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Previous research has shown that piezoelectric materials can be shunted with electrical
networks to form devices that operate similarly to a mechanical vibration absorber. These
systems can be tuned to provide modal damping (modal tuning) or to attenuate a harmonic
disturbance (tonal tuning). Semi-active piezoelectric absorbers have also been proposed for
suppressing harmonic excitations with varying frequency, a scenario that cannot be easily
controlled using passive devices. However, these semi-active systems have limitations that
restrict their applications. In a previous study, the authors have developed a high
performance active}passive alternative to the semi-active absorber that uses a combination
of a passive electrical circuit and active control actions. The active control consists of three
parts: an adaptive inductor tuning action, a negative resistance action, and a coupling
enhancement action. This new device has been shown, both analytically and experimentally,
to be very e!ective for the suppression of harmonic disturbances with time-varying
frequency. In the present paper, the adaptive active}passive piezoelectric absorber
con"guration is extended so that it can track and suppress multiple harmonic excitations.
A new optimal tuning law is derived, and the stability conditions of the system are
investigated. The e!ectiveness of this new multi-frequency absorber design is demonstrated
by comparing its performance and control power requirement to the popular Filtered-x
adaptive feedforward control algorithm.

� 2002 Published by Elsevier Science Ltd.
1. INTRODUCTION

Piezoelectric materials have been shown to be useful for passive vibration damping and
absorption. Shunting the piezoelectric material with a circuit containing resistive and
inductive elements creates an electro-mechanical vibration damper/absorber [1]. These
devices can be tuned to suppress a harmonic excitation at a given frequency (tonal tuning).
The principal drawback of tonally tuned absorbers is that they require the absorber
damping to be very low to achieve good performance, which causes the e!ective bandwidth
to be quite small [2]. For this reason, passive absorbers are not generally useful in
o!-resonance situations, especially when the excitation frequency is unsteady or varying.

In recent years, semi-active piezoelectric absorber designs have been proposed to
suppress harmonic excitations with time-varying frequency. The implementation of these
semi-active absorbers requires either a variable inductor or a variable capacitor element,
where both of these methods have some inherent limitations. For instance, the variable
capacitor method [3] limits the tuning of the piezoelectric absorber to a relatively small
frequency range. The variable inductor approach [4], which is accomplished using
0022-460X/02/$35.00 � 2002 Published by Elsevier Science Ltd.
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a synthetic inductance circuit, can add a signi"cant parasitic resistance to the circuit, which
is generally undesirable for narrow-band applications. In addition, these semi-active
implementations have had di$culty in achieving fast and accurate tuning. In a previous
study, the authors have introduced a high performance adaptive active}passive
piezoelectric absorber as an alternative to these semi-active absorbers [5]. The fundamental
concept behind this new absorber design is the integration of a "xed passive inductance with
an active variable inductance, which allows fast and accurate frequency tuning while
minimizing the required control power. In addition, negative resistance and active coupling
enhancement actions were added to the control law to signi"cantly improve the
performance and robustness of the absorber, compared to a passive or semi-active
piezoelectric absorber. This design combines the advantages of active and passive systems,
which are high performance and increased e$ciency, with the adaptability of a semi-active
absorber. The con"guration used here is similar to the previously developed active}passive
piezoelectric network (APPN) system [6], but the problem of interest and the control
algorithm are considerably di!erent here.

One of the drawbacks of this new active}passive absorber, as well as the semi-active
absorbers that have been proposed in the past, is that they are only able to suppress a single
harmonic excitation. Since disturbance sources with multiple varying frequencies do occur
in many real world applications, the objective of this research is to expand the
active}passive absorber concept to address the multiple frequency issue. In addition to
a new passive circuit design, new control laws and a modi"ed optimal tuning law are
derived. The stability conditions for the multi-frequency absorber system are also derived
using Lyapunov's method. Finally, the e!ectiveness of the new con"guration is
demonstrated by comparison to a state-of-the-art adaptive feedforward control law.

2. MULTI-FREQUENCY PIEZOELECTRIC ABSORBER CONFIGURATION

A schematic of the system under consideration is illustrated in Figure 1, which consists of
a piezoelectric actuator and sensor integrated into a general mechanical structure. The
sensor provides feedback to an external voltage source that is in series with an electrical
circuit. It is assumed that the system model can be obtained, either analytically or
experimentally, in the form

MqK#CqR #K�q#K
�
Q"FK ) f (t), <

�
"

1

C�
�

Q#K�
�
q. (1)
Figure 1. General system con"guration.
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The matrices M, C andK� are the mass, damping, and open-circuit sti!ness matrices of the
system, q is a vector of the generalized co-ordinates of the structure, and Q is the charge on
the piezoelectric. The vector K

�
represents the coupling between the mechanical and

electrical systems, f (t) is the excitation force, and the vector FK contains the weightings of the
excitation force on the individual structural co-ordinates. <

�
is the voltage across the

piezoelectric actuator, which is used to integrate the circuit equation into the system model.
For the single-frequency piezoelectric absorber, a series R}L circuit is used and the resulting
circuit equation can be written as

¸QG#RQQ #
1

C�
�

Q#K�
�
q"<

�
. (2)

We begin by considering some multi-frequency circuit designs for passive piezoelectric
vibration absorbers that have been previously developed. One possible approach is to add
R}L}C circuits in parallel with the original R}L shunt circuit; thus, introducing additional
resonances that can be tuned to other frequencies [7]. The shortcoming of this approach is
that the dynamics of the individual circuit branches are strongly coupled, so a numerical
optimization routine is needed to determine the circuit parameters that will achieve the
desired tunings. For this reason, this approach is not applicable to an adaptive piezoelectric
absorber. Another approach is to introduce resonant L}C blocking "lters to e!ectively
decouple the individual circuit branches [8]. A schematic for a two-mode passive
piezoelectric absorber using this approach is given in Figure 2.

The purpose of this circuit, as originally proposed, is to provide modal damping around
the resonant frequencies �

�
and �

�
, where it is assumed that �

�
(�

�
. The parallel

combination of ¸
��

and C
��

has a resonant frequency, which is tuned to �
�
. The subscript

21 denotes the blocking "lter in branch 2 that is tuned to �
�
. The decoupling e!ect of this

blocking "lter can be seen in the electrical impedances of the circuit branches, as shown in
Figure 3. Note that the impedance of branch 1 is higher than branch 2 (without the blocking
"lter) because the lower frequency �

�
requires a larger inductance ¸

�
. For frequencies near

�
�
, most of the current from the piezoelectric material would #ow into the second branch,

causing the "rst branch to be ine!ective. The purpose of the blocking "lter is to increase the
impedance of the second circuit branch for frequencies near �

�
. At these frequencies, the

second branch acts like an open circuit due to the large impedance of the blocking "lter,
which causes the "rst branch to function like a single-frequency absorber. The blocking
"lter is, in general, not necessary for the second branch of the circuit to function because the
Figure 2. Two-mode passive piezoelectric absorber [8].
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impedance of the higher frequency branch is already signi"cantly lower than that of the "rst
branch [8]. Ideally, we would like the blocking "lter to have very little e!ect on the
impedance of the second branch for frequencies near �

�
. Although the impedance of the

blocking "lter must be su$ciently large to provide the decoupling e!ect that enables
the "rst branch to function, a large blocking impedance can have a signi"cant e!ect on the
second circuit branch as well. For example, in Figure 3 it can be seen that at the frequency
�

�
the impedance of the second branch with blocking "lter is slightly lower than that of the

original circuit consisting only of R
�
and ¸

�
. Physically, this means that the blocking "lter

impedance is partially cancelling the impedance of the inductance ¸
�
, which can decrease

the e!ectiveness of the second branch. The e!ects of the blocking "lter impedance on the
performance of the multi-frequency absorber will be further considered in section 3.

Using the con"guration shown in Figure 2 as a starting point, the concept is modi"ed so
that it can be applied to an adaptive active}passive piezoelectric absorber design. First, we
would like to be able to independently vary the tuning of each circuit branch. This requires
the use of separate control inputs for each circuit branch. Secondly, we cannot use a passive
L}C blocking "lter if the circuit natural frequencies are changing. For the "rst branch to be
e!ectively decoupled from the second, the resonant frequency of the blocking "lter must
always be tuned to �

�
. This problem can be overcome by actively implementing an adaptive

blocking "lter. Thus, the circuit design for the active}passive multi-frequency piezoelectric
absorber reduces to the con"guration shown in Figure 4.

The passive inductances ¸
��

and ¸
��

are used to tune the circuit to be resonant at the
nominal or steady state excitation frequencies. We begin designing the control law for
the multi-frequency adaptive absorber by incorporating the same three components as the
single-frequency case [5]. The "rst part of the control law is designed to imitate a variable
inductor so that the absorber can be adaptively tuned to the correct frequency. The
advantages of the active inductor include fast and accurate adjustment, no parasitic
resistance, and easier implementation compared to a semi-active inductor. No passive
resistance is intentionally added to the shunt circuit; however, the passive inductors will
contain some internal resistances, which are denoted R

��
and R

��
. If these internal

resistances are excessively large, the narrow-band disturbance rejection performance of the
absorber is degraded. In this case, an active negative resistance action is used to reduce the
e!ective resistances in the absorber circuit. Finally, the e!ective coupling in the circuit



Figure 4. Active}passive multi-frequency piezoelectric absorber con"guration.
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equation is enhanced by using the third part of the control law, which is the active coupling
enhancement action. This action signi"cantly improves the performance and robustness of
the absorber.

The control law for the "rst circuit branch, which is shown in equation (3), is identical to
that of the single-frequency piezoelectric absorber, where ¸

��
is the active variable

inductance, R
��

is the negative resistance, and G
��
is the active coupling gain. In addition to

these three elements, the control input for the second branch must also provide the voltage
for the adaptive blocking "lter. To calculate this voltage, the impedance of the blocking
"lter (in the Laplace domain) is "rst expressed as shown in equation (4). The damping term
�
��

has been added to the original L}C design to improve the stability of the blocking "lter.
The resulting control voltage for the second branch of the circuit is given in equation (5).
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3. OPTIMAL TUNING FOR MULTI-FREQUENCY PIEZOELECTRIC ABSORBER

To ensure that the active inductance is properly tuned, an expression for the optimal
tuning on a general multiple-degree-of-freedom (MDOF) structure is derived. The tuning
ratio �

�
is de"ned in equation (6), where �

��
is the ith circuit frequency and �

�	
is the estimate

of the ith excitation frequency. The frequency estimates are obtained on-line using an
algorithm based on the recursive least-squares method [9]. This algorithm has proven to
have excellent convergence speed and is quite insensitive to noise. The required input is
a sensor signal that is dominated by the harmonic excitation.
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To begin the derivation of the optimal tuning law, the systemmodel is "rst transformed into
modal space using the transformation q";�, where ; is a matrix containing the
eigenvectors of the structure model. The displacement of the structure at a desired point is
chosen as the objective function, which is then expressed as a weighted sum of the modal
responses, as shown in equation (7), where= is the modal weighting vector. The optimal
tuning ratio for the single-frequency absorber is given in terms of the system modal
parameters by equation (8), where �



is a vector of the modal frequencies of the structure.

The & notation denotes the system parameters after transformation to the modal space,
and the subscripts i and j denote the ith and jth elements of a vector.
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The key assumptions in this derivation are that the excitation frequency is changing
relatively slowly compared to the system dynamics (quasi-steady state) and that the
structural and circuit damping can be neglected.

The main challenge in the design of the multi-frequency absorber is determining the
optimal tunings for each branch of the circuit. As in the single-frequency case, we would like
to "nd an expression for the optimal tuning ratio in terms of the modal parameters of the
system. Recall that the blocking "lter con"guration was chosen to facilitate the
determination of the optimal circuit tunings. While the decoupling e!ect of the blocking
"lter is indeed helpful in this respect, the dynamics of the blocking "lter can also cause the
optimal circuit tunings for the multi-frequency absorber to be considerably di!erent from
those of the corresponding single frequency absorbers.

We begin by considering the optimal tuning of the "rst circuit branch for the excitation
frequency �

�
. Since the blocking "lter 21 is resonant at this frequency, the second branch

acts like an open circuit because of the large impedance. For this reason, the "rst branch
can be treated as a single-frequency absorber, and equation (8) can be used to solve for
the optimal tuning ratio (�

�
)
��


. Next, we consider the optimal tuning of the second
branch for the given excitation frequencies �

�
and �

�
. There are two reasons that the

optimal branch inductance ¸
�

is dependent on �
�
. First, the blocking "lter contains

a capacitance as well as a variable inductance that depends on �
�
, which changes the

e!ective inductance in the second branch of the circuit. Secondly, the "rst circuit branch and
the blocking "lter both add additional dynamics to the system. These additional modes can
have a signi"cant e!ect on the optimal tuning ratio �

�
, just like higher order structural

modes. These problems can be solved by lumping the known circuit dynamics with
the structural model, as shown in equation (9). This augmented system model treats the
states Q

�
and Q

��
, which are de"ned as the integrals of the currents in the inductors ¸

�
and

¸
��
, as structural co-ordinates. Note that the augmented system is in the same form as

equations (1) and (2), except that the damping terms are absent and the e!ective capacitance
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is di!erent.
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The previously derived optimal tuning law (equation (8)) can now be applied to this
augmented system model. First, the augmented system model is transformed to modal
space using the mass-normalized eigenvector matrix, as shown in equation (10). The modal
frequencies of the augmented system �


�
are obtained from the solution of the eigenvalue

problem, and the remaining parameters needed to use the optimal tuning law are given in
equation (11).
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We will now examine a typical optimal tuning curve predicted by the procedure speci"ed
above. First, we must introduce the example system used to generate these results. The
system used throughout this study is a cantilevered beam with a collocated piezoelectric
actuator and sensor pair attached near the root of the beam. The parameters of the example
system are given in Table 1. In all subsequent results, the response of interest is the tip
displacement of the beam.

In some situations, the optimal tuning law for the multi-frequency piezoelectric absorber
gives results that are similar to the single-frequency absorber. If the frequency ratio
TABLE 1

System parameters

Length of beam 196 mm
Thickness of beam 3)2 mm
Width of beam and piezos 25)4 mm
Distance from root of beam to piezos 9)5 mm
Length of piezos 58)8 mm
Thickness of piezos 0)5 mm
Piezoelectric constant (d

��
) !175e}12 m/V

Modulus of piezos (1/s�
��
) 65 GPa

Dielectric constant of piezos (��
��
) 1)5e}8 F/m

Generalized coupling coe!. (K
��
) 0)141
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r"�
�
/�

�
is relatively constant, the optimal tuning ratios will be only slightly frequency

dependent, much like in the single-frequency absorber case. However, a varying
frequency ratio can cause the optimal tuning ratio for the second branch to be strongly
frequency dependent, as shown in Figure 5. In the case shown here, both excitation
frequencies are changing at a normalized rate of ��R /�

�
�"0)02 (the rate of change is 2% of

the nominal excitation frequency per second) but �
�
is increasing while �

�
is decreasing.

Because the excitation frequencies are moving in opposite directions, the frequency ratio
r decreases from 3)33 to 1)2 in this case, which causes the optimal tuning ratio �

�
to decrease

sharply.
This phenomenon can be explained qualitatively by considering the impedance matching

criterion, which states that the impedance of the multi-frequency circuit should be matched
to that of a single-frequency absorber (R

�
and ¸

�
only) at the frequency �

�
[8]. As the

frequency ratio r approaches unity, the impedance of the blocking "lter at �
�
approaches

negative in"nity. To counteract this and allow the impedance matching condition to be
satis"ed, the inductance ¸

�
must become in"nitely large, which causes the optimal tuning

ratio �
�
to approach zero. Although the impedance matching criterion can be used to

explain some of the trends shown in Figure 5, it neglects the e!ects of the additional
electrical dynamics and higher order structural modes on the optimal tuning ratios. The
results shown in Figure 5 are generated using the optimal tuning procedure outlined above,
which gives more accurate results than the impedance matching criteria since it takes into
account all of the dynamics of the system.

Note that the use of only one blocking "lter provides decoupling of the two circuit
branches only at the frequency �

�
. This partial decoupling is su$cient to allow the optimal

tuning ratios to be solved sequentially, as described above. We originally assumed that the
circuit branches are partially decoupled at the frequency �

�
because the impedance of the

lower frequency branch should be signi"cantly higher due to the larger inductance ¸
�
. This

assumption is invalid when the frequencies are close together (r+1) because the
impedances of the two branches will be similar in magnitude. However, because the
dynamics of the "rst branch are included when solving for the optimal tuning ratio �

�
,

the above procedure still provides very accurate tuning in these situations.
Next, we examine the steady state performance of the multi-frequency piezoelectric

absorber and consider the e!ect of the parameter �
��
, which is essentially the gain
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parameter for the adaptive blocking "lter. The steady state frequency responses of the
system for several di!erent values of �

��
are shown in Figure 6. As discussed earlier in

section 3, there is a compromise in the performance at the two excitation frequencies that
depends on how large the impedance of the blocking "lter is. Note that for the �

��
"1 case

the response notches produced at �
�
and �

�
are approximately equal in size. For large

values of �
��

(larger blocking "lter impedances), the decoupling action of the blocking "lter
is more e!ective so the performance is increased slightly near �

�
. However, this excessively

large impedance of the blocking "lter also degrades the performance near �
�
considerably.

For smaller values of �
��

(smaller blocking "lter impedances), the decoupling action
becomes less e!ective, which decreases the performance near �

�
but increases the

performance at �
�
slightly. If our goal is to produce equally large notches at both excitation

frequencies, then �
��

"1 appears to be the best in this case. However, it will be shown in
section 5 that the optimal selection of �

��
for transient excitation suppression may be

considerably di!erent than these steady state results suggest.
These steady state results also show that the active coupling gain causes the performance

to be quite robust with respect to frequency variations even without using the adaptive
tuning mechanism*either excitation frequency can vary as much as 15% from nominal (for
the �

��
"1 case) and the performance will still be better than the original system (without

the absorber). Without the active coupling gain, however, the performance can be worse
than the original system for even a 2% change from the nominal frequency, unless the
adaptive tuning is used to compensate for this frequency change. A general observation is
that when the excitation frequency is changing even slightly, the active tuning action is
extremely helpful in achieving maximum performance. This is true even in the case where
a large active coupling gain is used to increase the robustness of the absorber, since the
vibration attenuation provided by a "xed-frequency absorber decreases rapidly as the
excitation frequency varies from nominal.

4. STABILITY ANALYSIS FOR MULTI-FREQUENCY PIEZOELECTRIC ABSORBER

In a previous study [5], the stability criteria for the single-frequency adaptive
piezoelectric absorber were derived using Lyapunov's method. A similar analysis is now
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performed for the multi-frequency absorber. The total system energy is selected to be the
Lyapunov function candidate. The system mass, damping and sti!ness matrices are derived
similarly to those shown in equation (9), except that the state Q

��
is replaced by the voltage

across the blocking "lter (<
��
), which eliminates the need for the coupling vector in the

system equation. In order to simplify the derivation of the Lyapunov stability criteria, it is
desired that the system mass and sti!ness matrices be symmetric. Initially, these matrices
are not symmetric, but they can be made symmetric by applying the co-ordinate
transformations shown in equation (12), where the overbar denotes the new (transformed)
co-ordinates. The resulting system equation is shown in equation (14). The Lyapunov
function candidate is then expressed in terms of the transformed system model, as shown in
equation (13). Next, the su$cient conditions under which these system mass and sti!ness
matrices are positive de"nite are derived, so that equation (13) is indeed a valid Lyapunov
function.

q"

1

G
��

qN , Q
�
"QM

�
, Q

�
"(1#�

��
)QM

�
#

C�
�

�
��

¸
�

<M
��
, <

��
"

1

��
�

<M
��
, (12)

<(zN )"zN �K
���
zN #zNQ �M

���
zNQ , (13)

1

G
��

M 0 0 0

0 ¸
�

0 0

0 0 (1#�
��
)¸

�

C�
�

�
��

0 0
C�

�
�
��

1

¸
�

#

1

��
�

�
qN G

QM G
�

QM G
�
<M G

��
�#

1

G
��

C 0 0 0

0 R
�

0 0

0 0 (1#�
��
)R

�

R
�
C�

�
¸
�
�
��

0 0
2�

��
�

�
C�

�

�
��
(1#�

��
) 2�

��
�

��
1

¸
�

#

1

��
�
�
�
qN 	

QM 	
�

QM 	
�
<M 	

��
�

�������������

���

�������������������

���

����

�

G

����

�

	

#

1

G
��

K� K
�

K
�

0

K�
�

C�
�

C�
�

0

K�
�

C�
�

1#�
��

C�
�

0

0 0 0 1

�
qN
QM

�
QM

�
<M

��
�"0. (14)

�����������
���

����

�


The condition that results from requiring K
���

to be positive de"nite is
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This condition, which gives an upper bound on the active coupling gain, is identical to the
one obtained in the stability analysis of the single-frequency piezoelectric absorber. As
discussed in the previous study [5], it can be shown that this condition is a necessary
condition for stability as well. It was also shown that in the case of a SDOF system, the
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maximum active coupling gain can be expressed quite simply in terms ofK
��
, the generalized

coupling coe$cient of the system [1].
Having found the conditions under which the Lyapunov function candidate is valid, we

now consider its time derivative, which is

<Q (zN )"!zNR �(C
���

!�
�
MQ

���
)zNR #�

�
zN �KQ

���
zN . (16)

�����
�	��

With the co-ordinate transformation that was chosen above, the time-derivative of the
system sti!ness matrix K

���
is identically zero, which greatly simpli"es the Lyapunov

stability criteria. The time-derivative of <(zN ) can then be said to be at least negative
semi-de"nite if the matrix C

	��
is positive semi-de"nite. The conditions under which this can

be guaranteed are derived using Sylvester's criteria [10], and the results are shown in
equations (17) and (18). Note that the e!ective resistances have been expressed in terms of
the closed-loop damping ratios �

�
, as shown in equation (19).
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The closed-loop system can then be guaranteed to be stable if the conditions given in these
equations, as well as equation (15), are satis"ed. Note that the failure to meet these
conditions does not imply instability, as Lyapunov's method only provides su$cient
conditions for stability.

The "rst two conditions are similar to the previously derived stability condition for the
single-frequency piezoelectric absorber in that they give a lower bound on the frequency
rate of change [5]. By examining these conditions, it can be seen that they will not be
violated unless the damping in the absorber circuit is excessively small and the excitation
frequencies are decreasing very rapidly. The third and "nal stability condition, which is
given in equation (18), also gives bounds on the frequency rates of change that are
dependent on both the circuit damping and the damping the blocking "lter. Except in the
case where the damping terms are extremely small and the excitation frequencies are
decreasing very rapidly, the "rst-half of the condition shown in equation (18) will be
positive. The sign of the second term is primarily dependent on whether the second
excitation frequency is increasing or decreasing, and on the relative magnitude of the terms
containing the damping ratios for branch two and the blocking "lter. This condition can
then be used to safely select the damping quantities in the absorber design given the
expected frequency change rates.

The above equations give the conditions under which the transformed system can be
guaranteed to be stable. The de"nition of stability for non-autonomous systems states that
for every �'0 and t

�
*0 there exists a �M (�, t

�
)'0 such that �zN (t

�
)�(�M implies �zN (t)�(�

for every t*t
�
[11]. Since the coe$cients of the linear co-ordinate transformation given in

equation (12) are "nite, we can always "nd a � (�, t
�
)'0 such that �z(t

�
)�(� implies

�z (t)�(� for every t*t
�
. In other words, the only thing necessary to prove stability of the
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original system from the above results is to choose a di!erent bound on the initial
conditions of the system. Note that the above Lyapunov stability analysis does not
guarantee asymptotic stability, since the time-derivative of < (zN ) is only negative
semi-de"nite even when C

	��
is positive de"nite. This is because <(zN )"0 any time zNR "0,

even if zN O0. However, it can be shown using La Salle's theorem that the above conditions
do indeed guarantee asymptotic stability [11]. Notice from equation (16) that the only way
in which the system can maintain the <Q (zN )"0 condition is if zNR "zN K"0. From the system
equation (14), it can be seen that this is possible only when z
 "0. Thus for positive de"nite
C

	��
, <Q (zN ) is negative de"nite everywhere, except at the origin zN "0, so the system is

asymptotically stable. Proving asymptotic stability of the transformed system also proves it
for the original system because zN "0 implies that z"0 as well (from equation (12)).

5. TRANSIENT PERFORMANCE OF MULTI-FREQUENCY ABSORBER

In this section, we evaluate the e!ectiveness of the multi-frequency adaptive piezoelectric
absorber for suppressing harmonic excitations with time-varying frequencies. For the
purpose of comparison, the "ltered-x adaptive feedforward control law [12] is selected as
a baseline. The "ltered-x algorithm generates the control signals directly from the measured
excitation using an adaptive discrete-time "nite impulse response (FIR) "lter with four
coe$cients (two coe$cients are required for each harmonic excitation). This control law has
been shown to be very e!ective for the suppression of harmonic disturbances with varying
frequency. The excitation signal used in this section is a summation of two linear chirp
signals, with nominal frequencies of �

��
"20 Hz and �

��
"40 Hz. The bandwidth of both

chirp signals is "xed at �"0)05, which means that the excitation frequencies increase
linearly from 0)95�

��
to 1)05�

��
and from 0)95�

��
to 1)05�

��
. The frequency rates of

change are varied over a range of �� /�
�
"0)005 to 0)05. For a given bandwidth and

frequency rate of change, the required time span can be calculated. The performance index
used is the root-mean-square (r.m.s.) of the response at the point of interest. The control
e!ort index is the r.m.s. control power, which is calculated using the apparent power (the
product of the r.m.s. current and r.m.s. voltage) of the source.

We begin by "xing the adaptation gain � of the "ltered-x controller [12, 5] and
optimizing the parameters of the adaptive blocking "lter for the active}passive absorber.
For simplicity, the closed-loop damping ratios of the two circuit branches, represented by �

�
,

are selected to be equal. Figure 7 shows the r.m.s. response of the system with the
active}passive absorber versus the parameters �

��
and �

��
for a moderately fast changing

excitation case. The optimal blocking "lter parameters for this case are �
��

"0)12 and
�
��

"0)0005. If we examine the control e!ort instead of the performance we "nd that these
parameters also provide a near-minimum power requirement. Investigating faster and
slower excitation cases shows that the optimal blocking "lter parameters are also quite
insensitive to the frequency rate of change. It is interesting to note that the optimal �

��
for

the transient excitation considered here is signi"cantly lower than the �
��

that appeared to
be optimal from the steady state response shown in Figure 6. However, the steady state
results did not take into account the transient dynamics of the blocking "lter, which is
a lightly damped resonant system. It is reasonable to expect that these transient dynamics
could have a negative e!ect on the transient response of the system, and a larger value of �

��
would amplify the blocking "lter response at all frequencies.

Next, we examine the e!ects of the absorber damping ratio and the frequency rate of
change on the performance of the multi-frequency piezoelectric absorber, as shown in
Figure 8. This "gure shows that the performance of the multi-frequency absorber is slightly
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better for slowly changing excitations, although the performance loss for more rapidly
changing excitations is not very large. The optimal absorber damping ratios obtained from
this plot range from �

�
"0)017 for the slowest case to �

�
"0)026 for the fastest case. The

parameter study on the e!ects of �
�
also shows that the control power requirement of the

active}passive multi-frequency absorber is a!ected very little by this parameter. For this
reason, we select the &&optimal'' parameters for the multi-frequency absorber as the ones that
provide the best performance.

Finally, we examine the relative performance and control e!ort of the optimized
multi-frequency absorber compared to the multi-frequency "ltered-x baseline system. The
performance index is selected to be the per cent reduction in structural r.m.s. response of the
active}passive absorber system compared to the "ltered-x baseline. Similarly, the per cent
reduction in r.m.s. control power is selected as an index of the control e!ort requirement.
Since both the performance and the control e!ort of the baseline system are strongly
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dependent on the adaptation gain �, we plot the results versus this gain, as shown in
Figure 9. This "gure shows a pair of lines representing the percent reduction in r.m.s.
response and r.m.s. control power for each of the three excitation speeds considered. In each
case, a range of � exists where the active}passive absorber outperforms the "ltered-x
baseline while requiring less control power (both per cent reductions indices are positive).
The reverse situation, where the "ltered-x baseline has better performance and less control
power requirement (both indices are negative), does not occur. This is due to the
compromise between the performance and control power requirement of the "ltered-x
controller. As was mentioned previously, this trade-o! in the optimal design of the
multi-frequency absorber is almost insigni"cant. This is most likely due to the
active}passive nature of the piezoelectric absorber, which is inherently more energy e$cient
than a purely active system.

Figure 9 also shows that at high "ltered-x gains the relative performance of the
active}passive absorber decreases signi"cantly while the relative control power
requirement decreases only slightly. From these results, it would appear that the "ltered-x
controller is a better choice when high performance is required. However, evaluating only
the relative performance can be somewhat misleading in this case. Compared to the
short-circuit system, the active}passive absorber system shown above produces a 92%
reduction in the structural r.m.s. response. At the highest gains shown in Figure 9, the
"ltered-x controller produces a 92}96% reduction in the r.m.s. response compared to the
short-circuit system, with the largest reductions corresponding to the slowly changing
excitation cases. Because both methods are so e!ective, the absolute performance gain
produced by the larger "ltered-x gains are actually quite insigni"cant. Thus, it can be said
that the active}passive absorber design can achieve a better balance between performance
and e$ciency than the "ltered-x method.

6. EXTENSION TO THREE OR MORE EXCITATION FREQUENCIES

To this point, we have restricted the analysis of the adaptive multi-frequency piezoelectric
absorber to the dual-frequency example for simplicity. In practice, the methods and analysis
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presented in sections 3 and 4 can be extended to higher order cases in a quite
straightforward manner. Consider the circuit diagram shown in Figure 4. For the case
where n excitation frequencies are to be suppressed by the absorber, the active}passive
circuit must contain n branches, each containing a passive inductance and a control input.
In addition, the ith circuit branch will include i!1 active blocking "lters that are tuned to
the excitation frequencies below �

�
. For example, the third branch in a triple frequency

absorber con"guration will contain two active blocking "lters of the form shown in
equation (4) with gains �

��
and �

��
and resonant frequencies �

�
and �

�
. The general form

of the control input for the ith branch is
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The optimal tuning derivation for higher order piezoelectric absorbers can also be
performed in a manner analogous to that shown in section 4. Once again, the optimal tuning
ratios for each branch are solved successively starting with the lowest frequency branch and
the known circuit dynamics are lumped together with the structure model. For branch i, the
known circuit dynamics include the i!1 previous branch circuit equations as well as the
i!1 active blocking "lter equations contained in branch i. In principle, the Lyapunov
stability analysis could also be extended to higher order absorber designs in a similar manner.

7. CONCLUSIONS

In this paper, a new multi-frequency adaptive piezoelectric vibration absorber design is
presented. It uses a combination of a simple passive shunt circuit along with an adaptive
active control law. The active control law enhances the passive piezoelectric absorber in
four ways: it adds an adaptive tuning ability by imitating a variable inductance, it reduces
the e!ective resistance in the absorber circuit to increase performance, it increases the e!ective
coupling of the system to increase robustness and performance, and it e!ectively decouples
the dynamics of the individual circuit branches. This decoupling action allows the tunings of
the multi-frequency absorber to be calculated using an analytical optimal tuning law. The
stability criteria of the multi-frequency piezoelectric absorber device are also derived.

The proposed design is shown to be e!ective for simultaneously suppressing two
harmonic excitations with time-varying frequencies. For the purpose of comparison, the
adaptive feedforward "ltered-x algorithm is used as a baseline. It is shown that the
multi-frequency adaptive piezoelectric absorber can achieve better performance while
requiring less control power, compared to the "ltered-x algorithm. The design and analysis
presented here can also be extended in a straightforwardmanner to cases with three or more
excitation frequencies.
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