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In this paper, the DEM is introduced for the investigation of non-linear dynamical
behavior of rotor systems. The modelling procedure and constitutive relations were
explained in detail. This model may be used for most of the dynamical problems of rotor
systems, such as rub-impacting, bending vibration, torsional vibration, etc. It is especially
suitable for studying the rub-impacting problem of rotor system due to the consideration of
variable characteristic of friction force with time.

� 2002 Elsevier Science Ltd. All rights reserved.
1. INTRODUCTION

A rotor system consists of rotors, bearings, oil "lm, supports and other parts, which can
come into contact with the rotors in motion. Turbine generator set, gas turbine, centrifugal
compressor and other kinds of large rotating machines are all typical high-speed ones.
As we know, abnormal vibration in a rotor system can often cause severe accidents [1].

Since Je!cott began to study dynamic behavior of rotor system by using a single-disk
de#ective rotor model in the early 20th century [2], one of the problems to which maximum
attention is always paid is how to set up the dynamic model of a rotor system. There is no
doubt now that many non-linear factors have considerable in#uence on the local and global
dynamic characteristics of a rotor system [3}5]. For example, if de#ective deformation or
whirling amplitude of a rotor surpasses a certain value in procession, some of its parts will
come into contact with and impact those adjacent ones, which are habitually called
&&rub-impacting''. As concerned with many complicated factors, continual rub-impacting
will lead to energy transfer and accumulation from rotation to elastic deformation, and it
may even cause a sudden breakdown of the rotor. However, these are the factors which
make theoritical study and numerical simulation on rub-impacting di$cult to deal with,
especially in terms of about setting up its dynamic model. One of these factors is that the
following characteristics of a rotor system are determined by a series of initial conditions
such as whether there is an occurrence of rub-impacting or not, initial location of
rub-impacting, values of rub-impacting force and friction force and relations between them,
and so on. Another is that the rotor sometimes comes into contacts with and sometimes
departs from other adjacent parts, making the occurrence of rub-impacting random and
022-460X/02/$35.00 � 2002 Elsevier Science Ltd. All rights reserved.



Figure 1. Rotor system: 0, rotor; 1, case; 2, left bearing; 3, left shaft neck; 4, right shaft neck; 5, right bearing.
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di$cult to decide. In spite of a lot of present research on rub-impacting [1], it needs further
study including study of the non-linear method [6, 7]. Therefore, we attempt to carry out
some further research on complicated dynamic behavior of rotor system by building
a better dynamic model through discrete element method (DEM) [8].

1.1. DEM BRIEF INTRODUCTION

DEM was "rst referred to as a new numerical method, to study the mechanical behavior
of discrete bodies by Cundall in 1971 [8}10], which is especially suitable for simulation of
contacting and impacting between discrete bodies as a group. Unlike "nite element method
(FEM) based on least potential energy variation principle (LPEVP), DEM is based on
Newton's Second Law (NSL). For example, we consider a discrete bodies group as a single
one, one of them will always be compelled to deform and more under join forces and
moments of its adjacent partners. According to NSL with di!erent constitutive relations
between bodies, their explicit equations of equilibrium can be set up and they are resolved
using the method of di!erence and iterative computation. Then mechanical parameters of
each body such as force "eld, displacement "eld, velocity "eld and so forth can be displayed
vividly in the form of computer animation without limitation on the number of bodies.

2. DYNAMIC DEM MODELLING OF ROTOR SYSTEM

Figure 1 shows the diagram of a single-span rotor system, with respect to which DEM
dynamic modelling process and concerned computation are as follows.

2.1. DIVIDING UNITS

According to its characteristic based on DEM, the rotor system can be divided into six
parts such as rotor, case, left bearing, left shaft neck, right bearing and right shaft neck,
which are, respectively, numbered as 0, 1, 2, 3, 4 and 5 as Figure 1 shows.

2.2. MECHANICAL MODEL

2.2.1. Mechanical model

Figure 2 shows the DEM dynamic model of a rotor system and constitutive relations
between its parts, where we assume that the neck and the bearing has the same constitutive



Figure 2. Mechanical model and constitutive relations.
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relation as that between the rotor and the case, and both can be simpli"ed into
a combination consisting of a normal spring damper K

�}
C

�
, a tangent one K

�}
C

�
and

a tangent friction slider �. It must be pointed out that theK
�}
C

�
works close together with �:

if the tangent force is larger than the friction force between either of the two
above-mentioned parts, � will work and K

�}
C

�
will not because of the relative sliding

movement between them; or else K
�}
C

�
will work and � will not. Furthermore, considering

the shaft neck and bearing, if the least oil clearance is equal to or larger than zero, then the
oil "lm will not be destroyed,K

�}
C

�
and K

�}
C

�
will be "xed by the oil "lm force while � is

equal to zero; or else such parameters will be calculated according to concrete conditions
using a certain method which will be referred to. And the constitutive relation between shaft
neck and rotor will be simpli"ed into a spring damper K

�}
C

�
and a torsion-spring damper

K
�}

K
�
, where the former represents the transverse bending vibration of rotor and the

latter torsion vibration.
From the above simplifying process, it can be learned that DEM rub-impacting

modelling of rotor system "rst involves abstracting each part as &&disks'' and then replacing
relations between &&disks'' with actual constitutive relations.

2.2.2. Parameters determination

As Figure 2 shows, rub-impacting will occur when any two parts contact with each other,
the e!ect of which between the two can be explained with a simple combination consisting
of a spring damper and a friction slider. The determination of concerned parameters is as
follows.

2.2.2.1. Determination of sti+ness parameters. Considering two inner contact disks as in
Figure 3, we can take the boundary area of the larger as being made up of points which lie in
the contact area between the smaller and another one that has the same radius that of as the
larger s but moves on the orbit with double its radius from the center point of the previous
one. Then as Hertz Contact Theory (HCT) [11}14] states the relation of normal force
F
�
and normal deformation S

�
between the two disks can be obtained according to

elasticity theory under the assumption that the two have geometric similarity, elasticity
similarity, isotropy and are in contact with each other with small strain.
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Figure 3. Elements contact transform.
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where r
�
, v

�
and E

�
(i"1, 2) are, respectively, radius, the Poisson ratio and elasticity

modulus. Obviously, it is a non-linear function.
Another form of equation (1) is
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8r

3(�
�
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�
)

(2)

where

r" ��3F
�
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�
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�
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�
)/8(r
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�
), �

�
"2(1!v�

�
)/E

�
(3)

is the contact radius. Then, the tangent sti!ness is

K
�
"

8r

(2!v
�
)/G

�
#(2!v

�
)/G

�

(4)

where G
�
"E

�
/2(1#v

�
) is the shear modulus.

As equations (2) and (4) show, the normal sti!ness and the tangent sti!ness both vary with
r which is relative to normal force that is decided by relative normal deformation between
two disks. Thus, the "rst step of DEM is always to judge as to whether two disks are in
contact according to the relative normal deformation being positive or negative (positive
means contact, and negative means no contact). Then the normal force, normal sti!ness,
contact radius and tangent sti!ness can be calculated in sequence. In the DEM model, we
set the normal sti!ness and tangent sti!ness as being varied which may probably simulate
actual non-linear variation with respect to the concerned parameters.
Unlike the normal force, the tangent force has not explicit expression so that its

calculation is complicated. Furthermore, it is also related to the friction force caused by
relative movement between the disks. So its calculation is always completed with the
increment method on the assumption that the tangent force increment �F

�
is directly

proportional to the relative tangent displacement increment �S
�
in each iteration step, i.e.,

�F
�
"K

�
) �S

�
. (5)

This means that due to contact between disks, the tangent sti!ness is constant in each
iteration step but variable in the whole process.
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2.2.2.2. Determination of damping parameters. The normal viscous damping coe$cient
C

�
between the two related disks can be obtained from impacting recovery coe$cient � as

C
�
"!

2 ln(�)�K
�
M

���#ln� (�)
, M"

m
�
m

�
m

�
#m

�

, (6)

where m
�
is the mass of disk i.

From equation (6) we know that C
�
is variable in the whole iteration process because

normal sti!ness, to which C
�
is related besides �, varies with time and must be recalculated

in each time step.
The tangent damping is a certain kind of dissipation performed by the two disks, between

which there is not macroscopic relative sliding but microscopic deformation. Therefore,
because of its tiny energy loss it can be simpli"ed as

C
�
"0. (7)

As a whole, it can be said from the above description that DEM is very suitable for
simulating the rub-impacting of rotor system.

2.2.2.3. Parameters determination of the bending and torsion model. The transverse bending
deformation and torsion deformation of rotor system are both performed by spring
dampers in DEM model. Their parameters are decided as follows:

(1) Determination of sti+ness coe.cients. In DEM model, the transverse bending
deformation and torsion deformation of rotor system are both simulated according to
related equivalent law. Because of the limitation of space, there is no detailed discussion.
(2) Determination of damping coe.cients. Here, damping means a certain kind of

dissipation performed by internal resistance of material in the beam because of elastic
deformation of bending and/or torsion in vibration. Its coe$cients are di$cult to determine
and can only be "xed through experiments.

2.3. CALCULATION METHOD

2.3.1. Interaction between units

For convenience, the elements referred to later are all placed in the "rst quadrant of the
global co-ordinate system o}xyz. The elements i and j are at the location shown in Figure 4
at the time t and their radii are, respectively r

�
, r

�
. The origin point of their local co-ordinate

system O}X>Z is "xed at the center of element i, axis X is through the center points of the
two units from i to j, axis > is parallel to plane x}y through the center of i and in the plane
vertical to axis X, axis Z can be decided according to the right-hand rule. Then, we can
obtain the corresponding relation of such physical parameters between o}xyz and O}X>Z
as relative displacement, relative velocity and reciprocal forces between the elements (some
physical parameters may be zero, which are still included in the relation for the universality
of the calculation method):
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Figure 4. Element position.
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where
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is the transform matrix from o}xyz to O}X>Z. cos �, cos � and cos � is direction cosine in
o}xyz, that is,
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where
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During the period of the �t, displacement increment and the angle increment of i and j are,
respectively,

�u
��

"x�
�
�t, �u

	�
"y�

�
�t, �u


�
"z�

�
�t"0,

��
��

"��
��

�t"0, ��
	�

"��
	�
�t"0, ��


�
"��


�
�t,

(12)

�u
��

"x�
�
�t, �u

	�
"y�

�
�t, �u


�
"z�

�
�t"0,

��
��

"��
��

�t"0, ��
	�

"��
	�

�t"0, ��

�

"��
�
�t.



j

i

Figure 5. Rub-impact.
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Therefore, we can obtain the angle and displacement of i relative to j in O}X>Z.
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As a rule, we take the forward direction of axis as positive relative displacement and
counter-clockwise along axis as positive relative angle. Thus, the mutual e!ect between the
elements can be decided as follows:

2.3.1.1. Rub-impacting forces. Figure 5 shows a kind of general rub-impacting of
rotor system. At the time t, the elements i and j can be considered to be in contact with each
other, if

D
��

"�(x
�
!x

�
)�#(y

�
!y

�
)�#(z

�
!z

�
)�'r

�
!r

�
(17)

is satis"ed. Then the normal force between them is
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and the damping force is

F ���
���

"C ���
�

�u
�
/�t (20)

and the join normal force is

F ���
��

"F ���
���

!F ���
���

. (21)

The tangent force will not be continuous because of the friction, therefore, "rstly we must
decide whether there is relative sliding between the elements according to Coulomb's
Friction Law. If it is true, the tangent force has to be amended with the maximum static
friction force. Now, we can obtain the increment of the tangent elastic force and that of the
tangent damping force during each time step �t as
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then the join tangent force and its elastic component at the time t are, respectively,
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and the maximum static friction force can be obtained from Coulomb's Friction Theory as

F ���
�

"	F ���
�

	�� (24)

where � is equal to the minor friction coe$cient between the two elements. If
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�
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�
(25)

is satis"ed, then there will be relative sliding between the elements, and the tangent force
should be corrected to

F ���
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�

sign(F ���
�
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). (26)

2.3.1.2. Bending forces. Without considering tangent bending of the rotor, its normal
bending force is

F ���
���

"K
��
D

��
(27)

and the normal bending damping force is

F ���
���

"C
�
�u

�
/�t, (28)

where C
�
is the bending damping coe$cient of the rotor. Then, the join normal force is

F ���
��

"F
���

!F ���
���

. (29)
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2.3.1.3. Movement equations. Now we have to transform the forces being calculated above
in local co-ordinate O}X>Z into those in global co-ordinate o-xyz.

Suppose:
In o}xyz, F ���

��
, F���

	�
, F���


�
are, respectively, three components of the join forces on element

I along x, y, z at the time t, while M���
��
, M���

	�
, M���


�
are, respectively, the components of

moments. Then,
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where� indicates the sum of all the elements which have an e!ect on element i, F ���
���

,F ���
	��

are,
respectively, the two components of the exciting force on element i along x, y, accordingly,
F ���
�����

,F ���
	����

are the components of the oil "lm forces; m
�
is the mass of element i; g is the

acceleration of gravity; M���

����

is the moment of oil "lm forces on element i,
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is the moment of the torsion force caused by the torsion deformation of the rotor.
As for determination of the oil "lm forces, its details it can be obtained from references

[15, 16]. Here, it is necessary to point out that any method for calculating discrete oil
"lm forces will be suitable for the model because DEM completes computation during
each separate time step, which makes DEM more adaptive for the analysis of rotor
system.
Then, at the time t#�t, the velocity and angular velocity of element I are,

respectively,
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where I
�
is the element of inertia of element i. And its displacement and angular

displacement at t#�t are

�
x������
�

y������
�

z������
�

�"�
x������
�

y������
�

z������
�

�#�
x� ��������
�

y� ��������
�

z� ��������
�

��t, (35)



Figure 6. Equivalent sti!ness and loads of mult-spans rotor system.
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Now it can begin another iterative calculation in the next time step after re-deciding the
e!ects between the elements.

3. DYNAMIC DEM MODEL OF MULTI-SPANS ROTOR SYSTEM

We will illustrate the dynamic DEMmodelling process of multi-spans rotor system with
only two of the spans as Figure 6 shows, where A, B and C are bearing points of the rotor
system, ¸

�
and ¸

���
are the respective lengths of AB and BC, m and k are the respective

midpoints of AB and BC, M
���

, M
�
and M

���
are bending moments acting on points A,

B and C, F
�
is force acting on point m, y

�
and y

�
are de#ection of points m and k.

Assuming that the joints between the AB span and BC span are continuous, the whole
rotor can be regarded as a statically indeterminate and continuous beam and can be divided
into several single-span ones with three-moment equations in structure mechanics. Thus,
there is no fundamental di!erence between multi-spans rotor system and single-span one on
DEMmodelling and calculation. However, we must have cognizance of two basic problems
on modelling of a multi-spans rotor system: when dividing multi-spans into singles, one
problem is that the bending sti!ness of multi-spans beam has changed after division because
of surplus supports' action; the other is that part of the deformation of a certain span is
caused by load acting on other spans. Therefore, the former requires computation of
equivalent sti!ness and the latter requires equivalent loads, and then we can begin the next
DEM calculation with the above-mentioned method.

4. EXPERIMENT CONTRAST STUDY OF THE NON-LINEAR DYNAMIC
DEM MODEL OF ROTOR SYSTEM

From the above discussion, which included a brief introduction of DEM, primary
suppose, constitutive relations, dynamic DEM modeling of rotor system and calculation



Figure 7. Bearing of rotor.
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process, dynamicDEMmodel of multi-spans rotor system and calculation, it can be learned
how to apply the DEMmodel to the study of non-linear dynamic behavior of rotor system.
Contrasting with the results of experiment, all calculation results in this thesis come out
from the program based on DEM Model, where the oil "lm model was obtained from
reference [16, 63}67]. In the experimental model obtained from reference [17], to ensure
comparability, the structural size and the working conditions of the rotor system are all
"xed according to the parameters in reference [17].

4.1. EXPERIMENTAL MODEL

According to reference [17], the experimental model belongs to Je!ocott's rotor system
considering oil "lm force. As Figure 7 shows, the primary parameters include
z rotor r"40mm, radius; M"16)69kg, mass.
z bearing D"80mm, diameter; ¸

�
"16mm: length of bearing; ¸"280mm; distance

between the bearing; C"0)25mm, clearance of bearing.
z parameters of sliding system: �"1)76e}2 Pa s, viscidity of the lubricating oil at 503C;
P"2)0e}4 Pa, pressure of oil supply.

z imbalance parameters of rotor: M
�
"11)54e}3 kg, eccentric mass; ru"6)15e}2 mm,

eccentric distance.
For more detailed conditions, refer to reference [17].

4.2. EXPERIMENTAL RESULTS

Figure 8 shows the experimental results of the axes trace and attractor in reference [17],
where n indicates the rotating speed of the rotor, whose unit is rounds/min (r.p.m). The
conclusion is

(1) At relatively low rotating speed (3000)n)4600 r.p.m), the trace of the rotor's axes
is Period-1.

(2) At higher rotating speed, the trace of the rotor's axes is chaos before coming back to
Period-1 trace. For example, when n"6200 r.p.m, the attractor of the rotor's axes is
a strange attractor.

(3) When n"4600 r.p.m, the trace of the rotor's axes is Period-2.

4.3. CALCULATION RESULTS OF DYNAMIC DEM MODEL [18, 19]

Figures 9 and 10 show the calculation results of the experimental model provided in
paper [17], by using Dynamic DEM Model built in this paper. This has no special



Figure 8. Experimental results of reference [15].
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illustration and normally shows the trace of the rotor's axes, where n is the rotating speed
with unit rounds/min. It can be obtained from Figures 9 and 10 that:

(1) When (0(n(3980 r.p.m), the trace of the rotor's axes is Period-1, as n"3000 r.p.m.
(2) When (3980)n(4940 r.p.m), the trace of the rotor's axes is Period-2, as n"4600

r.p.m.
(3) When (4940)n(5360 r.p.m), the trace of the rotor's axes is Period-1 again, as

n"5000 r.p.m.
(4) When (5360)n)5870 r.p.m), the trace of the rotor's axes is quasi-period. For

example, when n"5400 and 5800 r.p.m, we can see that the attractor is a closed curve
and its shape varies with the rotating speed. In Figure 9, the low-colored curve is
Poincare' section of the trace of the rotor's axes in plane X}>.

(5) When (5870(n(6083 r.p.m), the trace of the rotor's axes is Period-5. For example,
when n"6000 r.p.m, the attractor in plane X}> has "ve points.

(6) When (n*6083 r.p.m), the trace of the rotor's axes is chaos before coming back to
quasi-period or period. For example, when n"6083 r.p.m, attractor of the trace of
the rotor's axes is a strange attractor and distributing in a certain "eld. When
n"8000 r.p.m, the attractor is also a strange attractor, but its shape is a closed curve,
so the movement is quasi-period.

(7) When the dynamic parameters of the rotor system are changed, the movement
of the rotor will change signi"cantly, especially when parameters of the sliding
bearing are changed. See the case n"6500 r.p.m, the "gure shows the attractors
in di!erent planes after parameters of the sliding bearing in experimental model
are changed, where x
 and y
 are the speeds in directions X and > respectively.
In n"6500 P}X}X
 P}>}>
 attractor, the left is P}>}>
 attractor. We can see
that the shape of the attractor changed signi"cantly after the parameters
changed.



Figure 9. Calculation results of DEM model.
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Figure 10. Bifurcation graph.

880 M. YAN E¹ A¸.
5. DISCUSSION AND CONCLUSION

(1) After a great deal of calculation on the DEMmodel of rotor system built in this paper,
we "nd that our results are almost accordant to the experimental results from
reference [17] in nature: it can be said that DEM is suitable for calculation on rotor
system and our model is reliable.

(2) The dynamic behavior of the rotor shows a strong non-linear tendency before the
occurrence of rub-impacting, for instance, the movement rule of the rotor calculated
in this paper is: Period-1PPeriod-2Pquasi-periodPPeriod-5PchaosPquasi-
period. So the trace of axis of rotor shows strong non-linear characteristics, which is
the outcome of liquid quality of the oil "lm of sliding bearing.

(3) Calculation results on rub-impacting with our DEM model of rotor system can
simulate actual rub-impacting more practically, reliably and #exibly, because:
(1) It adopts non-linear rub-impacting constitutive relation on Hertz Contact

Theory.
(2) Tangent forces varying with time in each time step �t are calculated based on

Coulomb Friction Theory.
(3) Di$cult and random problems, such as whether and where rub-impacting occurs,

to what degree it is, what its characteristics are, and so on, are resolved by
computer programs automatically.

(4) After obtaining concerned parameters in quantity such as displacements of each
support center, displacements of rotor center in each span, relative angle between the
elements, and the oil "lm force, we can decide the bending and torsion of the rotor
and the torsion of bearings at all. That is, we can apply DEM to verify the intensity,
sti!ness and the life of the rotor or bearings.
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(5) As the movements and forces of rotor system can be "xed in quantity and simulated in
the form of computer animation, therefore, DEM is suitable for determining
complicated dynamic behavior of the rotor system as well as designing initial analysis,
calculation and display.

(6) Both single-span and multi-span dynamic rotor system can be calculated with our
DEM model. Furthermore, we can calculate many kinds of complicated dynamic
behavior of a rotor system with many non-linear factors. Therefore, without the
limitation of DOF, the DEM model provides a feasible numerical method for the
analysis of high dimensional and complicated dynamic rotor system.
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