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The non-linear behavior of an elastic cable subjected to a harmonic excitation is
investigated in this paper. Using Garlerkin’s method and method of multiple scales, the
discrete dynamical equations and a set of first order non-linear differential equations
are obtained. A numerical simulation is used to obtain the steady state response and stable
solutions. Finally the coupled dynamic features between the out-planar pendulation and the
in-planar vibration of an elastic cable are analyzed.
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1. INTRODUCTION

The cable is featured by its flexibility, lightness and light damping. For this superior
structure, cables are very efficient structural members and hence have been widely used in
many long-span structures, including cable-supported bridges, guyed towers and
cable-supported roofs. So the dynamic study of the cable is of great engineering significance.
Generally speaking, the non-linear feature results from material, large deformation and sag.
And the dynamic study of the cable is very complicated and remains a key research field of
mathematics, mechanics, and engineering. Yamaguchi, et al. [1] studied the time response
of a cable under harmonic excitation and they concluded that the dynamic of cable was
greatly influenced by geometric and physics parameters. A numerical hybrid method was
used by Yu and Xu [2] to formulate three-dimensional small-amplitude free and forced
vibration problems of an inclined sag cable equipped with discrete oil dampers. Effects of
non-linearity on planar/non-planar dynamic motion of a sagged cable were investigated by
Hagedam and Shafer [3]. Rao and Iyengar [4] made a study of the internal resonance and
non-linear response under periodic excitation. The dynamic stability problem of a flag sag
cable subjected to an axial periodic load was investigated by Takahashi [5]. Perkins [6]
studied the non-linear response of the model interactions under parametric and forced
excitation. To simplify the procedure of designing viscous dampers for stay cables in
bridges, Benito et al. [7] proposed a universal estimation curve that related the modal
damping ratio of the cable. Benedethni, et al. [8] conducted research in the non-linear
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oscillation of a four-degree-of-freedom (d.o.f.) model of a suspended cable under multiple
internal resonance conditions. Taking geometric non-linearity into consideration, Zhao [9]
established three-dimensional dynamical equations of cables by applying the Newton’s
method, and studied the dynamic features of cables.

In this study, a three-dimensional problem based on reference [9, 10] is reduced to
a two-dimensional one. And internal resonance of 1:1 is considered. Applying Galerkin’s
method, the two-dimensional discrete dynamical equations are obtained, and the method of
multiple scales is used to reduce the differential equations to a set of first order differential
equations that are solved by Newton’s method, and the fixed-point response curves are also
investigated. In the end, the coupled dynamic features between the out-planar pendulation
and the in-planar vibration of an elastic cable are analyzed.

2. ANALYSIS OF THE TWO-DIMENSIONAL CABLE
2.1. THE SIMPLIFIED EQUATION

This study deals with the coupling of the out-planar pendulation and the in-planar
vibration of an inclined sag cable. The uniform cable is assumed to have small amplitude
vibration with respect to its static equilibrium position and have very small sag (Figure 1).
By setting the x- and y- co-ordinate in the static profile plane of the cable and taking the left
support of the cable as the origin of the Cartesian co-ordinate system, the partial differential
equations of the cable motion can be written as [9, 10] (not including the effect of viscous
damping)

0 dx 1
— —EA)—+ ———=EA |(1 = pA 1
6x {|:(N0 ) dS + m j|( + ux)} P AU, ( a)
0 dx 1
F {[(No — EA) I + W EA] (wye + J’x)} = pAwy, (1b)
CHNe— 0 =L palo b pa (10)
6x 0 dS /—1 n y)zc Uy = P Vgt

where N is the static cable tension, u, w and v are axial, in-plane transverse and out-plane
transverse displacements of the cable respectively, E is Young’s modulus, 4 is the area of the
cross-section, p is the density of the cable, y is the static equilibrium of the cable, s is the
Lagrangian co-ordinate in the unstrained cable profile, ( ), denotes partial differentiation
with respect to x, ( ), denotes partial differentiation with respect to time ¢, dx/ds can be
written as

dx 1 2
ds U+ u)” + (we + y)2 + 02
For the development of an approximate theory for the cable, the following assumptions are
adopted: O(u) < O(w); O(u,) < O(w,); O(u,) < O(vy); O(u,) << O(yy); Uy, Wy, y, are all small with
respect to 1. Using the Taylor series expansion and retaining only the lower order
non-linear terms, we can obtain

d_x
ds

~ 1.2 — 2 1.2 1.2
Nl_e—Zyx’ e_ux+yxwx_ux+lvx+2wx' (3)
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Figure 1. The three-dimensional model of the cable.

Substituting equations (3) into equations (1) and using the Taylor series expansion, we
can obtain

uﬁrii[( — EA)e] — LE[N (1 - y—)%)”}JriAg[(No—EA)“xe]:O’

pA Ox Ad 2
(4a)
1 0 10 Vi 1
Wy + p—A x [(Ng — EA)ew,] — A o |:N (1 — 7>W :| p—A o [( — EA)ey,] =0,
(4b)
1 0 y2 1 0
Uy — p_A a |:NO (1 - 7>ux:| + p—A a [(NO - EA)Uxe] - 0: (40)

where the terms irrelative to time ¢t have been ignored for the convenience of the study.
Introducing the non-dimensional time t* defined as

H,
ks )

where [ represents the span of the cable and H,, is the horizontal tension, we can obtain

+ii[(N EA)]—ii No L + b [(N Edue] = 0

b T ox Ho 0x 2 )| " H, o~ BAULL =T
(6a)

I & I & Vi I o _
th+H—0&[(NO — EA)ew,] _ma[z\]o<1 — 7>Wx:| +H_0$[(NO — EA)ey,] = 0,
(6b)

I 0 vz ! _

U,,_H_Oa[w(,(l _3>u} 2 [No — Bl =0, (60)

where the * notation has been disposed. In the following, the in-planar motion is reduced
for the sake of studying the coupling between out-planar pendulation and in-planar
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vibration. If we only consider the lower order transverse modes, no interaction will occur
between these transverse modes and the longitudinal modes, and the longitudinal inertia
u, can be neglected [11]. As a consequence from equation (6a), we can obtain

Vx

— (No — EA)e + No<1 >

> Uy — (NO - EA)uxe x P(t)’ (7)

where P(t) is a variable only relative to time t. Taking into consideration u, = O(w2) and
No/EA = 06/E«1, we can obtain
(Ux + yewy + 207 +2w3) = G(1), ®)

where G(t) = P(t)/EA, with boundary conditions of cable u(0) = u(l) = 0 applied, we can
obtain

1 1
60~ || o+ a2 + i ©)
0
Substituting equation (9) into equation (8), we can obtain

Substituting e = G(t) = e(t) derived from equations (3) and equations (8) into equations
(1), the two-dimensional equations reduced from three-dimensional ones can be realized as

Wy — e {N0<1 — y;) w, — (Nog — EA)e(t)w, — (No — EA)e(t)yx} =0, (11a)

I 0 :
= o {No (1 — %)u —(No — EA)e(t)vx} =0. (11b)

For the purpose of the analysis of equations (11), the Galerkin’s procedure is introduced.
Based on hypothesis w(x, t) = ¢,(t)@,(x) and v(x, t) = g5(t)@s(x), and introducing viscous
damping and external excitation, we can obtain

l.. 1 1 1 a )2(
i03x) dx + 2| crinpd(x)dx — No[ 1 =2 420, |0a(x) dx
o o HO 6 2
l 12a)

I 1 0
+ = J —= [(No — EA)e(0)q202:]@2(x) dx + —— J [(No — EA)e(t)y<]p(x)dx = 0,
H, Hy Jo 0

l" 1 . l 1 5 2
G3p3(x)dx + 2 | c3g393(x)dx — — No(1 =) 305 |ps(x)dx
0 0 H, |, Ox 2

l 1

. (12b)
— J E [(No — EA)e(t)qzpsx]ps(x)dx = f F(x, t)p3(x)dx,
0Jo0X

+H .

where the overdot indicates differentiation with respect to time t, ¢,, c3 are the damping
coeflicients;

e(z)—— qu)zxdx BRI N N (e (13)
20 0 21 o
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Substituting equation (13) into equations (12) and keeping up to cubic terms, we can obtain
bids + baqz + b3q3 + baqi + bsqs + bediqz + (242 =0, (14a)

c1ds + €2q3 + 34293 + €aq3qs + ¢sq3 + (343 = Q(1), (14b)

where the coefficients are written in Appendix A.

For the convenience of the analysis of equations (14), the non-dimensional parameter ¢ is
introduced, and the external excitation is noted as Q(t) = Q, cos Qt, where Q, and Q are
amplitude and the frequency of the excitation, respectively. We can obtain

G2 + 261205 + W3qs + €025 + €f2q3 + €205 + en2q34> =0, (15a)
Gs + 2ep3ds + 03qs + e%3qaqs + €y3qy + enszqiqs = 2&fs cos Qt, (15b)

where w% =by/by, €ay =b3/by, ef, =bs/by, €y, =bs/by, eny =be/by, 2eu, = {5/by,
CU§ = Cy/cy, 3 = C3/cy, £)3 = CafCy, €3 = Cs/cq, 2euz = (3/cq, 2ef3c08 Qt = Qo/cy.

2.2. PERTURBATION SOLUTION

The approximate solution of equations (15) can be obtained by using the method of
multiple scales [12]. Let

qdt; &) = qio(To, T1) + £¢;1 (To, T1) + O(%), i=1,2, (16)
where T; = ¢'t, therefore,

d 0 0

& _ .Y L ... —D D, &+ ... 17
a oty Tear, T ot el (172)

FER e o2

& e T D24 2eDyDs 4 - 17b

a? or2 ¥ arer, t 0+ 2Dyt s (17b)

where D, =0/0T,, D; = d/0T;. Substituting equations (16) and equations (17) into
equations (15) and equating the coefficients of ¢® and &' to zero, we can obtain

e D3qa0 + w3q20 =0, D3q30 + ®3q30 =0, (18a,b)

ol D3ga1 + ®3qa1 + 2DoD1qa0 + 21t2Doga0 + %2430 + B2g30 (192)
+ 72430 + 2420430 = 0,

D3qs1 + ®3qs1 + 2DoD1q30 + 213Dog30 + %3420930 + V3d30

(19b)
+ N3q30q30 = 2f5 cos Q.
The solutions for equations (18) can be expressed as
G20 = Ay(Ty)e'> " + Aye i T, (20a)
qs0 = A3(T1)e' o + Aye~ @70, (20b)

where A, are unknown functions of T, A, are the complex conjugates of A,.
Substituting equations (20) into equations (19), we can obtain

D3qay + 03q2y = — 2iwy(As + py A2)e " — ay Ay A, — 0y A5 2270

— ByA2eionTo o g3e3ionTo _ . 42 4 ei@:7209T,
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— BrA3A; — 2y A3 A3 A58 — 1y A3 Ape' 22 TP

— 39,434, + cc, (21a)
Dogs1 + w3qs1 = — 2iws(As + paAs)e "0 — a3 A, 4512 FOIT
— O!3A21‘I3ei(w2_w")T“ _ '))3A§CSiw3T" _ 33)3141314%61‘937‘11

— 343456200 — 2434, A58 T

— 3 A3A5ei @200 0 4 £1ei%To 4 o (21b)

where cc indicates the complex conjugate of the preceding terms, and the function A4, can be
determined by the requirement that solutions to equations (21) do not contain secular
terms, or small-divisor terms caused by resonance. And the internal resonance conditions
are w, ~ ws and w, ~ 2ws. For the case Q = w3 + ¢ with w, away from w3 and 2w3, the
solvability conditions of equations (21) are derived as

— 2iwy(A) + p2A5) — 203424345 — 39,434, = 0, (22a)
— 2iws(As + u3As) — 3y3434;5 — 20343 A4, + fre°7 = 0. (22b)

Letting 4, = 1 a,e', A; = % a;e'® in equations (22), and separating into real and imaginary
parts, we can obtain

dy = — lpa;, (23a)
3
a0y = [} + a3, (23b)
4, 8w,
ay = — psas + f—3 sin 4, (23¢)
w3

3 3
L S S S L (23d)

a39/ =
8w, 4, w3

where 4 = o¢T; — 0;. And a prime denotes the derivative with respect to T;. Since the
motion in planar is neither directly excited by external excitation nor indirectly excited by
internal resonance, it can be shown that the response amplitude of the motion in-planar dies
out due to the presence of damping.

In the following, the case Q ~ w3 with w, & w5 is discussed. To express the proximity of
w, to ws, the detuning parameter ¢, is introduced. Also, to account for the internal
resonance, the detuning ¢, is used. We have

Wy, = w3 + &0, 2 = w3 + £0,.

Eliminating the terms that produce a secular term in equations (21), the solvability
conditions are derived as

— 21(/02(14,2 + //lez) — nzAggze_Zingl — 2172A3Z3A2 — 3'))214%1712 = O, (243)

— 2iws(As + p3As) — 2n3A3 Ay A5 — 3 A3 A3 — 3934345 + 37T =0, (24b)

where a prime denotes the derivative with respect to T;.
To solve equations (24), A, are expressed in the polar forms

Ay =%a,e™, As = 3a;¢'", (25)

D=
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where a,, as, 0,, 05 are real. Substituting equations (25) into equations (24) and separating
real and imaginary parts, one can obtain the following equations:

2
dy = — paay — 282 in(27, — 23), (26a)
2
2
& = — sy + B2 G2, — 27 + L2 in 2, (26b)
w3

2 3 2
_Maa3ay | 37,45 12a3a,

02(02 — 01 — ;le) = + + 005(2/12 — 2)\,3), (260)
4(02 8(,02 8(})2
31 3 2 2
Us(0y — 7y = U303 | MA@z M@y os iy T3 s (26d)
8(1)3 4(,03 8(03 w3

where A, = (0, — 01)Ty — 05,43 = 0, T1 — 0.

The above equations are known as the reduced equations. For steady state,
ay = a3 =25 =725=0. So now, we have a set of non-linear algebraic equations that are
solved numerically to obtain the fixed-point response of the system. In this case, two types
of solutions are possible, namely: (1) a, = 0, a3 # 0, the motion is out of the plane and under
these circumstances, the cable is subject to pendulation; (2) a, # 0, az # 0, the motion is of
non-planar, out-planar pendulation and in-plane vibration coupling.

For steady state out-planar motion, equations (26) can be combined into

. 32 2 2 3?3 3 2
3 = Hzasz + azo, ———dadz | . (27)
w w

Thus, this system is equivalent to a hardening spring-mass system. However, when the
response amplitude exceeds a critical value, the out-planar motion becomes unstable, and
the motion becomes non-planar.

In the second case, equations (23) can be combined into

2
1y + 1,a30, sin (21, — 273) = 0, (28a)
(OF)
2
— taas + M392ds . (205 — 203) + S sin A3 = 0, (28b)
CU3 (,01
2 3 3 2
1,030, n V202  N2d3a; 08 (24, — 223) = ax(0s — 0y), (28¢c)
4603 8(02 8602
3y5a3 > 3
Y3d3 | N3dsd; n nN3asas OS24y — 273) — fi COS A3 = a30,. (28d)
8603 4(,03 8603 603

In this case, these equations can be solved for a,, as, 4, and /5 using a Newton-Raphson
method. Thus, the first order solution of the system can be given by

qz =d; COS{[CUZ + 8(0'2 — 0'1)]t — )\.2}, (293)
q3 = dj COS [((Dz =+ SGZ)I — /’L3] (29b)

From equations (29), we know that the non-linearity adjusts the frequencies so that they are
precise equalities. This can be shown as follows:

(UzTO + 02 - CU2T0 + 8(62 - O’l)t - )»/2 == Qt - iz, (303.)
CU3TO + 03 = (1)3T0 + Sazt — )»3 = Qt — )»3. (30b)
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Thus, the deflections of the cable are given by
w(x, t) = a, cos(Qt — A,)@,(x) + O(e), (31a)
v(x, t) = az cos(Qt — A3)p3(x) + O(e). (31Db)

2.3. STABILITY EQUATIONS OF STEADY STATE RESPONSE

By directly perturbing the reduced equations, one can study the stability of the non-trivial
steady state solutions. But, as the reduced equations have the coupled terms a, 15 and as/5,
the perturbed equations will not contain perturbation A2, for trivial solutions and hence
the stability of the trivial state cannot be studied by directly perturbing equations (26).
Hence, to overcome this difficulty, introducing the transformations

p;i =a;cos Ay, ¢; = a;sin A, i=273 (32)
and carrying out trigonometric manipulations, one arrives at the following normalized

reduced equations:

, n
wz[p5 + (02 — 01)q2 + papa] + §2 [(p3 — 93)42 — 2p3qsp2] — 12 (P% + 434>

3
- % 423 + q3) =0, (33a)
%M&%%—mhﬁmmﬂ+%ﬂﬁ—ﬁm+%wﬂﬂ+%@%wwz
3y,
— ? 2203 + 43) = (33b)

, n
o3[ p5 + 0243 + papsl] — g [(p3 — 43)q3 — 2p2q2p3] — - (Pz + 4343

3
/3 2 q3(0% + q3) =0, (33¢)

n
w3[q5 — 02p3 + 13q3] + [(Pz 43)ps + 2p2q2q3] + f (P3 + 43)ps

3
+ P+ g —f =0, (33d)

To determine which of the various possible solutions are stable, we perturb the steady
state solution. That is

P2 = D20 + 4p2, P3=DP3zo+ 4Ap3, 4> =qz0 + 442, 43 = q30 + 443,

where the subscript 0 indicates the steady values and 4 indicates the perturbation values.
Substituting them into equations (32) and retaining linear terms in the perturbation, we
obtain

{Apb Aan Ap?aa Aq/ 3T = - [J ]{APZ: Aan Ap?n Aq3j ) (34)

where T is the transpose and [J_] is the Jacobian matrix whose eigenvalues will determine
the stability and bifurcation of the system.
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Figure 2. Frequency-response curve for a cable for the case of a primary resonance of the first mode: f3 = 0-85,
1y =02, u3 =02.

3. NUMERICAL RESULTS AND DISCUSSION

An elastic cable which is simply supported is treated in the following numerical examples
with the following properties: f=025m, H,=35x10°N, pA = 20-96kg/m,
A=2635x10"3*m% h=50m, L =100m, E = 1-95 x 10''N/m?, where the definition of
sag f, expression of the static equilibrium of the cable and static cable tension have been
given by reference [13]. To the simply supported cable, the mode shapes can be given by
@,(x) =sin(nx/l), @s(x) =sin(nx/l). The corresponding natural frequencies are
w, = 0-314408 and w; = 0-314159. The parameter ¢ is taken as ¢ = 0-01. The values of other
required parameters expressed in Appendix A are calculated to be: [ = 111-8m,
o, = 00611391, f, =0-0302985, y, =0-117431, o3 = 00605974, n; = 0117431,
y3 = 0-117431. For given u;(i = 2, 3), 0, and f5 are, respectively, the damping parameters,
the detuning parameters for external excitation and the excitation amplitude. The steady
state response of the system is obtained by solving equations (28) numerically using
Newton-Raphson’s method. The stability and bifurcation of the trivial and non-trivial
responses are also studied from the eigenvalues of the Jacobian matrix. As the frequency (or
forced) response curves are found to be symmetrical about the o,-axis or f3-axis, only the
positive sides of the response curves are shown in Figures 2 and 3. The solid and dashed
lines stand for the stable and unstable branches. Here, the effects of damping, amplitude and
the frequency of the excitation on the system response are studied.
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0 1 2 3 4 5
02

Figure 3. Frequency-response curve for a cable for the case of a primary resonance of the first mode: f3 = 045,
1y = 0025, u3 =01,

Solutions of equations (28) can be classified into two types, which are a, = 0, a; # 0 and
a, #0, a3 #0. The steady state frequency-response curve for system with f5; = 0-85,
> =02 and pz =02 is shown in Figure 2. In the trivial branch, pitchfork bifurcation
occurs at g, = 0-512, and the trivial solution loses its stability via a pitchfork bifurcation.
An additional branch of stable non-trivial solution exists in the frequency-response curve.
With an increase in 7 ,, a, increases rapidly, but a5 increases slowly. From Figure 2, it can be
shown that when o, <0-512 only the stable trivial solution exists, so the in-planar
component of the motion would die out due to the presence of damping. It is also shown
from Figure 2 that the responses of equation (27) are similar to the response of the Duffing
oscillator with a hardening spring, but there only exists one stable branch for the responses
of equation (27). It also shows that the internal resonance has an effect on the stability of the
solution. There exist two unstable branches for o, > 2-7, and the saddle node bifurcation at
g, = 1-81.

In the case of f3 = 0-45, u, = 0-025 and uz = 0-1, frequency-response curves are plotted
as shown in Figure 3, which is similar to Figure 2. However, it is obvious that the pitchfork
bifurcation and the saddle node bifurcation points move forward, and the amplitudes of the
motion are somehow decreased. The sag will lead to the result that a, is always smaller than
as for a given ¢,. And a, and az will finally be equal to each other without sag [11].

The variations of the response amplitude a, and a; with the amplitude of the excitation
f5 are shown in Figures 4 and 5, and there exists a critical value of f;, respectively, in them.
From Figures 4 and 5, it can be shown that when f3 is larger than the critical value, the
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Figure 4. Variation of the amplitude of the first mode with amplitude of the excitation: g, = 0-8, u, =02,
1y =02,

amplitude of the in-planar component begins to grow and the amplitude of the in-planar
component grows rapidly as f; changes slightly. After the amplitude of the in-planar arrives
at the largest value, it decreases gradually and dies out at last as f3 increases.

Next, the predicted motion is described as the o, is varied slowly up. Referring to
Figure 2, starting with a negative value of ¢,, we expect to initiate out-planar motion. Then
as g, increases, the amplitudes of the two components of the motion move from P to 4 and
O to F. When ¢, = 0-512, the amplitude of the in-planar component begins to grow, and as
g, increases, the two amplitudes increase. When ¢, = 7-:615 (not included in Figure 2), the
motion becomes unstable, and the jump phenomenon can be seen. The motion changes
from non-planar back to out-planar. Reversing the procedure, we start with a large value of
0,. Again, the initiative out-planar motion is expected. As o, decreases, the amplitude of the
two components move from C to D and from H to I; when ¢, = 1-:81, the non-planar
motion is expected and the jump phenomenon is seen again. As the o, decreases, the
amplitude of the in-planar component decreases. When o, = 0-512, the in-planar
component is zero, and the motion is out-planar again.

In order to verify the analytic results, the equations of motions were numerically
integrated using a fourth order Runge-Kutta algorithm. In the following two cases, the
numerical results were in accordance with the theoretical predictions. The numerical
responses presented in the following are typical of the computed simulations and
correspond to the system with f3 = 0-85, 11, = 0-2 and 3 = 0-2, whose response curves were
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f3

Figure 5. Variation of the amplitude of the first mode with amplitude of the excitation: ¢, = 1-5, u, = 0-15,
1y =05,

4{x102 @ i (b)
¥ CRARLARARADL
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_42800 2650 2900 2950 3000 02800 2850 2900 2950 3000
A © 4 @
2 2
& 0 0
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Figure 6. Stable motion ¢, = 0-7.
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Figure 7. Stable motion ¢, = 1-4.

presented in Figure 2. Figures 6 and 7 present the response of the cable, one for g, = 045,
the other for ¢, = 1-4. A four-dimensional Poincaré map of the response was constructed by
sampling the dynamic at multiples of the period of the forcing function, and the projections
of Poincaré map in the ¢,—¢q; plane are indicated in Figures 6(c) and 7(c). As expected,
the periodic motion is represented by one point in the projection of the Poincaré map.
Figures 6(a) and 7(a) show the time history of the motion in-planar, which indicate that
there only exists the out-planar pendulation for ¢, < 0-512 and the coupled motion between
the out-planar pendulation and the in-planar vibration for o, > 0-512.

4. CONCLUSIONS

The non-linear response of an elastic cable which is simply supported is studied using the
method of reduce and multiple scales. Besides, the stability and bifurcation of the trivial and
non-trivial branches for different values of damping, amplitude and frequency of excitation
are analyzed. Pitchfork bifurcation and saddle node bifurcation are observed. Moreover,
the coupled dynamic features between the out-planar pendulation and the in-planar
vibration of an elastic cable are analyzed, which are verified by numerical integrations using
a fourth order Runge-Kutta algorithm. Meanwhile, the sag’s influence on the amplitude of
motion is analyzed in this paper.
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APPENDIX A

The coefficients in equations (14) are given as follows:

1
blzj(pgdx
0
l 1 6 y2 1
by, = — Fo L 5 |:No<1 - 7x> @2x — (Nog — EA)yx Lqu)zx dx:|q)2 dx,
I [*o ! No — EA)y, ("
b3 = 7 A (NO_EA)(PZx quDZxdx—i_M (ngdx (;Dde,
HO Oax 0 2 0
I ("0 ](No— EAy, (!
by=— | —| ——== 2 .d d
4 H0d06x|: 3 0903x X | @2 04X,
I ("0 [(No—EAdos [* ,
bs—ﬁmg[f _0hdx fp,dx,
I ("0 [(N,—EA !
be=— | += No = EA)0a @35 dx |, dx,
H, [o0x 2 o

1
L= J‘ CZ¢§an

0

1
¢ = j (pgdxa

0

I [t o ,25
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l rl a B 1
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1
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0
1
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0
APPENDIX B

(1) The derivation of equations (4) from equations (1).
First, we derive equations (3) as follows:

% = ! (B1)
ds (1 + u)® + (wy + y)? + 02
and
L+ u)? +we+p +oi=1+2u +ug +wi+yi+woe+ 3 =1+1
where
t=2u, +ui+wi+y:+wy,+o t<l (B2)

at the same time using the equation (1 4+ &)~ "% =1 — ¢/2 + 3¢2/8 4 O(¢?) and the Taylor
series expansion and retaining the lower order non-linear terms, equation (B1) can be
expressed by

2
%ZJ(1+ux)2+(lwx+yx)2+v§=1 3t %+O(SZ)
=1—ux—”7’2‘—%’%—y—2’2‘—%’2‘—wxyx+ (2;”‘)2+0(52)
=1 ux—%’z‘—%’%—%%—g—wxyxﬁf+0(82)
=1—e—y7’2‘+0(32)z1—e—y7’2‘ (B3)

which are equations (3). The derivation of equations (4) from equations (1) is listed as below.
As an explanation, here the detailed derivation of equation (1a) is given as follows: From
equation (1a) we can obtain

0 dx 1
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Substituting equations (B3) into equations (B4) and using the Taylor series expansion and
retaining the lower order non-linear terms, we can obtain

1 2
e aO {[(NO _ EA)( —e— %) + <1 _ y—S)EA}(l v ux)} ~0.  (BS)

Therefore, we can obtain

10 1 0 I 1o
— ~[(Ng— EA)e] —— — | No[1 == — — [(Ny— EA
utt+pAax[( 0 )6] pA6x|: O( >ux:|+pA0x[( 0 )uxe]

2
1 0 y2
“panl (5o
10 Vi
| (1-5) ]

is independent of time ¢, thus it can be dealt with by co-ordinates translation. For simplicity
in this paper, this term can be neglected. So we can obtain

(Bo)

where

u,,+pi%[( A)]—— d [No< —y—’%> ]+ii (No — EA)uye] =0,
(B7)

which is equation (4a). Similarly, the derivation of equation (4b) can be obtained from

equation (1b), with
1 0 vi
= N1
s (3 )]

being neglected. Also, equation (4c) can be derived from equation (1c) similarly.
(2) Equations (6) and equation (7) are obtained as follows:
Introducing the non-dimensional time * defined as

|Ho
tf= |—1t. BS
oAl (B)

Therefore,

d 1 d

= B9

dt pAl/H, dt* (B9)
Eo L dfd)y 1 ddNde H &
de>  JpAyH,dt\dt*) — Jpal/H,drf \dt*) di  pAldes*
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So u,, can be written as

*u  H, 0? H
o g8 _ o ... (B11)

Yo T palor? T pal

Substituting equation (B11) into equation (B7), we can obtain

H, 1 0 1 0 y2 1 0

% e + — — [(No — EA)e] — — — | No[ 1 — = — —[(No — EA)u,e] = 0.

pAlutt+pAax[( 0 )e] pA6x|: O< 2 Uy +pA6x[( 0 )uxe]
(B12)

I 0 I 0 2 I 0
Uppe 4+ — < [(No — EA)e] — — | No[ 1 =2 Y | + — L [(No — Ed)uze] = 0.
X 2 H, dx

(B13)

If the * notation is disposed for the convenience of writing, we can obtain

+ L2 Ny — Edye] Loy (1% + L O (N — Edyue] = 0
thu Hyox 0 ¢ Hyox| ° 2 )" Hyox — ° el =5

(B14)
which is equation (6a). Similarly, equations (6b) and (6¢) can be obtained.
If we only consider the lower order transverse modes, no interaction will occur between

these transverse modes and the longitudinal modes, and the longitudinal inertia u,, can be
neglected. As a consequence from equation (B14), we can obtain

L2e [(No — EA)e] — 1 % [N()(l - y—2>u] Lo [(No — EAue] ~0 (B15)

H, 0x H, 2 H, ox
SO
0 yi
8_[(N° — EA)e — N, 1—? u, + (Ng — EAue]l~0 (B16)
x
if defining P(x, t) = (Ny — EA)e — No(1 — yZ/2)u, + (No — EA)u.e, we can obtain
0
— P(x, 1) =0, (B17)
0x
therefore, we can view P(x, t) as the function of time ¢, then
2
(No — EA)e — N, <1 —_ %) Uy + (No — EA)uge ~ P(1) (B18)

which is the equation (7).
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