stresses have to vanish.

The stresses are assumed to follow Hooke’s law for a linear, isotropic material and are
given in equation (5).

Since there are six unknown amplitudes in each layer, twelve equations have to be
formulated. The boundary conditions of interest in this case is given by

layl(y 0) =3 nlayl(y 0)’ é'“yl(y — hl) — flayZ(y — h1)7

o' (y=0) =5 (y=0), 7y =hy) =%y =hy),

oy (y =0)=s5.0""(y = 0), (N (y = hy) = (% (y = hy), 16
oW (y=h)=a*(y=hy), o (y=hy)=
al(y=h)=a*(y=h), @ (y="h)=

ol (y=h)=a2*(y=h), 2 (y=h)=
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Inserting the expressions for the stresses, see equation (5), and displacements, see equation
(15), gives the global 12 x 12 matrix equation as shown in

Allazl
Allafl
A
A
biai bia - bina At
b2, 1 b2,2 AZBaEI

. . . Al{ﬁfz
AIIEEZ
Al
A2
A

lay2
A3_

=0, (17)

b12,1 b12,12

OT in matrix form B-A = 0. Non-trivial solutions to the boundary condition equations
imply that the determinant of the global matrix B has to be equal to zero.

3.2. FREELY PROPAGATING WAVES

Due to the high damping in the rubber material at high frequencies, the tyre might be
considered as an infinite waveguide, where waves are propagating along the tyre
circumference. These wave types can be studied by the model described above. To find the
dispersion relations for free waves travelling along the plate, it is considered as
a two-dimensional, infinitely long layer. Putting k3 to zero and assuming plain strain
conditions for the deformation, ie., only deformations in the x-y plane, gives a new
two-dimensional field equation from equation (7). Since the new formulation of the field
equation is two dimensional, only two free plane wave types can be found, one transversal
wave with deformations in the x—y plane only, and one pure longitudinal wave. The wave
field can be seen as a superposition of these two plane waves. The out of plane shear wave is
not included in the model due to the plane strain conditions. However, this wave type does
not couple to the other wave types and hence, does not influence the results for the
two-dimensional model.

3.2.1. Wave types

Dispersion relations for the free waves travelling along the tyre at a specific frequency
can be found by solving the homogeneous boundary conditions for that frequency.
Wave numbers, which give a vanishing determinant of the global matrix formulated
from equation (16), correspond to free propagating waves. In the frequency range of
interest (i.e., up to 3 kHz), three wave types are found to be important and are shown
in Figure 3.

The first wave type is a membrane wave at low frequencies, due to the external tension,
and a bending wave at medium frequencies. The second wave type is a longitudinal wave.
The last wave type is an in-plane wave where the two layers are moving out of phase relative
to each other. This last wave type has been referred to as a rotational wave in the literature,
see reference [15].
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Figure 3. The three wave types considered in the model. Rings represent points in the rubber tread layer and
stars represent points in the stiff belt layer.
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Figure 4. Dispersion relations for the three wave types represented in the model. ——, wave type 1;-—-—-—- R
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3.2.2. Dispersion relations for the wave types

Figure 4 shows the dispersion relations for the three waves propagating along the
double-layer plate without external tension and bedding. The speed of the waves is plotted
as a function of frequency for the bending, longitudinal and the in-plane wave.

In the figure, no membrane effect can be seen for the first wave type, as expected. The
dispersion relation for the bending waves is proportional to the square root of the frequency
at low frequencies. The speed of the longitudinal waves is constant at low frequencies, but is
decreasing at higher frequencies towards the speed of the surface waves (Rayleigh waves) in
the rubber material, which is also shown in Figure 4. The speed of the in-plane wave (wave
type 3) is very high at the cut-on frequency (about 2500 Hz), but decreases fast to a value
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TABLE 1

Material data used in the two-layer model

Layer 1 (belt) Layer 2 (tread)
Young’s modulus (MPa) 400 20
Density (kg/m?) 2400 950
Poisson ratio 0-3 0-47
Thickness (mm) 1 14
External tension (MPa) 62-7 0
Bedding stiffness x, y, z, (MN/m?) 2-85, 855, —2:85
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Figure 5. Dispersion relations for waves in the plate subjected to an external tension. ——, wave type 1;-—-—- -,
wave type 2; -—-—, wave type 3.

close to that of bending and longitudinal waves. The material data used in the calculations
are listed in Table 1.

Influence of external tension: Figure 5 shows the dispersion relation for the three wave
types when an external tension is applied to the bottom layer of the plate. In the figure, the
membrane effect can be clearly seen in the wave speed for the first wave type at low
frequencies.

The speed of wave type 1 is approaching a constant level when the frequency decreases
towards zero. This behaviour supports the theory on membrane waves. It can also be seen
in the figure that the speed of the second and third wave type is only slightly influenced by
the tension.

Influence of bedding: The dispersion relations for the wave types, when the plate is both
exposed to an external tension and supported by an elastic bedding, are shown in Figure 6.
The radial bedding influences wave type 1 at low frequencies, where the speed of the wave
increases rapidly. The tangential bedding influences the longitudinal waves at low
frequencies in the same way as the bending waves are affected by the radial bedding. The
in-plane waves are not affected at all by the bedding. Since the elastic foundation is
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Figure 6. Dispersion relations for waves travelling along a plate subjected to an external tension and supported
by a bedding. , wave type 1; -—-—- -, wave type 2; ———, wave type 3.

modelled by linear springs, the influence from the bedding is visible below and around the
resonance frequency of the mass-spring system formed by the plate and the bedding. This
means that, for high frequencies, the plate is uncoupled from the rim and that the influence
of the side walls and the enclosed air cavity is unimportant for the vibrations of the plate.
This effect is also observed in the measured radial driving point mobility of the tyre
structure.

3.2.3. Comparison to the circular ring model

The circular ring model by Bohm has previously been used to calculate the dispersion
relations for the membrane-bending and the longitudinal wave types and compared to
measurements on tyres, see e.g., reference [22]. In order to verify the two-layer model
a comparison with the ring model has been made, which is shown in Figure 7. In the
calculations the material data used for the two-layer model are shown in Table 1.

For the ring model the material data have been expressed to fit to the parameters of the
ring, e.g., the bending stiffness and Young’s modulus are used instead of the shear modulus
and the thickness of the individual layers. The curve of the dispersion relation calculated by
the two-layer model has lower resolution than the dispersion relation calculated by the ring
model, which is the reason for the “rough” shape of the curve at low frequencies.

The speed of the waves calculated by the use of the two-layer model is decreasing at high
frequencies and approaches the speed of the surface waves in the soft tread rubber material.
Additionally, the speed of the bending waves, calculated by the circular ring model,
approaches infinity as the frequency increases, like bending waves on a beam.

3.2.4. Comparison with measurements

Measurements of the dispersion relation for the first wave type (membrane-bending) are
available from the work in a master thesis project [23]. There the tyre was excited over the
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Figure 8. Dispersion relations for membrane-bending waves measured on a tyre and calculated from the
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whole width of the belt uniformly. Acceleration was measured in two points on the
circumference of the tyre and the phase difference between both positions was evaluated in
order to obtain the phase speed. This procedure demands that the wave field is propagating,
i.e., no standing wave patterns are present on the tyre circumference.
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Figure 8 shows a comparison between the calculated wave speed from the two-layer
model and measurements on a typical vehicle tyre. The results show good agreement
between the two curves, at least at low frequencies and middle frequencies where the
tyre vibration is determined by the tension in the belt. The reason for the discrepancy
at higher frequencies is the difference in the material data used in the calculations and
the real data for the tyre. The material data available in the literature are often given
as average values for the complete tyre cross-section, which is very hard to translate to
the material parameters needed in the two-layer model. To improve the model, material
data would be required to measure separately for each layer, however, this was beyond
the scope of this paper.

4. FORCED VIBRATIONS

To calculate the response of the tyre to an external excitation a wave approach method is
used, where the external force is considered as a boundary condition on the upper face of the
plate. Both the response and the excitation force are Fourier transformed, and the
amplitude of the response can be calculated directly at a certain frequency for each wave
number.

In the wave approach, the amplitude of a propagating wave is calculated for the actual
excitation. The external excitation forces are included in the boundary conditions, instead
of in the equations of motion. The twelve boundary condition equations forming an
inhomogeneous system can be solved by linear algebra. In order to reduce the calculation
effort, symmetry and geometry considerations are used to reduce the number of wave
numbers needed for the integration.

The response at a point is given according to equation (8), where the integration has to be
performed over all positive and negative wave numbers. The external excitation is in this
case seen as a pressure distribution on the top surface of the upper layer, which is Fourier
transformed in the same way as the displacements to give a set of linear equations for each
wave number.

The plate, representing the unfolded tyre, is seen as simply supported in the width
direction along the edges of the rim. These conditions are fulfilled when half of a wavelength
fits to the width of the tyre. Since the circular tyre is unfolded, the boundary conditions in
the x direction are periodic, see Figure 2. Due to this periodicity in the length direction, the
boundary conditions are only fulfilled when a complete wavelength fits to the tyre
circumference. Equations (18) and (19) give the possible wave numbers in the length and the
width directions respectively.

ki =2mm/L,, m=1273, ..., (18)
k3 = nn/Lza n= 1527 3) cee e (19)

Due to the symmetry of the plate and the excitation, the amplitudes for negative wave
numbers can be found from the amplitudes of the positive wave numbers. In the x
direction, the negative amplitude has to be equal to the positive one and, in the z direction,
the negative amplitude has to have the same magnitude as the positive one but with
the opposite sign. The amplitude for the positive wave numbers is calculated by
inverting the boundary condition matrix in equation (20) and multiplying by the external
excitation.
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The radial response on the top surface of the upper layer can be calculated according to

=—4j Z Z nr2(Ly) cos(kyx)sin(k,z), 21)

m=1n=1
where

3
nh‘;yf(L )= Z [(A(’)aye—jquLv + Afffzej‘l“L")v;“yz(ﬁ)]

o=1
and the tangential response may be calculated from

o0 o0

=—4j Y Y &m(L,)cos(kyx)sin(k,z), (22)

m=1n=1

where

ig,);nz (Ly) =

[(Azuizequuh + Aé“Xzejq"L")Véayz(E)]-
1

1w

4.1. RESULTS COMPARED TO MEASUREMENTS

In order to verify the theoretical model, radial and tangential driving point mobilities
were measured on a smooth 205/60/R 15 tyre, i.e., a tyre without tread blocks. Figures 9 and
10 show the measurement set-ups used for the radial and the tangential measurements
respectively.

The radial and tangential driving point mobilities were calculated using the wave
approach method, including complex material parameters to take the damping into
account. For both mobilities, a summation over wave numbers in the range up to 638/m
was made, which corresponds to a shortest wavelength of 10 mm. An excitation area of
20 mm times 20 mm was chosen in the measurement. The material data used in the
calculation are listed in Table 1, and Table 2 shows the loss factors used for the layers and
the bedding springs.

Figure 11 shows the results for the measured driving point mobility in the radial direction
compared to measurements.
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Figure 9. Measurement set-up for the radial driving point mobility measurements.
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Figure 10. Measurement set-up for the tangential driving point mobility measurements.

TABLE 2

Values of loss factors for the tension, Young’s modulus (E) in each layer and for the beddings

Tension E, layer 1 E, layer 2 Beddings

n 0-05 0-01 0-2 0-08

The discrepancy between measurements and calculations at low frequencies (below
400 Hz) is due to the curvature of the tyre being disregarded. Additionally, the resonance
frequencies of the modes in the width direction are different for the calculation model and
the real tyre. In the calculation model the stiffness is equal in both the x direction and the
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Figure 11. Calculated and measured radial driving point mobilities on the tyre. , calculation; - —-—-—- R
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Figure 12. Calculated and measured radial driving point mobilities for stiff tread rubber show the effect of local
stiffness. Young’s modulus of tread rubber is 100 M Pa. , calculation; - —-—-—- , measurement.

z direction, while for a real tyre the stiffness varies in the different directions. Furthermore,
the rim is considered as clamped in the calculation, which is hard to achieve in a real
measurement situation.

At higher frequencies the calculated mobility is increasing with higher frequency, while
the measured one is almost constant. The reason for the rise in the calculated curve is the
local stiffness of the tread surface, due to a too low value of the shear modulus in the upper
tread layer. Figure 12 shows the calculated radial point mobility compared to the
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Figure 13. Calculated and measured tangential driving point mobilities on the tyre. , calculation;

----- —, measurement.

measurements when the stiffness in the upper tread layer is increased from 20 to 100 MPa.
As can be seen from the figure, the agreement is much better for the radial mobility in this
case. However, for the tangential driving point mobility, the agreement with the
measurement is poorer for this material combination.

Figure 13 shows the measured tangential driving point mobility compared to the
calculated one. The agreement for this mobility is better than the radial one. The first
resonance in the measurement corresponds to a rotation mode where the complete tyre
rotates back and forth against the rim as a rigid body mode. This mode is not included in
the calculation, which explains the discrepancy at low frequencies. The measurements also
indicate that the damping is higher in the real tyre than that used in the calculation. The
peaks are smoother and less visible in the measurements than in the calculations.

To achieve a better agreement the material parameters have to be adapted to
measurements on real tyres. The largest source of uncertainty in the calculation is the
material data for the two-layer model. The data found in the literature are often given as an
average value of the tyre cross-section, e.g., bending stiffness and density. In the suggested
model, the material data have to be given to each layer individually. Some of the parameters
are simple to obtain like, for instance, the thickness, but most data are difficult to establish
or measure, especially with respect to the complex structure of the steel layers.

5. CONCLUSIONS

To include the tangential contact forces between tyre and road in the existing
tyre/road noise simulation model a description of the tangential motion of the tyre belt is
needed. The tyre model proposed in this study is able to predict both radial and tangential
responses of the tyre. At high frequencies the internal structure of the tyre increases
in importance because the wavelength is no longer short compared to the thickness of
the tyre.
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The two-layer model can be used to study waves propagating along the tyre. Three wave
types are found to be important in the frequency range of interest (up to 3 kHz):
a membrane-bending wave, a longitudinal wave and an in-plane wave. The results of the
dispersion relaions show good qualitative agreement both with other models and with
measurements on real tyres. However, to achieve good quantitative agreement, the correct
choice of the material data for each individual layers is required and will be a subject of
future work.

The radial and tangential driving point mobilities of the tyre can be calculated using
a wave approach.

One crucial point in the two-layer model is the material parameters. Often only average
material data are given in the literature. To get a good agreement between calculations and
measurements requires better defined material data for the individual layers.
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