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1. INTRODUCTION

In recent times, developments in smart material technology have led to examination of
many new and promising concepts for actuators, using piezoceramic material [1–5]. The
most common form of a piezoceramic actuator is either a single thin sheet or a number of
discrete rectangular patches, in order to provide sufficient force input. One of the major
drawbacks of the single sheet form is the modal phase cancellation which severely restricts
the control capability for higher vibration modes of the structure. On the other hand,
discrete patches require careful management of higher modes and as a result, the control
schemes become highly involved and difficult to implement. A single piezoelectric patch,
whether one-sided, or in the bimorph form, has a fairly low voltage-strain sensitivity and
hence cannot generate a large control force. In practice, this sensitivity is further eroded
due to incomplete strain transfer from structure to the patch, arising out of the
characteristics of the bond material. One way of increasing the actuator sensitivity is to use
very high input voltages, but this can lead to problems of patch burning as well as
additional safety requirements while working with high voltages. Another way is to use a
larger number of layers at the same point, one below the other in the thickness direction,
which increase the force output for the same input voltage. Further, in many practical
applications, it is desired that such patches should be embedded into the surface in order
to retain its original shape and these two together have given rise to the concept of multi-
layered piezoelectric insert. The present study investigates the non-dimensional voltage-
moment sensitivity of such inserts, for various values of patch thickness and modulus
ratio, for application as an actuator for vibration control in thin-walled beam-type
structures.

2. FREE SURFACE PATCH VERSUS EMBEDDED PATCH

Figure 1(a) shows the schematic of a free surface piezoelectric patch, along with the
mechanism of the strain transfer from the parent structure to the patch and it is seen that
even though the patch is rigidly attached to the structure, there is a strain diffusion
through the thickness of the patch as its top surface does not carry any stress. It is clear
from this behaviour that the effective strain experienced by the patch is significantly
smaller than the ideal value, assumed in many studies [1–5]. This results in a lower
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sensitivity in the surface-bonded patch, in comparison with the sensitivity achieved in a
freely expanding patch.

The concept of embedding the patch in the parent structure alleviates the above problem
by providing additional load transfer paths on the side of the patch, as shown in
Figure 1(b). It can be seen clearly that when the top surface of the patch is made flush with
the top surface of the structure, by making a depression in the structure of the size of the
patch, the strain distribution in the patch is identical to the structure, which ensures near-
ideal sensitivity of the patch in terms of force generation. Apart from increased sensitivity,
an embedded patch offers the advantage of no protruding parts from the surfaces which
may have aerodynamic requirements (e.g., wings of aircraft, blades of fans, propellers,
turbines, helicopter rotors, etc.). The influence of embedding of the patch in the structure
is also favourable from the point of view of overall weight, stiffness and strength of the
structure containing the patch, in relation to the surface patch. Thus, embedding the patch
in the structure is a better way of using these materials and it also truly justifies the term
Figure 1. General configuration of free surface piezoelectric patch and stress distribution in a single patch in
(a) surface-bonded configuration and (b) embedded configuration.
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‘‘smart structure’’ in such cases, as the control elements become an integral part of the
structure itself.

3. CONCEPT OF MULTI-LAYERED PIEZOELECTRIC INSERT

A multi-layered piezoelectric insert can be visualized as a stack which has more than one
layer of the patch, in a manner similar to any laminated material. In the present case, each
layer is in the standard bimorph configuration (i.e., there is a layer below the neutral axis,
corresponding to a layer above the neutral axis) and is required to be electrically insulated
from each other. When the above multi-layered configuration is used as an actuator, it is
assumed that each layer is supplied with electrical voltage in a manner that produces a
pure bending moment in the multi-layered patch. This means that different layers of the
patch are required to be energized with voltages which vary linearly with the depth-wise
location of each layer. It can be seen that the total moment generated by the patch is an
algebraic sum of the moments produced by individual layers, which can be quite large, in
comparison with the moment produced by a single-layer patch. It must be mentioned here
that the average voltage value over the total patch depth, that is applied to different layers,
remains the same as that of the single-layer patch of the same total thickness. In practical
applications, an embedded insert needs to follow the external geometry of the surface in
which it is to be embedded and in the case of thin-walled beams, an insert of finite width
may appear like a cut ring. In the literature, there are no reported studies on the ring-type
configuration of the patch, which has the following advantages over a flat patch. Firstly it
increases the sensitivity of the patch as it can cover more cross-sectional area in the case of
beams with non-rectangular cross-sections. Secondly, it actually provides for a significant
cross-axis sensitivity and this property can become quite useful when the direction of
external disturbance is either unknown or uncertain. In the present study, the piezoelectric
insert is formulated as a ring insert.

4. MULTI-LAYERED INSERT IN THIN-WALLED BEAM-TYPE SHELLS

4.1. RECTANGULAR THIN-WALLED BEAMS

Figure 2(a) shows the cross-sectional geometry of a rectangular thin-walled beam-type
shell, carrying a multi-layered piezoelectric patch, all around the cross-section and it is
assumed that the insert responds only to deformations normal to its plane. Figure 2(b)
shows the strain distribution in the cross-section when a suitable voltage is applied to all
the layers of the multi-layered insert. The strain in each layer el and the average strain in
the total patch ep are given by

el ¼ Vld31=dl ; ep ¼ Vpd31=dl ; ð1Þ

while the maximum strain at the beam–patch interface is obtained by imposing the
condition of liner strain as

eb ¼ ½ðb � dÞ=ðb � d=2Þ�ep; ð2Þ

where d is the total thickness of the multi-layered insert and is given by

d ¼ dlN: ð3Þ

It may be noted here that within each layer of the patch, strain el is different from the
average strain ep. The total cross-sectional moment developed due to the above average



Figure 2. (a) Geometry of a rectangular thin-walled beam with embedded piezoelectric patch. (b) Thickness-
wise linearized strain distribution. (c) Geometry of a circular thin-walled beam with embedded piezoelectric
patch. (d) Circumferential co-ordinate system.
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strain can be expressed as

M ¼ Mp þ Mb; ð4Þ

where Mp is the moment due to the strain in the patch and Mb is the moment due to the
strain in the beam and both are given by

Mp ¼ 4aEpepðb � d=2Þdþ ð4=3ÞdEpepðb � dÞ3=ðb � d=2Þ; ð5Þ

Mb ¼ ð4=3Þða � dÞEbepðb � dÞ3=ðb � d=2Þ: ð6Þ

In the non-dimensional form, the total moment %MM, in terms of strain ep, is expressed as

%MM ¼ ½3%ddð1� %dd=2Þ %EEp þ ð1� %ddÞ3=ð1� %dd=2Þfð1� %dd %bbÞ þ %dd %bb %EEpg�ep; ð7Þ
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where

%MM ¼ Mb=ðEbI0Þ; l0 ¼ ð4=3Þab3; %bb ¼ b=a; %dd ¼ d=b: ð8Þ

Expression (7) can be rewritten in terms of the non-dimensional average patch voltage %VVp

as

%MM ¼ ½3%ddð1� %dd=2Þ %EEp þ ð1� %ddÞ3=ð1� %dd=2Þfð1� %dd %bbÞ þ %dd %bb %EEpg� 
 ð %VVpN=%ddÞ; ð9Þ

where %VVp is given by

%VVp ¼ Vpd31=b: ð10Þ

The above expression (9) is for a solid rectangular cross-section and the corresponding
expression for a thin-walled rectangular section is given as

%MM
0
¼ ½3%ddð1� %dd=2Þ %EEp þ ð1� %ddÞ3=ð1� %dd=2Þfð1� %dd %bbÞ þ %dd %bb %EEpg�


ð %VVpN=%ddÞ=f1� ð1� %hh %bbÞð1� %hhÞ3g; ð11Þ

where %MM
0
is given as

%MM
0
¼ %MMðI0=I 00Þ: ð12Þ

It may be mentioned here that the expression for the moment sensitivity, given by equation
(11), is for the disturbance along y-axis. In case disturbance is either about x-axis or about
any other intermediate axis, the above expression needs to be interpreted in an appropriate
manner.

4.2. CIRCULAR THIN-WALLED BEAMS

Figure 2(c) shows the cross-sectional geometry of a circular thin-walled beam-type shell,
carrying a multi-layered piezoelectric patch, all around the cross-section. It can be seen
that due to the curvature of the cross-section, the patch also becomes curved and this fact
needs to be incorporated into the sensitivity calculations. Figure 2(d) shows the
circumferential direction of the patch, denoted by angle y, which, in conjunction with
Figure 2(b) and equation (1), is used to define the average strain distribution in the total
patch, at any circumferential location as

ep ¼ ep0 cos y; ep0 ¼ Vp0d31 cos y=dl ; ð13Þ

where Vp0 is the value of the average voltage applied at y ¼ 0. It can be seen that the
voltage distribution is proportional to the distance of the application point from the centre
of the circle (from elementary beam theory) and this distance turns out be a cosine
function of the circumferential angle y (see Figure 2(d)). The maximum strain at the beam–
patch interface is obtained by imposing the condition of linearity as

eb0 ¼ ½ðR � dÞ=ðR � d=2Þ�ep0: ð14Þ

The moment components Mb and Mp for a circular beam are given as

Mp ¼ pEpepðR � d=2Þ2d; ð15Þ

Mb ¼ ðp=4ÞðR � %ddÞ4Eb=ðR � d=2Þep0: ð16Þ

In the non-dimensional form, the total moment %MM can be given as

%MM ¼ ½4%dd %EEpð1� %dd=2Þ2 þ ð1� %ddÞ4=ð1� %dd=2Þ�ep0; ð17Þ
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where

%MM ¼ MR=ðEbI0Þ; l0 ¼ ðp=4ÞR4; %dd ¼ d=R: ð18Þ

Expression (17) can be rewritten in terms of the non-dimensional peak value of the average
patch voltage %VVp0 as

%MM ¼ ½4%dd %EEpð1� %dd=2Þ2 þ ð1� %ddÞ4=ð1� %dd=2Þ�ð %VVp0N=%ddÞ; ð19Þ

where %VVp0 is given by

%VVp0 ¼ Vp0d31=R: ð20Þ

The above expression (19) is for a solid circular section and the corresponding expression
for a thin-walled circular section is given by

%MM ¼ ½4%dd %EEpð1� %dd=2Þ2 þ ð1� %ddÞ4=ð1� %dd=2Þ�ð %VVp0N=%ddÞ=f1� ð1� %hhÞ4g: ð21Þ

It should be noted that from a practical point of view, the total insert needs to be
segmented circumferentially, with an insulating medium in-between, in order to implement
a cosine variation of the voltage in the patch. Further, it is to be noted that equation (21)
gives the moment sensitivity which is obtained in any cross-sectional direction, for an
insert covering complete circumference.

5. ACTUATOR SENSITIVITY RESULTS OF MULTI-LAYERED INSERT

5.1. ADVANTAGES OF MULTI-LAYERED ACTUATOR CONFIGURATION

It is seen from the relation given by equation (1) that for a given voltage, the strain
developed in the patch is inversely proportional to the patch thickness and thus a thinner
patch is a better actuator. However, strain produced by a single thinner patch acts over a
smaller sectional area and thereby generates a smaller bending moment only. In addition,
its structural strength is much lower so that it cannot really sustain very large strains
produced by applying larger voltages, leading to breakage.

Therefore, it makes greater sense to use smaller voltages on thinner patches which result
in higher electric fields and, thereby, same moments as those produced by thicker patches
subjected to larger voltages. Further, by using a large number of thinner patches in a
parallel configuration, the resulting moment can be multiplied manifolds. Thus, a multi-
layered insert helps in significantly reducing the excitation voltages and eliminates the need
to have high-voltage amplifiers. In addition, multi-layered patch configuration increases
the cross-sectional area of the patch material in the thickness-wise direction, which
contributes to much higher sensitivity even for thicker individual patches. finally, actuator
sensitivity is directly proportional to the piezoceramic constant d31, which should be large
enough and therefore PZT (lead zirconate titanate) is an ideal actuator material possessing
a fairly high d31.

5.2. ACTUATOR SENSITIVITY FOR RECTANGULAR THIN-WALLED BEAM

It is seen from equation (11) that for a given total patch thickness, the moment varies
linearly with number layers and this indicates that as the number of layers are increased,
the thickness of individual layers would reduce. Figure 3(a) shows the variation of a
normalized moment parameter ( %MM= %VVpN) as a function of the total patch thickness
parameter %dd, for different values of the modulus parameter %EEp, for a solid square beam
(i.e., %bb ¼ 1). The range of patch thickness parameter %dd is arrived at, considering a single



Figure 3. (a) Variation of non-dimensional moment-voltage sensitivity of rectangular beam as a function of
the normalized total patch thickness. (b) Variation of the normalized sectional inertia of the thin-walled
rectangular beam.
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patch to be nominally about 50–100 mm thick and the range for the modulus parameter %EEp

is arrived at by assuming the patch modulus to be nominally about 4.0
 1010 [6]. It is seen
from Figure 3(a) that normalized moment sensitivity varies hyperbolically with total patch
thickness parameter %dd, confirming the fact that a smaller thickness leads to higher
sensitivity.

The same increase can also be achieved if there is more than one layer of the patch
which is thinner, though the total thickness of the patch may not be very small. Lastly, the
sensitivity curve also shows that higher moment can be obtained for a lower input voltage
if larger number of patch layers are used. The effect of modulus parameter is such that a
patch, with modulus higher than the parent structure, provides a larger moment for the
same thickness or provides the same moment at much higher total patch thickness. It is
also seen from equation (11) that %MM is a function of %bb, for values of %EEp=1. This effect
arises due to the web part of the piezoelectric ring insert and its effect is such that for
higher %EEp, %MM is higher and for lower %EEp, %MM is lower, in relation to the values obtained for
%EEp ¼ 1. Further, this influence is also a function of the sectional height parameter %bb.
Figure 3(b) presents the variation of the sectional moment of inertia ratio (I0=I 00) for the
rectangular beam, as a function of the sectional thickness ratio %hh and it is seen that (I0=I 00)
increases hyperbolically as thin-walled sections become thinner. It is worth mentioning
here that the results for moment sensitivity in respect of thin-walled beams of various
thicknesses can be obtained by simply multiplying the results presented in Figures 3(a)
and 3(b).

5.3. ACTUATOR SENSITIVITY FOR CIRCULAR THIN-WALLED BEAM

Figure 4(a) shows the variation of moment sensitivity parameter ( %MM= %VVpN) as a function
of total patch thickness parameter %dd, for different values of the modulus parameter %EEp, for
a circular beam and it is seen that trends are similar to the ones observed in Figure 3(a) for
a square beam. The normalized moment sensitivity in the case of circular beams is only
marginally lower, bringing out near invariance of ( %MM= %VVpN) to sectional geometry. This is
an important observation which indicates that the results obtained in respect of the
moment sensitivity parameter ( %MM= %VVpN) for either rectangular of circular beams can be
directly applied to a wide range of cross-sectional geometries, which are not regular in
nature so that such an analysis would be difficult to perform.



Figure 4. (a) Variation of non-dimensional moment-voltage sensitivity of circular beam as a function of the
normalized total patch thickness. (b) Variation of the normalized sectional inertia of the thin-walled circular
beam.
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6. CONCLUSIONS

The present study has developed the conceptual model of a multi-layered piezoelectric
ring insert as vibration control actuator. The multi-layered patch is postulated as a
combination of a large number of thinner bimorph patch pairs, which are stacked over
each other in the manner of a laminated composite material, and are electrically insulated
from each other. The concept of embedding the patch into the surface makes its
application convenient for aerodynamic surfaces as well as results in minimal changes to
the mass, stiffness and strength properties of the structure as a whole. Next, the moment
sensitivity of the multi-layered patch is investigated, using the elementary beam theory and
results are obtained for two typical thin-walled beam cross-sections. The patch is
postulated in the form of a ring, by virtue of its embedding into the surface and having
finite width, which also gives rise to the cross-axis sensitivity as an additional benefit. The
non-dimensional expressions are obtained in terms of the total patch thickness parameter,
patch modulus parameter and applicable geometrical parameters of the cross-section.
These results show that it is possible to generate large control moments, by applying much
smaller voltages, using a large number of thinner patches. Finally, the results obtained
here are considered to be applicable to many other non-regular cross-sectional geometries,
which are difficult to model analytically.
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APPENDIX A: NOMENCLATURE

a semi-width of rectangular section without patch
b semi-depth of rectangular section without patch
%bbð¼ b=aÞ cross-sectional depth ratio of rectangular section
d31 strain-voltage sensitivity constant of piezoelectric material
Eb Young’s modulus of the beam material
Ep Young’s modulus of the patch material
%EEp ð¼ Ep=EbÞ non-dimensional patch modulus parameter

h wall thickness of the thin-walled beam
%hh ð¼ h=b; h=RÞ non-dimensional wall thickness ratio
I0; I 00 sectional inertia without patch (solid, thin-walled)
M;Mb;Mp bending moment, beam contribution, patch contribution
%MM ð¼ MbðRÞ=fðEbl0Þ non-dimensional bending moment parameter

N number of piezoelectric patch layers
R outer radius of the circular beam without patch
Vl voltage applied to a single layer
Vp average voltage applied to the total patch
Vp0 average voltage applied to the total patch at y ¼ 0
%VVpð¼ Vpd31=bðRÞdÞ non-dimensional value of the average patch voltage Vp

x; y sectional co-ordinate system
d total thickness of the multi-layered patch
dl thickness of a single layer
eb longitudinal strain at the patch–beam interface
eb0 value of eb at y ¼ 0
el longitudinal strain in a single-patch layer
ep longitudinal average strain in the total patch
y angular co-ordinate of circular beam
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