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A finite element analysis for free vibration behaviour of doubly curved stiffened shallow
shells is presented. The stiffened shell element is obtained by the appropriate combinations
of the eight-/nine-node doubly curved isoparametric thin shallow shell element with the
three-node curved isoparametric beam element. The shell types examined are the elliptic and
hyperbolic paraboloids, the hypar and the conoidal shells. The accuracy of the formulation
is established by comparing some of the authors’ results of specific problems with those
available in the literature. Numerical results of additional stiffened shells are also presented
to study the effects of various parameters of shells and stiffeners such as orientation
(i.e., along x-/y-/both x and y directions), type (concentric, eccentric at top and eccentric at
bottom) and number of stiffeners, stiffener depth to shell thickness ratio, and aspect ratio,
shallowness and boundary conditions of shells on free vibration characteristics.

© 2002 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

In civil engineering construction, singly curved cylindrical and doubly curved elliptic
paraboloid, hyperbolic paraboloid, conoidal and hypar shells, shown in Figure 1, are
commonly used as roofing units. Doubly curved shells are architecturally appealing and
frequently favoured for roofing large column-free areas. Synclastic elliptic paraboloid shells
are structurally stiff due to their surface geometry and can have square or rectangular
planform. The anticlastic hyperbolic paraboloid, conoidal and hypar shells are ruled
surfaces offering ease of casting and even penetration of natural light. These shells are often
stiffened to achieve greater strength with economy of the material. However, they are
frequently subjected to dynamic loadings in their service life and hence, the dynamic
properties, such as natural frequencies and mode shapes, are also of primary interest to
predict in-service behaviour and resonance frequencies.

During the last two decades, researchers took active interest in the dynamic behaviour of
stiffened shells. Rinehart and Wang [1] investigated vibration of simply supported closed
cylindrical shells with longitudinal stiffeners by employing the energy method. Mead and
Bardell [2, 3] analyzed the free vibration aspects of a closed thin cylindrical shell with
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Figure 1. Types of shell forms: (a) cylindrical shell; (b) elliptic paraboloid shell; (c) hyperbolic shell; (d) hypar
shell; (e) conoidal shell.

discrete axial and periodic circumferential stiffeners by wave propagation method. Mustafa
and Ali [4] studied the free vibration characteristics of stiffened cylindrical shells and
orthogonally stiffened cylindrically curved panels experimentally as well as numerically by
employing an eight-node orthogonally stiffened super shell finite element. Mustafa and Ali
[5] also applied the structural symmetry techniques with appropriate constraints on the
boundaries of parts of a shell structure to the free vibration analysis of closed cylindrical
and conical shells for the prediction of natural frequencies and mode shapes. Bardell and
Mead [6] established the stiffness and mass matrices of a cylindrically curved rectangular
panel by employing the hierarchical finite element method and then the stiffness and mass
matrices are combined with periodic structure theory to analyze an orthogonally stiffened
cylindrical shell with discrete line simple supports. A thin cylindrical shell stiffened axially
by equi-pitched, identical stringers and circumferentially by equi-pitched, identical frames
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was analyzed as a two-dimensional periodic structure by using wave propagation
techniques in conjunction with the hierarchical finite element method [7]. Cheng and Dade
[8] carried out the dynamic analysis of stiffened plates and shells using spline Gauss
collocation method. Accrorsi and Bennett [9] applied the wave propagation techniques to
a finite element model of a single periodic unit to determine the elastic wave propagation
characteristics in orthogonally stiffened cylindrical shells. Mecitoglu and Dokmeci [10]
investigated the free vibration analysis of thin, stiffened, shallow cylindrical shells by
collocation method within the frame of the theory of classical thin orthotropic shallow
shells. Langley [11] developed the dynamic stiffness technique based on a singly curved
orthogonally stiffened shell element with a constant radius of curvature and simply
supported along the curved edges. The same method was applied to a range of stiffened
circular cylinders, a cylinder with an internal floor, and a five-panel/six stringer array. Rao
et al. [12] investigated the natural frequencies of submerged stiffened plates/shells by using
a triangular shallow shell finite element. By applying the same method, Sinha and
Mukhopadhyay [13] studied the free vibration of eccentric stiffened plates/shallow shells.
Further, they extended it to investigate static, free and forced vibration analyses of arbitrary
non-uniform shells with tapered stiffeners [14]. Jiang and Olson [15] developed a super
finite element with C* shell element and curved beam element for the free vibration analysis
of cylindrical shells. Natural frequencies of stiffened circular cylindrical shells were
investigated by Stanley and Ganesan [16] for short and long shells by semi-analytical finite
element method. Sivasubramonian et al. [17] investigated the free vibration characteristics
of longitudinally stiffened square cylindrical panels with symmetrical square cutouts using
the finite element method.

It is thus seen that though, the free vibration behaviour of stiffened cylindrical shells
either closed or open were studied extensively by many researchers, very less work was
carried out on the free vibration characteristics of doubly curved stiffened shells. To the best
of authors’ knowledge, study of free vibration behaviour of doubly curved stiffened elliptic
paraboloid, hyperbolic paraboloid, conoidal and hypar shells is yet to be carried out. The
present work is, therefore, aimed at investigating the free vibration behaviour of the above
types of stiffened shells by employing the finite element method.

2. FINITE ELEMENT FORMULATION

The element stiffness and mass matrices for the doubly curved stiffened shell element are
obtained by the appropriate combinations of the eight-/nine-node doubly curved
isoparametric thin shallow shell element with the three-node curved isoparametric
beam element. In the present formulation, the effects of stiffness and mass of the stiffeners
(three-node beam elements) are being lumped at the nodal points of the eight-/nine-node
shell elements; thereby, it is possible and convenient to position the beam element
at any desired location along x or y direction with respect to the overall shell
element geometry and nodal configurations. If required, the beam elements used as
stiffeners can be placed even at arbitrary locations irrespective of the presence of shell
element nodes.

2.1. SHELL ELEMENT

A doubly curved thin shallow shell of uniform thickness 4 made of homogeneous,
isotropic, linearly elastic material is considered. The radii of curvature of the shell along
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Figure 2. Doubly curved isoparametric shell elements: (a) eight-node (N8); (b) nine-node (N9).

x and y directions are R, and R, respectively, and the twist radius of curvature is taken as
R,,. The projection of the shell on the xy plane is a rectangle of dimensions a and b. The
equation of the middle surface of the shell, referred to a system of orthogonal axes (x, y, z),
may be expressed as

z=1(x,y). (1)

A shell is characterized as shallow if any infinitesimal line element of its middle surface
may be approximated by the length of its projection on the xy plane. This implies that

0z\? 0z\? 0z\ [0z
<(3x> «<1, <(3y> «1, <6x> <6y><<1' 2)

Moreover, the lateral boundary of a shallow shell may be approximated by its projection
on the xy plane with regard to its boundary conditions. According to Vlasov [18], the
above conditions are practically satisfied for shells with a rise-to-span ratio less than %.

The eight-node (N8) and nine-node (N9) doubly curved isoparametric thin shell elements,
as shown in Figure 2, are used here with 5 degrees of freedom (d.o.f:s.) at each node. It
includes three displacements, u, v and w along x-, y- and z-axis, respectively, and two
rotations, o and f along x- and y-axis respectively. The analysis of shells is based on the
modified Sanders’ first approximation theory for thin shells.

The displacements at any point, with isoparametric coordinates & and 1, are related to the
nodal d.o.fs. by

0<=2Ni05i, ﬁzzNiﬁia )]

where i and n are the corresponding and total number of nodes in a shell element, and N; is
the usual shape function of the ith node.

In the isoparametric formulation the element geometry is also defined by the same shape
functions, i.e.,

XZZNixiy y:ZNiyi- (4)
1 1
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The constitutive relations for the shell element are

{F} =[D]{e}, (5

where
{F} = [NstysnyaMx»MyaMxya sza Qyz]Ta (6)
{8} = [827 887 nga kxa kya kxya y)(zza ’ygz]T' (7)

Here, N, N, N,,, M, M,, M,,, Q.. and Q,. are the usual force, moment and shear
resultants, €2, &), %, 7% and 79, are mid-surface usual axial and shear strains, and k., k, and
k., are the curvatures.

[D] is the elasticity matrix and expressed as follows:

[Dyy Dy O 0O 0 0 0 0
D;y Dyy 0 0 0 0 0O 0
0 0 Dyy4 0 0 0 0 0
0 0 0 D D 0 0O 0
[D] = e : (8)
0 0 0 D;r Dyp 0 0 0
0 0 0 0 O Dxyr 0 O
0 0 0 0 0 0 Sy O
i 0 0 0 0 0 0 0 Sy_
where
Eh Eh Eh3
XA YA (1 _ V2) > XYA 2(1 I V) > XF YF 12(1 _ Vz) >
1—v Eh
Diys=VDx4, Dip=vDxp, Dxyr= T Dxr, Sx=S8y= )

20(1 +v)°

o 1s the factor to account for the non-uniform shear strain distribution across the thickness
of the plate/shell and approximately taken as 1-2 for the rectangular, homogeneous section
and corresponds to a parabolic shear stress distribution [19].
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On the basis of the first order shear deformation theory of thin shells, the strain-
displacement relations are specialized for shallow shells as follows:

W
0x R,
w_w
0y R,
0
o B
& dy  ox Ry,
Yoy 0o
k. 0
- ¥ . (10)
k, ap
Ky, dy
Yoz Ou OB
70 Jdy = 0x
Lo
* 0x
op
B+ 3y

The element stiffness and mass matrices are derived on the basis of minimum energy
principle. The element stiffness matrix is given by

[Kshel = U [B]'[D][B] dx dy. (11)

The element mass matrix is obtained as

[Mgpe] = jj [NT'[PI[NTdxdy, (12)

where [ B] contains the local derivatives of shape functions and [ N] is the shape function
matrix.
The inertia matrix [ P] is obtained as follows:

‘ph 0 0 0 0|
0 ph 0 0 0
0 0 ph 0 0
[P] = P 3 (13)
o 0o o 2 o
2o,
0
0o 0 0 o0 =
L 12 |

The element stiffness and mass matrices are first evaluated by expressing the integrals in
local natural co-ordinates of the element and then performing 2 x2 reduced numerical
integration by using the Gaussian quadrature to avoid shear locking.
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Figure 3. Three-node isoparametric curved stiffener elements: (a) x-stiffener; (b) y-stiffener.

2.2. STIFFENER ELEMENT

The shape functions of three-node curved isoparametric beam element for x and
y directional stiffeners as shown in Figures 3(a) and 3(b), respectively, are taken as
considered by Deb and Booton [20] and are expressed as follows:

For x-stiffeners:

Ng = 058614+ ¢&&) fori=1,3, (14)

Nyg=(1—-¢% fori=2. (15)
For y-stiffeners:

N,i=05y(1 +nn;) fori=1,3, (16)

N,=(1—#n? fori=2. (17)

In the stiffener element, each node is having 4 d.o.f., ug,, w,,, o, and f, for x-stiffener and
VUgys Wyy» &gy and f, for y-stiffener. The displacement field at any point can be expressed in
terms of nodal displacements as follows:

{0} = [N:1{0sni} for x-stiffener, (18)
{05} = [N,i1{ds:} for y-stiffener, (19)
where
(Ossi} = [tsxt Want Osxt Boxt = Usxs Wexs %3 Poxal’s (20)
{5syi} = [Usyl Wept Xsy1 ﬁsy1 v Usyz Weys Ogy3 ﬂsyS]T' (21)

The generalized constituent relation for x-directional stiffener can be expressed as

{st} = [sz] {gsx} = [sz] [Bsx] {5sxi}7 (22)
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where
{st} = [Nsxx Msxx Tsxx stz]Ta (23)
{gsx} = [usx,x Olsx,x ﬁsx,x (asx + st,x)]T' (24)

Here, N\, Mg\, Ty and Q... are usual axial force, moment, torsion and shear resultant
of x-stiffener element. The elasticity matrix of x-stiffener element [D,,] is obtained as
follows:

ESxASx ESxSSx 0 0

ESxSsx ESxISx 0 0
[D.1=| o 0 GuJa 0 | (25)

G, A,

O 0 0 SX SX

15

where Eg,, Gy, Agy, Sex, Isx and Jg,, are the modulus of elasticity, modulus of rigidity,
cross-sectional area, first moment of area, moment of inertia about the reference axis and
equivalent polar moment of inertia of the isotropic x-stiffener respectively.

The effect of eccentricity of the x-stiffener, e, with respect to the mid-surface of the shell
can be included automatically by considering the mid-surface of the shell as the reference
axis for the calculation of sectional parameters of the stiffeners.

The effect of curvature of the x-stiffener can be considered as follows:

X

Esx
Usxi = <1 + R_> Ui, Vsxi = Vi, Wexi = Wi, Ugxi = &, ﬂsxi = ﬁi' (26)

Hence, the transformation matrix for curvature effect of x-stiffener can be written as

e
1+=20 0 0 O
+Rx
0 1 0 0 O
[Tcsx]= 0 0O 1 0 ol (27)
0 0 010
| 0 00 0 1]

The displacements at the nodal points of x-stiffener with respect to mid-surface of shell
element can be transferred to the shell nodal points with the relation given by

Y 6= Y N1 {6} = [T (65 (28)

From equations (26) and (28), the nodal displacement of the x-stiffener can be obtained as
follows:

{5Sxi} = [Tsx] {51'}7 (29)

where

[Tsx] = [Tcsx] [Tsh] . (30)
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The element stiffness and mass matrices of x-stiffener can be obtained as

[Kxe] = Jv[Tsx]T [Bsx]T [sz] [Bsx] [Tsx] dX, (3 1)

[My.] = J[Tsx]T [N '[P ]INGI[ T, dx, (32)

where [ N, ] is the shape function matrix and [ P,,] is the inertia matrix of the x-stiffener.

The element stiffness and mass matrices are first evaluated by expressing the integrals in
local natural co-ordinate, & of the element and then performing 2 x 2 reduced numerical
integration by using Gaussian quadrature. The element stiffness [K,.] and mass [M,,]
matrices for the y-stiffener can be obtained in a similar manner as for the x-stiffener. Then,
the element stiffness and mass matrices for the stiffened shell is given by

[Ke] = [Kshe] + [Kxe] + [Kye]n (33)
[Me] = [Mshe] + [Mxe] + [Mye]- (34)

The element matrices are then assembled to obtain the global [ K] and [ M] matrices. The
standard eigenvalue problem for the undamped free vibration takes the form:

[K1{d} = 0’ [M]{d}, (35)

where w is the natural frequency in radian per second and {d} represents eigenvectors.
Equation (35) is solved by subspace iteration algorithm to determine the natural frequencies
and mode shapes.

3. NUMERICAL RESULTS AND DISCUSSIONS

The accuracy of the present formulations (N8 and N9) is first established by comparing
the present free vibration results of various unstiffened shell problems with those of earlier
investigators available in the literature. It is worth mentioning that the authors failed to get
the free vibration results of stiffened hyperbolic paraboloid, hypar and conoidal shells from
the available literature. Non-dimensional fundamental frequencies [@ = w(ab/h)./p/E] of
shallow unstiffened elliptic paraboloid, hyperbolic paraboloid, hypar and conoidal shells
obtained by N8 and N9 formulations are presented in Table 1, along with those obtained by
Stavridis [21]. The edges of the above shells are supported either by simple support (SgSy)
or by support fixed against rotation (CgSy) as in the literature [21]. The results compare
extremely well for both the formulations.

To validate the present formulations for stiffened plates as a special case and stiffened
shallow shells, the natural frequencies of three numerical problems, such as a clamped
square plate with central stiffener (Figure 4), clamped as well as cantilever cylindrical shells
with longitudinal stiffeners (Figure 5) and a cross-stiffened simply supported spherical shell
(Figure 6), are presented in Tables 2-4, respectively, along with the results available in the
respective literature [12,17,22-24]. Deviations of the present results from those obtained
by the earlier researchers are negligible justifying good agreement for all the above
problems and hence, the formulations are validated.

The convergence study of both the elements (N8 and N9) is carried out with respect to
mesh size for the elliptic paraboloid shell stiffened with one central stiffener along x and
y directions with simply supported (SS) and clamped (CC) boundary conditions and
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TABLE 1

Non-dimensional fundamental frequency [@ = w(ab/h)/p/E] for shallow shells (v = 0-15)

Present FEM

results
Boundary Shallowness Stavridis

Shell form condition ¢ =ab/h*  parameters b/a [21] N8 N9
Elliptic SeSm-SeSm/ 10000 fi/a =005 0-50 34-697 34-122 34126
paraboloid SeSm-SeSm f2/b =005 1-00 40-413 39-808  39-809
CpSu-CaSy/ 10000 fi/a =005 0-50 36-840 36311 36283
CpSu-CgSwy f>/b =005 1-00 41-355 40775 40762
Hyperbolic SeSm-SeSm/ 10000 fi/a =005 0-50 13-413 13-160 13:162
paraboloid SeSm-SeSwm f2/b =005 1-00 5763 5763 5763
CpSu-CaSy/ 10000 fi/a =005 0-50 18-838 18:600 18-544
CpSu-CaSu f2/b =005 1-00 11928 11-801 11-727
Hypar SeSm-SeSm/ 10000 Affa = 0-15 1-00 15316 15276 15272
SeSm-SeSm Affa = 020 1-00 15921 15-844 15839

20000 Affa =015 1-00 15223 15215 15210
Affa = 0-20 1-00 16080 16:052  16:040

Conoidal  SSy-SpSw/ 10000 fo/b =000

SpSu-SpSw Af/b=010 050 10-870  10-817 10811
fa/b = 000
Af/b =020  0-50 14990 14795 14752
fa/b = 0-00
Af/b =010 10 13659 13612 13-590
fa/b = 000
Af/b=020 10 18590 18387 18276
{
02032 m 1
>
- r 3= 00013716 m
n 00127 ml |_| t
I 02032 m e
A I A 000635 m
11
L_ o __I SECTION AA
1]
Ll . x

Figure 4. Clamped square plate with one central stiffener: E = 6-87 x 10'° N/m?, v = 0-29, p = 2823 kg/m>.

presented in Figure 7. It is observed that the non-dimensional fundamental frequencies
[@ = wb*{12p(1 — v*)/(Eh?)}'/*]

of both the elements are converged to nearly the same value. But, the rate of convergence in
nine-node shell element is faster than the other one. The results of the simply supported
stiffened shell converge faster at 8 x 8 mesh size while, those with clamped ones converge at
16 x 16 mesh size. Hence, the nine-node shell element is considered with 8 x 8 and 16 x 16
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Figure 5. Stiffened cylindrical shell: (a) cantilever panel; (b) clamped panel.

50-08 mm
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101-6 mm

SECTION AA &SECTION BB

Figure 6. Simply supported concentrically stiffened spherical shell: a=b=15698m, R=254m, h=
99-451 mm, p = 772897 kg/m?, E = 689 x 10° N/m?, v = 0-30.

mesh sizes for the simply supported and clamped stiffened shells, respectively, for further
numerical studies.

Several additional examples of four typical doubly curved shallow shells including elliptic
paraboloid, hyperbolic paraboloid, hypar and conoidal shells are judiciously chosen with
respect to their aspect ratio (y = a/b), boundary condition and shallowness parameter
(4, defined later) and having stiffeners up to 10 in number. The stiffeners are having three
different orientations (along x, y and orthogonal, i.e., along both x and y directions) and
three different types (concentric, eccentric at top and eccentric at bottom). Moreover, the
examples have one constant/varying non-dimensional parameter d,/h (stiffener depth to
shell thickness ratio), in addition to the following constant non-dimensional parameters:

b/h =250, by/h=2 and v =015 for all the above shells,

R,/R, =10 and R,/b=3 for elliptic paraboloid,
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TABLE 2

Natural frequencies (Hz) of centrally stiffened clamped square plate (Figure 4)

Olson and Hazell [22] Mukherjee and Sivasubramonian Present results
Mukhopadhyay Bhimaraddi et al.

Mode Theory [23] et al. [24] [17] N8 N9

no. Test (FEM) (FEM) (FEM) (FEM) (FEM) (FEM)
1 689 7181 711-8 700-4 729-6 7252 7251

2 725 751-4 768-2 737-0 748-0 7453 7452

3 961 997-4 10165 9666 1009-1 9876 9871

4 986 1007-1 10319 — 10166 994-4 9939

5 1376 1419-8 14652 1380-1 1321-8 14019 14004

TaABLE 3

Natural frequencies (Hz) of stiffened cylindrical shells for various radius of curvatures. (Figure

5, Shell: a=b=500mm, h=1-4mm, E =171 x 10** N/m?, p = 7430 kg/m?, v = 0-3;

Stiffener: I-section, flange width = 15 mm, flange thickness = 2 mm, web thickness = 2 mm,
height of the section = 24 mm, E; = 2:1 x 10 N/m?, p, = 7430 kg/m?, v; = 0-3)

Cantilever (C-F-F-F) Clamped (C-C-C-C)
Present FEM results Present FEM results
Sivasubramonian Sivasubramonian
R Mode et al. N8 N9 et al. N8 N9
(mm) no. [17] (12x12)  (8x38) [17] (20x20) (16 x16)
Plate 1 673 684 684 350-8 3425 3426
2 684 686 686 3825 3727 3730
3 1159 119-8 119-5 4262 4141 414-6
4 121-5 120-1 1199 4289 4162 4167
5 1309 1279 127-2 461-6 447-3 446-5
2000 1 681 66-7 66-7 3569 3479 3479
2 743 752 752 401-3 3903 390-5
3 131-3 132:6 132-6 4646 449-5 450-0
4 1342 1381 1382 474-4 460-4 4595
5 1665 162-3 161-8 507-8 493-7 492-9
500 1 820 83-7 83-6 4129 399-8 3999
2 87-1 89-8 89-8 5253 5067 507-0
3 1565 1557 155-8 640-4 6153 6144
4 183-2 184-2 184-7 765-3 746-5 7475
5 265-8 2656 269-1 7727 749-5 7515

R,/R,=—10, R,/b=3 for hyperbolic paraboloid,
Af/b =02 for hypar shells,
(fa +4f)/b=015 and fo/(f; + 4f) =025 for conoidal shell.

All the symbols are either defined in Appendix A or shown in Figure 1.
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TaBLE 4

369

Natural frequency (rad/s) of simply supported spherical shell with concentric orthogonal

stiffeners (Figure 6)

Present results

Rao et al. [12] N8 N9
Mode
number 4x4mesh 8x8mesh 4x4mesh 8§x8mesh 4x4mesh 8x8 mesh

1 41-05 41-08 40-27 40-26 40-27 40-26
2 7477 74-68 71-79 70-98 71-63 7097
3 7526 7474 71-79 70-98 71-63 7097
4 100-49 9899 9849 9606 9724 96-06

D 450 — T T T T T T T T
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D a00 | .

S T N
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T 350 | \.\\e\.\ . i

_% [ o T zioioic¥eizimim . —x
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= 300 | -

© | *
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0 2 4 6 8 10 12 14 16 18 20 22
N
(Mesh size=NxN)

Figure 7. Convergence study of shell elements (N8 and N9) of elliptic paraboloid shell with one central stiffener
in each orthogonal direction. —*—, N8 (SS); —@—, N9 (SS); —- *—-, N8 (CC); -- @-- N9 (CC).

The orthogonal stiffeners are placed in such a manner that the location of the same can be

defined with respect to global co-ordinates as follows:

For x-stiffeners:

b
T et )
For y-stiffeners:
a
X; =
(n,+1)

i fori=1,2,3,...,n,.

i fori=1,2,3,...,n,

(36)

(37)

The shallowness parameter (4) of different shell forms, according to Stavridis [21], is as

follows:
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Detuails of constant/varying non-dimensional parameters both for shells and stiffeners

TABLE 5

A. N. NAYAK AND J. N. BANDYOPADHYAY

of

different types of numerical problems along with the location of their respective results

Shell parameters

Stiffener parameters

Combined Results
SL Boundary parameters  and their
no. 7y =a/b condition A Number Orientation  Type (dg/h) locations
1 1-0 Clamped — Upto All three All three 6 @ versus
10x 10 number of
stiffeners in
Figures 8-11
2 20,10  Simply — Up to Orthogonal Eccentric 6 @ Versus
and 0-5 supported 10x 10 at top number of
and stiffeners in
clamped Figures 12-15
3 10 Clamped — Up to Orthogonal Eccentric  Up to 20 @ Versus
10x 10 at top (dg/h) in
Figures 16-19
4 10 Simply Upto Only Orthogonal Eccentric 6 @ Versus
supported 02 4x4 at top Ain
and Figures 20
clamped and 21

For elliptic paraboloid shell.

For hyperbolic paraboloid shell:

For hypar shell:

For conoidal shell:

A
/L—?.
L Lt Af
A/_E—FT-

(38)

(39)

(40)

(41)

If the shallowness parameter (4) of any shell is limited to 0-2, the condition of shallow shell
is satisfied. It is worth mentioning that the shallowness parameter (1) of all the shells

considered in the numerical problems is limited to 0-2.

In addition to the constant non-dimensional parameters mentioned above for the
different examples, other constant/varying non-dimensional parameters both for the shells
and stiffeners are presented in Table 5 as a ready reference, along with the location of their
respective results of non-dimensional fundamental frequencies (@).
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3.1. NUMBERS, TYPES AND ORIENTATIONS OF STIFFENERS

The objectives of the examples of Sl. No. 1 of Table 5 are to study the influences with
respect to their number, types and orientations on square and clamped shells of four forms.
Results of @ from Figures 8-11 clearly show that the fundamental frequency is increasing
with the increase in the number of stiffeners as normally expected. However, this increase,
though considerable in some of the forms at the early stage, gradually becomes insignificant
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Figure 11. Variation of non-dimensional fundamental frequency of stiffened clamped conoidal shell with
respect to numbers, types and orientations of stiffeners (y = a/b = 1, b/h = 250, (f, + Af)/b = 015, /,/(f> + Af)
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after a critical value of the number of stiffeners, as generally observed for all the four forms
taken up here. A close look at the values of @ with the three types of stiffeners reveals the
superiority of “eccentric at top” stiffeners for all the four clamped forms and then comes
“eccentric at bottom”, clearly indicating that the concentric stiffeners are much inferior in
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all the four cases. Even, at least in one case of conoidal shell with one stiffener along the
x direction proves to be worse than the unstiffened shell (Figure 11). However, this aspect
will be taken up again while studying other results.

As regards the orientations of the stiffeners, orthogonal stiffeners having particular
number show much higher @ than the same with an equal number of stiffeners either along
the x or y direction, except in hyperbolic paraboloid shell (Figure 9), where the trend is just
the opposite with two number of stiffeners. Between the remaining two orientations,
y directional stiffeners establish their superiority to those along the x direction for the
conoidal shell (Figure 11). For the elliptic paraboloid and hypar shells (Figures 8 and 10),
the stiffeners along x and y directions are behaving in identical manner with having exactly
the same value of @, which is due to the symmetry of forms and stiffeners. Moreover, the
“eccentric at top and bottom” stiffeners of the hypar shell yield the same result along any
orientation due to the absence of curvatures along orthogonal directions (Figure 10). The
same study for the hyperbolic paraboloid shell (Figure 9) reveals interesting features as
mentioned below:

(1) In the case of the concentric stiffeners, the values of @ for stiffeners along the
x direction are identical with those along the y direction, due to the symmetry.

(2) In the case of the eccentric stiffeners, however, all the values of @ along the x direction
eccentric at bottom are equal to the respective values of @ along the y direction
having eccentric at top and vice versa. But for the orthogonal stiffeners, the “eccentric
at top and bottom” stiffeners behave in a similar manner.

(3) Up to four stiffeners, “eccentric at top and bottom” stiffeners along x and y directions
show nearly the same trend. However, from four stiffeners onwards, the “eccentric at
top” stiffeners are found to be more efficient than the “eccentric at bottom” ones along
the y direction. Similarly, along the x direction, the stiffeners having eccentricity at
bottom show superior performance than those having eccentricity at top.

The above discussion clearly establishes the better performance of orthogonal and
eccentric at top stiffeners in majority of cases of clamped shells. Accordingly, the remaining
examples of Sl. Nos. 2-4 of Table 5 are with orthogonal and eccentric at top stiffeners only.

3.2. BOUNDARY CONDITION AND ASPECT RATIO

A quick glance at the values of @ of Figures 12-15 clearly establishes the superiority of
clamped shells when compared to the corresponding cases of simply supported ones for all
three aspect ratios and for any particular number of orthogonal stiffeners considered here.
For clamped stiffened shells, preference of the aspect ratio is 0-5, 1-0 and 2-0 for the higher
enhancement of @. Moreover, it should be observed carefully that simply supported elliptic
paraboloid shell is not only the lowest ranker, it is also of concern as it indicates reduction
of @ for any number of stiffeners particularly for the aspect ratios 2 and 1 (i.e., narrow and
long, and square ones). It is, again, to be noted that for the aspect ratio of 0-5 (wide and short
one), the stiffeners justify their presence in increasing the values of @ with respect to that of
unstiffened ones (Figure 12). Hence, it is suggested that the narrow and long, and square
elliptic paraboloid shells are not to be stiffened and preferably to be avoided. It is further
seen from Figures 13-15 that in the three other shell forms of the simply supported case, the
wide and short ones (y = 0-5) is the most efficient followed by the square (y = 1) and then the
narrow and long ones (y = 2) similar to the clamped ones. The degree of superiority of
clamped ones, though differs depending on the wide ranging combinations of three different
aspect ratios and different number of stiffeners, is observed to be higher for the hypar shells
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Figure 13. Variation of non-dimensional fundamental frequency of “eccentric at top” orthogonally stiffened
hyperbolic paraboloid shell with respect to boundary conditions and aspect ratios (b/h =250, R,/R, = — 1,
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showing almost 6-7 times of increase of @ followed by conoidal shells (4-5 times of increase
of @) and then the hyperbolic paraboloid shells (2-3 times of increase of @) and the lowest is
the elliptic paraboloid shells (1-5-2 times of increase of @). It is, therefore, recommended to
use the clamped shells of any forms, followed by the three simply supported shell forms, i.e.,
hyperbolic paraboloid, hypar and conoidal, with aspect ratios 0-5, 1-0 and 2-0 in order of
preference for stiffening.
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hypar shell with respect to boundary conditions and aspect ratios (b/h = 250, Af/b = 0-20, by, /h = 2, dy, /h = 6 and
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Figure 15. Variation of non-dimensional fundamental frequency of “eccentric at top” orthogonally stiffened
conidial shell with respect to boundary conditions and aspect ratios (b/h = 250, (f + Af)/b = 015, £, /(f5 + 4f)
= 025,by/h =2,dy/h = 6 and v = 0-15; SS, simply supported; and CC, clamped). - - -0-- -, y = 2:0 (SS); - - -O- - -,
y =10 (SS); ---A---, » =0-5 (SS); —M—, y = 2:0 (CC); —@—, y = 1-0 (CC); —A—, y = 05 (CC).

3.3. STIFFENER DEPTH TO SHELL THICKNESS RATIO (d,/h)

Figures 16-19 display the values of @ for frequently preferred square, clamped,
orthogonal and eccentric at top stiffened shells with increasing number of stiffeners and
(dy/h) ratios. The figures clearly show that for a specific shell thickness, the depth of
stiffeners does not have a significant role particularly for lower number of stiffeners.
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Figure 16. Variation of non-dimensional fundamental frequency of “eccentric at top” orthogonally stiffened
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Figure 17. Variation of non-dimensional fundamental frequency of “eccentric at top” orthogonally stiffened
clamped hyperbolic paraboloid shell with stiffener depth to shell thickness ratio (y = a/b =1, b/h = 250, R, /R
=—1, Ry/b =3, by/h=2and v= O 15) ,ne=n,=1; —O— n,=n,=2; —O—, n, =n, =3; —A—,
ny=n,=4; ---®--- n.=n, =7, ——, n, —n—lO

However, with increasing number of stiffeners, the depth of stiffeners plays an important
role. It is also to be kept in mind that the increase of @, though appreciable when the
number of stiffeners are increasing initially, is not that significant with the further increase
after a specific number of stiffeners (say 4 x 4). It may be observed that almost 80-90% of
@ is achieved with 4 x 4 stiffeners when compared with the identical stiffeners of 10 x 10
numbers. In such a situation, therefore, these figures will help in deciding the corresponding
depth of stiffeners for a particular number and a specific thickness of the shell. Moreover, for
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Figure 19. Variation of non-dimensional fundamental frequency of “eccentric at top” orthogonally stiffened
clamped conoidal shell with stiffener depth to shell thickness ratio (y = a/b = 1, b/h = 250, (f> + Af)/b = 0-15,
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specific values of both dy and h, these figures will be useful in deciding the number of
stiffeners in order to attain a desired value of @.

Further, it is to be noted that for lower values of (d/h), the range of variations of @ is
quite large for the clamped conoidal shell (Figure 19) followed by clamped hyperbolic
paraboloid shell (Figure 17), while clamped elliptic paraboloid and hypar shells (Figures 16
and 18) show a narrow range. From this, the obvious preference of conoidal shell followed
by hyperbolic paraboloid shell will dominate over the other two forms, ie., elliptic
paraboloid and hypar shells.
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Figure 20. Variation of non-dimensional fundamental frequency of simply supported shells with/without
“eccentric at top” orthogonal stiffeners with shallowness parameter (y = a/b = 1, b/h = 250, by /h =2, dy/h =6
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Con = conoidal). - - -B- - -, EP(Unst.); ——, EP(St.); - - -@- - -, HP(Unst.); —O—, HP(St.); - - -A- - -, Hyp(Unst.);
—A—, Hyp(St.); - - -%---, Con(Unst.); —s«—, Con(ST).

3.4. SHALLOWNESS PARAMETER (/) OF THE SHELL

These examples, listed under SI. No. 4 of Table 5, are taken up for frequently used square
shell forms of simply supported and clamped boundary conditions with only 4 x4,
orthogonal and eccentric at top stiffeners and shallowness parameter varying from 0 to 0-2
(i.e., plate to shallow shell range). Figures 20 and 21 present @ for these cases along with
those of unstiffened ones also.

Though, in general, it is observed that @ is increasing with increasing value of A both for
stiffened and unstiffened shells except in the case of simply supported hyperbolic paraboloid
shell, where the situation is just the reverse (Figures 20 and 21). However, the rate of
increase of @ with the increase of A for all the forms in both boundary conditions are
different as seen from the stiff and flat slope of these graphs. Figure 20 clearly shows that the
simply supported elliptic paraboloid stiffened shells have lower @ than those without any
stiffeners for 1 beyond 0-05, though the absolute values of @ of this shell form for both
stiffened and unstiffened ones are equally comparable to the clamped hyperbolic paraboloid
and conoidal shells. In other shell forms with simply supported boundary conditions, there
is no significant effect of A on @ for both stiffened and unstiffened ones and the absolute
values of @ are also much less. Figure 21 reveals the order of preference of the clamped shell
forms with regard to the increase of @ in the entire range of 4, i.e., up to 0-2, as hyperbolic
paraboloid, elliptic paraboloid and conoidal shells. It is further seen that the appreciable
improvement of @ is observed for the hyperbolic paraboloid and conoidal stiffened shells
when compared to the corresponding unstiffened ones. Figure 21 is thus useful in identifying
a particular form with respect to the improvement of @ when other parameters are kept
constant.

It is evident from the above study of the natures of @ for different combinations of shell
forms, boundary conditions and other stiffener parameters that the increase of @ does not
necessarily follow the accepted norm of increasing the stiffeners, etc. The situation is both
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Figure 21. Variation of non-dimensional fundamental frequency of clamped shells with/without “eccentric at
top” orthogonal stiffeners with shallowness parameter (y = a/b = 1, b/h = 250, by,/h = 2, dy/h = 6 and v = 0-15;
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complex and interactive. In some situations the reverse trend of decreasing @ with
increasing either depth or number of stiffeners, etc. can be justified by the predominant
“mass action” as both stiffness and mass play a significant role in determining the @ in an
interactive mode.

4. CONCLUSION

A finite element analysis employing doubly curved isoparametric eight-/nine-node thin
shallow element and curved isoparametric three-node beam element is carried out to study
the free vibration characteristics of different doubly curved stiffened shallow shells for
finding the suitability of stiffening. The accuracy of the formulation is established by
comparing the present results with those available in the literature. Though the converged
results of both the elements are nearly the same, the nine-node shell element establishes its
superiority with respect to the rate of convergence.

The present study clearly reveals that the fundamental frequency of stiffened shallow
shells for all the four forms is increasing with the increase of the number of stiffeners up to
a specific number after which this increase gradually becomes insignificant. It is to be noted
that almost 80-90% of fundamental frequency is achieved with 4 x4 stiffeners when
compared with the identical 10 x 10 stiffeners. Further, the eccentric stiffeners prove their
superiority over concentric stiffeners with respect to dynamic stiffness for all the four forms
considered here. In most of the cases, the shell with eccentric at top stiffener shows better
performance than that with eccentric at bottom stiffeners. As regards the three orientations
of the stiffeners, it is observed that the orthogonal stiffeners are the best followed by
y directional stiffeners and then x directional stiffeners.

It is inferred that the clamped stiffened shallow shells show better performance than the
simply supported ones with respect to dynamic stiffness for all the forms considered. With
regard to the aspect ratios of the shells, the wide and short ones (y = 0-5) is the most efficient
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followed by the square (y = 1-0) and the narrow and long ones (y = 2:0) for both the
boundary conditions of all the four stiffened forms. It is also to be noted that the long and
square elliptic paraboloid shells with simply supported boundary condition are preferably
avoided for stiffening as the fundamental frequency of the stiffened ones is even lower than
that of the unstiffened ones.

The non-dimensional fundamental frequency (@) versus stiffener depth to shell thickness
ratio (d/h) plots of the present study clearly show that the dynamic stiffness of frequently
favoured square, orthogonal and eccentric at top stiffened shells of clamped boundary
condition increases with the increase in the stiffener depth to shell thickness ratio. However,
the range of increase in dynamic stiffness depends mainly on stiffener depth to shell
thickness ratio, number of stiffeners and shell forms. Hence, these plots are useful in finding
one parameter by keeping other two parameters fixed to attain a desired fundamental
frequency. Moreover, the clamped hyperbolic paraboloid and conoidal shells are most
suitable for stiffening unlike the other two forms as the considerable increase in
fundamental frequency is observed for these forms due to addition of more number of
stiffeners at the lower range of stiffener depth to shell thickness ratio (d/h), which may be
preferred due to some practical constraints.

It is observed that the dynamic stiffness of simply supported elliptic paraboloid stiffened
and unstiffened shells only can be improved by increasing the shallowness parameter (4).
However, the reduction of @, though marginal, beyond 1 = 0-2 for the simply supported
elliptic paraboloid stiffened shells clearly indicates the adoption of this shell without
stiffeners. On the other hand, for all clamped stiffened shells, there is enough scope to
improve the dynamic stiffness by increasing the shallowness parameter. The clamped
hyperbolic paraboloid and conoidal stiffened shells are most suitable for stiffening due to
their superior performance throughout the range of shallowness parameter taken up here.
The @ versus A plots of the present study for four forms of shells are useful in deciding one of
the parameters, i.e., shallowness parameter/shell form, keeping the other constant to attain
a desired dynamic stiffness.
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APENDIX A: NOMENCLATURE

cross-sectional area of x-stiffener

a, b length and width of shell

by, dg breadth and depth of stiffener respectively

{d} eigenvector

E, E,, modulus of elasticity of shell and x-stiffener respectively

Csx eccentricity of x-stiffener with respect to the mid-surface of shell

Jisfa central rise of edges of shells along x and y directions respectively

fa. fo + Af lower and higher central rise of the edges of conoidal shell along the y direction
respectively

G shear modulus of x-stiffener

h thickness of the shell

) (R moment of inertia and equivalent polar moment of inertia of x-stiffener about
the mid-surface of shell

[K], [K.] global and element stiffness matrices of stiffened shell respectively

[Kgnel element stiffness matrix of the unstiffened shell

[Kiels [Kyel
kxa ky’ kxya kxza kyz

element stiffness matrices of x-stiffener and y-stiffener respectively
curvatures of shell

[M], [M.] global and element mass matrices of the stiffened shell respectively
[Mge] element mass matrix of the unstiffened shell

[M..], [M,.] element mass matrices of x-stiffener and y-stiffener respectively
M., M, M,, internal moment resultants of shell per unit length

M,y internal moment resultants of x-stiffener per unit length

Ni, N&, Ny shape functions of the shell, x- and y-stiffener element

N, Ny, Ny, internal in-plane force resultants of shell per unit length

Nixx internal in-plane force resultant of x-stiffener per unit length

Ny, My number of stiffeners along x and y directions respectively

sz9 Qyz

internal transverse shear resultants of shell per unit length
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stz
R., R,
R,,

sx
Tsxx
Ui, Ui, Wi
Ugxis Wexi

Usyis Wsyi

X, Y, Z

X, Y, Z

Olis ﬁi

Olsxis ﬂsxi
asyia ﬁsyi
{Osxifs {Osyi}
{e}, {eor

&x5 &ys Vxy

0 0
Vxz» Vyz

v
Ps Psx
w
w

é&n

A. N. NAYAK AND J. N. BANDYOPADHYAY

internal transverse shear resultant of x-stiffener per unit length

radii of curvature of the shell along x and y directions respectively

twist radius of curvature

first moment of cross-sectional area of x-stiffener about the mid-surface of shell
internal torsion resultant of x-stiffener

displacements of the shell element at a node i along x-, y- and z-axis respectively
displacements of the x-stiffener element at a node i along x- and z-axis
respectively

displacements of the y-stiffener element at a node i along y- and z-axis
respectively

global Cartesian co-ordinate axes

local Cartesian co-ordinate axes

rotation of the shell element at a node i along x- and y-axis respectively
rotation of the x-stiffener element at a node i along x- and y-axis respectively
rotation of the y-stiffener element at a node i along x- and y-axis respectively
displacement components of x-stiffener and y-stiffener respectively

strain components of the shell and x-stiffener element respectively

in-plane strains of the mid-surface of the shell

aspect ratio of the shell

transverse strains of the mid-surface of the shell

shallowness parameter of the shell

the Poisson ratio

mass density of the shell and x-stiffener respectively

non-dimensional fundamental frequency

fundamental frequency in rad/s

local natural co-ordinates of a shell element
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