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1. INTRODUCTION

In industrial rotor systems, rotor unbalance and shaft-to-shaft misalignment are two
common sources of vibrations in addition to the major concern of vibration due to shaft
crack. Not much literature is available on coupling misalignment (shaft-to-shaft) in spite of
its importance in industrial world. Recently, few attempts [ 1-4] have been made to simulate
coupling misalignment in rotor systems. Another important rotor fault, which can lead to
catastrophic failure, if undetected, is fatigue cracks in the shaft. Vibrational behavior of
cracked structures, in particular cracked rotors has received considerable attention in the
last three decades [5].

The concepts of a continuous on-line monitoring system with real time reporting offers
the promise of improved knowledge of the condition of a machine and therefore fewer
uncertainties in the operating decisions. Edwards et al. [6] have provided a broad review of
the state of the art in fault diagnosis techniques, with particular regard to rotating
machinery. In the context of fault detection, in spite of the importance of both the problems,
sensitivity studies and condition-monitoring aspects of rotors with cracks and misalignment
are rarely found in the literature. Coupling misalignment is very common in rotors and
produces symptoms similar to those of cracks in shafts. It is thus essential to distinguish the
vibration signals due to crack from that of coupling misalignment to avoid the rotor failure.
Imam et al. [7] list a series of different signatures and Sekhar and Srinivasa Rao [8] have
studied the 1X and 2X components of vibrations response to distinguish crack from
coupling misalignment. However, the works [7, 8] have used the steady state response of
rotor system with crack and misalignment.

Vibration monitoring during start-up or shut-down is as important as during steady state
operation to detect cracks and coupling misalignment especially for machines such as
aircraft engines which start and stop quite frequently and run at high speeds. The vibration
signals during machine start-up or shut-down are non-stationary in nature. Wavelets
provide a timescale information of a signal, enabling the extraction of features that vary in
time and thus can be used for damage detection [9].

In the present work, using finite element method (FEM), transient analysis with crack
and coupling misalignment has been done separately for the same rotor to distinguish crack
from coupling misalignment. Continuous wavelet transform (CWT) has been used to
extract characteristic features from vibration response of these two flaws [10, 11] in rotor
system.
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Figure 1. Rotor-coupling bearing system with typical finite rotor element details.

2. EQUATION OF MOTION

The rotor-coupling bearing system is discretized into finite beam elements as shown in
Figure 1(a). A typical shaft rotor element is illustrated in Figure 1(b). Each element has two
translational and two rotational degrees of freedom for bending mode at each node
represented by q,-¢s. The equation of motion of the complete rotor system in a fixed
co-ordinate system can be written as

[M1{4} + [D1{4} + [K]{q} = {Q}, 1
where the mass matrix [ M ] includes the rotary and translational mass matrices of the shaft,
mass and diametral moments of the rigid disc and the flexible coupling. The matrix [D]
includes the gyroscopic moments and the bearing damping. The stiffness matrix considers
the stiffness of the shaft elements include cracked element, coupling element and the bearing
stiffness. The details of the individual matrices of equation (1), except for the cracked
element and coupling element, are given in references [12, 13]. The excitation matrix {Q} in
equation (1) consists of the unbalance forces and coupling misalignment forces. The details
of crack and coupling modelling are given in the following section.

3. MODELLING OF CRACK AND FLEXIBLE COUPLING

3.1. TRANSVERSE CRACK

The transverse breathing crack has been considered for the present study. The flexibility
matrices of the cracked section for flexural vibrations as given in Papadopoulos and
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Rotor-coupling-bearing data

Acceleration of the rotor, a
Torque, Tq
Critical speed of the rotor-coupling

bearing system (frictionless joint coupling)

Shaft
Diameter, D
Density and modulus of elasticity

Disc
Mass, m
Polar moment of inertia, I,
Diametral moment of inertia, I},
Unbalance eccentricity, e

Bearing (isotropic)
Stiffness
Damping

Coupling
Type
Outer diameter
Center of articulation, Z,
Bending spring rate per degree per
disc pack, K,

Parallel misalignment
AX1
AY1
Angular misalignment, 0,

30 rad/s?
30 N-m

1618 r.p.m. (26:98 Hz)

20 mm
7800 kg/m?3, 2:08 x 10! N/m?

5-5kg
0-01546 kg-m?
0-00773 kg-m?
0-008 mm

2:5x 105 N/m
100 N's/m

Diaphragm coupling
50 mm
75:15 mm

30 Nm/degree/disc pack

0-1-0-7 mm
0-1-0-7 mm
0-1°-0-5°

Dimarogonas [ 14] and utilized in FEM analysis of Sekhar and Prabhu [15] have been used
for crack modelling. The flexibility coefficients for an element without crack by neglecting
shearing action are given by

I3/3EI SYM
c_| 0 I3/3EI
°~l o0 —I?2EI  I/EI ’
I?)2EI 0 0 I/EI

where EI is the bending stiffness and [ is the element length.

The breathing action of the crack, i.e., its opening and closing as represented
by Papadopoulos and Dimarogonas [16] is illustrated in Figure 2. During the
shaft’s rotation, the crack opens and closes, depending on the rotor deflection. For
the large class of machines, the static deflection is much greater than the rotor
vibration. With this assumption the crack is closed when ¢ = 0 and it is fully open when
¢ =m.

The transverse surface crack on the shaft element introduces considerable local flexibility
due to strain energy concentration in the vicinity of the crack tip under load. The additional
strain energy due to the crack results in a local flexibility matrix C, which will be C,, and
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Figure 2. The breathing crack model.

Cyc for a fully open crack and half-open, half-closed conditions respectively:

CiiR SYM
P Fol 0 0 Cs3/R ’
0 Cus/R Cuu/R
C,>R SYM
1 C.iR
CHC _ 11

0
2F,| 0 0  C,/RI ’
0 0 634/R C_s 3/R

where F,=nER?/(1 —v?), R=D/2 and v=03. The dimensionless compliance
coefficients, C;;, are computed from the derivations discussed in references [14, 16]. The
total flexibility matrix for the cracked section is given as [C] = [Cy] + [C,]-

From the equilibrium condition
(qla q2, -+ QS)T = [T] (q57 cees qS)T’ (2)

where the transformation is

==l e )
|

[T]=

SO O = - O O =
SO = OO —-—= O
_0 O O = O O O

The stiffness matrix of the cracked element is written as

[KI=[TI[CI'[T]" )
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Figure 3. Co-ordinates of the two joined elements.

When the crack is assumed to affect only the stiffness, the stiffness matrix of the cracked
element, [ K ], replaces the stiffness matrix of the element which was originally uncracked,
when assembling the stiffness matrix of the shaft, for [K] in equation (1).

When the shaft is cracked, during the rotation the stiffness varies with time or with angle.
The variation may be expressed by a truncated cosine series [16],

[K] =[K (wt)] =[Ko] + [K{]coswt + [K;]cos2mwt + [K3] cos 3wt + [ K] cosdwt,
(4)

where [K,], n =0,1, ..., 4, are fitting coefficient matrices, determined from the known
behavior of the stiffness matrix at certain angular locations as explained by Papadopoulos
and Dimarogonas [16]. Specifically,

[K]=[K]s—oand (0*°/0¢*)[K] =0at ¢ =wt =0, [K]=[K];_.pat ¢ =mn/2,
[K] = [K],_, and (6%/0¢*) [K] =0 at ¢ = ot = 1. (5)

[Kls=0, [K]ls—r» and [K],_, are the stiffness matrices, Kyc, K,, and Kyc for the
uncracked, fully open crack, and half-open, half-closed cracked conditions respectively.
These are obtained from the compliance matrices C,, C,, and Cyc respectively.

Application of conditions (5) to equation (4) yields the matrices [K,], n =0, 1, 2, 3, 4,
element by element as solution of 5 x 5 linear system of algebraic equations. The constant
matrices of equation (4) are

[Ko] = (5K,, + 5Kyc + 6Kyc)/16, [K{] = 9(Kyc — K,p)/16,
[K,] = (K,, + Kyc — 2Kyc)/4, [K3] = (K,, — Kyc)/16,
[K4] =(— K,, — Kyc + 2Kg()/16. (6)

3.2. FLEXIBLE COUPLING

Modelling of the flexible coupling as discussed by Kramer [17] is utilized in the present
study. Two technical possibilities will arise while modelling the flexible couplings namely (i)
a frictionless joint of (ii) a joint with stiffness and damping. In the present work the first
possibility is considered.

For a frictionless radially stiff joint, the displacement at the two sides of the joint are
identical and the angles are different. Figure 3(a) shows the co-ordinates of the two shaft
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elements, which are to be joined. With gy = g5 and g9 = ¢, the new co-ordinates are
shown in Figure 3(b) for the elements when joined together. Then the stiffness matrix for this

joint (coupling element) can be written as

12
0 12
0 —6l 42
66 0 0 4»
—12. 0 0 —6 24
g |0 -2 6 0 0 2 SYMMETRIC
[KQ="7 [0 -6 =22 0 0 —6l —4P
66 0 0 22 6 0 0 4°
0 0 0 0 0 0 0 6 42
0 0 0 0 0 0 6 0 0 42
0 0 0 0 0 0 —12 0 0 —6 12
0O 0 0 0 0 0 0 —126 0 0 12
0 0 0 0 0 0 0 —6220 0 —6 42
0 0 0 0 0 0 0 6 0 0 22 6 042

4. COUPLING MISALIGNMENT

Shaft misalignment is a condition in which the shafts of the driving and the driven
machines are not on the same centerline. There are three possible types of coupling
misalignments. (i) Angular—where the centerlines of the two shafts meet at an angle. (ii)
Offset (parallel)—where the shafts centerlines are parallel but displaced from one another
and (iii) a combination of angular and offset misalignment. Misalignment of machinery
shafts causes reaction forces and moments to be generated in the coupling, which in turn
affect the machines and are often a major cause of vibration. The reaction forces and
moments, which are developed due to angular and parallel misalignment, are given in
references [2, 8], have been used in the present analysis. The details are presented here
briefly as these are introduced in the present work. Figure 4 shows two machine shaft
centerlines, Z1 and Z2, which are misaligned. The centerline of the coupling spacer is shown
connecting the two shaft centerlines with intersection points being the coupling centers of
articulation, not the shaft’s ends. The values and the directions of displacements AX1, AY1,
AX2 and AY2 in Figure 4 can be obtained from the graphical plot of reverse indicator
readings.

Assuming Z1 is the axis of the driving machine, that ( + ) torque is applied as shown in
Figure 4 and the rotation is in the same direction as the applied torque, the reaction forces
and moments, which the coupling exerts on the machine’s shafts, are as follows [2, §].

Parallel misalignment:

MX1 = Tgsin0, + K,¢,, MYl = Tgsing, — K,0,, MZIl = Tq,

MX2 =Tgqsin0, — Ky¢p,, MY2=Tgsin¢, + K;0,, MZ2= — Tgq,
FX1=(—MY1—MY2)/Z3, FYl=(MX1+ MX2)/Z3, FZl1=K,AZ + K, (4Z)},
FX2= —FX1,FY2= —FY1, FZ2 =FZl.
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Figure 4. Coupling co-ordinate system. (a) parallel misalignment (b) angular misalignment.

Angular misalignment:

MX1=00, MY1=00, MZ1 = Tgq/cos0s,

MX2 = —Ky0;, MY2=Tgqsin0;, MZ2= —Tgq,

FX1=(—MY1—-MY2)/Z3, FY1=(MX1+MX2)/Z3, FZ1=K,AZ + K,(4Z)3/cos 03,
FX2= —FX1, FY2= —FYl, FZ2=FZl.

In the present analysis, linear spring rates for the flexural couplings in both bending and
axial nodes as assumed. Hence the term (4Z)? is neglected in the above expressions, for this
analysis.

The misalignment moments and the reaction forces are the static loads to the
non-rotating observer. But they are acting as periodic loads on the rotating shafts with
a periodic function of half-sinusoidal having a time period of /w. In the present work 1 w,
2w, 3w and 4w components of the reaction forces are considered for coupling
misalignment because stiffness variation of the crack is considered as a function of multiples
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of operating speed up to 4w (see equation (4)). The reaction force due to coupling
misalignment are then incorporated into the excitation matrix {Q} in the equation of
motion (1) at the corresponding degrees of freedom. The nodal force vectors at the
corresponding nodes due to coupling misalignment are given as

FX1sinwt + FX1sin2wt + FX1sin3wt + FX1sin4wt

(n1y ) FYlcoswt + FY1cos2wt + FY1cos3wt + FY1cosdwt
ch}_ 0 5 (7)

0

FX2sinwt + FX2sin2wt + FX2sin 3wt + FX2sin 4wt

0 FY2coswt + FY2cos2wt + FY2cos 3wt + FY2cos4wt
{QCJ - 0 > (8)

0

where [Q}] and {Q?} are the nodal force vectors at the left and right side of the coupling.

5. RESULTS AND DISCUSSION

A typical rotor-coupling bearing system as shown in Figure 1 has been considered in the
present analysis. The rotor-coupling-bearing data used in the present study are given in
Table 1. The analysis has been carried out by considering a crack and an angular
misalignment of the coupling in the rotor system separately, using FEM for flexural
vibrations. The rotor system is discretized into ten finite elements. In this work, the
non-dimensional crack depth (&) is defined as the ratio of crack depth («) to the shaft
diameter (D). When the speed of rotation is changing, the angular rotation can be taken as
0(t) = wot + 1/2(at?), where a is the angular acceleration of rotor, w, is the initial angular
velocity and ¢ is the time. The Houbolt time marching technique is used to model the system
in time domain with a time step of 0-001 s. The Morlet mother wavelet with a support length
of ( — 4, 4) was chosen in the present study for all the continuous wavelet transforms [18].
The center frequency and bandwidth of the mother wavelet can be calculated, which in turn
can be used for calculating the center frequency of daughter wavelets.

The scale of the CWT is chosen such that the centre frequency of the daughter wavelet in
the frequency domain should not coincide with the critical and sub-critical speeds. If center
frequency of daughter wavelet coincides with critical speeds, the CWT coefficients at those
speeds will be high and will not show the details at the other significant speeds. The scale 35
has been chosen for all the CWTs since the center frequency of daughter wavelet (14:3 Hz)
will not coincide with the critical (27 Hz) and sub-critical speeds.

Figure 5 shows the time responses for different crack depths and the corresponding CWT
coefficient plots of the rotor passing the critical speed with an acceleration of 30 rad/s2. In
all the cases, time response has been modelled at bearing number two of the rotor system
(see Figure 1). The rise of vibration amplitudes with crack depth can be seen from both the
plots. However, the sub-critical response peaks are clearly evident from the CWT plots and
these peaks are more apparent as the crack depth increases. This feature cannot be seen
from the time history plots.

Similarly, Figure 6 shows the time response and the corresponding CWT plots for
a typical rotor-coupling bearing system with and without angular misalignments for the
same rotor with an acceleration of 30 rad/s®. However, here no crack is present. A clear
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Figure 5. Time response and CWT coefficient plots of a rotor system for different crack depths; a = 30 rad/s?.

(a) Time (b) CWT.
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Figure 7. Variation of wavelet coefficients at critical and sub-critical speeds of a rotor system with crack and
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change in the pattern of time response is observed, but no clear features of misalignment are
noted in the time response. In the case of CWT coefficient plots, the sub-harmonic resonant
peaks at one-half, one-third and one-fourth the critical speed are evident when the
misalignment is present in the system. These sub-critical speeds are not observed in time
response as well as in CWT plot when the rotor-coupling bearing system is free from
misalignment. Same features are also observed when parallel misalignment is present in the
rotor system (results are not presented here). In both Figures 5 and 6, it can be observed that
the presence of sub-harmonics in the CWT coefficient plot is the symptom of crack as well
as coupling misalignment in a rotor system. However, the sub-harmonic resonant peaks at
one-third and one-fourth the critical speed are not evident in the case of cracked rotor
unlike in the case of misaligned rotor system.

Even though the symptom of the presence of sub-harmonic peaks is common in both
these types of rotor flaws, it can be shown that there exists some difference in their behavior.
The variations of CWT coefficients at critical and sub-critical speeds with crack depth as
well as misalignment in their respective cases are shown in Figure 7. It is clear from
Figure 7(a) that the variation of CWT coefficients with crack depth at critical and
sub-critical speeds of cracked rotor is parabolic. But, in the case of misaligned rotor system,
the variation of CWT coefficients is linear with the amount of misalignment in both cases of
angular and parallel misalignments (see Figure 7(b, c)).
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Further, the strength of sub-harmonics is different in both the cases of rotor flaws. The
strength of sub-harmonics in Figure 8 is defined as the ratio of CWT coefficient at
sub-critical speed to that of critical speed of the rotor system. The strength of sub-harmonic
peak is weak of the order of 0-4 times the critical speed for maximum crack depth (& = 0-4).
But in the case of misaligned rotor system, the strength of sub-harmonic peaks is strong, of
the order of 0-7-0-9 times the critical speed for high misalignments in both cases.

Also, it can be noticed from Figure 8(a—c) that the rate of change of sub-harmonic peak
strength with crack depth is low for lower crack depths (& < 0-1) and high for higher crack
depths (& > 0-1). In the case of misaligned rotor, the rate of change of sub-harmonic peak
strength is high for low misalignments ( < 0-2° and 0-2 mm) and low for high misalignments
and remains almost constant. This behavior is completely opposite to that of the cracked
rotor.

Another important observation from Figure 8 can be made regarding detection and
monitoring. CWT is very sensitive to small misalignments as compared to small crack
depths. Thus, this is useful for the detection of coupling misalignment. However, from the
monitoring point of view CWT is more useful for crack rather than misalignment.

Thus, this study helps to distinguish a crack from the coupling misalignment in a rotor
system while it is passing through its critical speed.
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6. CONCLUSIONS

The transient response of a rotor system with a crack and coupling misalignment has
been used separately to distinguish each other. The CWT has been used as a tool for
extracting the sub-harmonic resonant peaks from the time response of the cracked rotor as
well as misaligned rotor while it is passing through its critical speed.

The presence of sub-harmonic at one-half the critical speed in the CWT coefficient plot is
the symptom of crack while the presence of the sub-harmonic resonant peaks at one-half,
one third and one-fourth the critical speed is the symptom of misalignment.

The strength of sub-harmonic peak with respect to critical is very weak in the case of
cracked rotor as compared to that of misaligned rotor system. The rate of change of
sub-harmonic peak strength with crack depth is low for lower crack depths and high for
higher crack depths. In the case of misaligned rotor, the rate of change of sub-harmonic
peak strength is high for low misalignments and low for high misalignments, and remains
constant. CWT is useful for detection of coupling misalignment. But, from the monitoring
point of view CWT is more useful for crack rather than misalignment in the rotor system.
Thus, this study can be useful for distinguishing a crack from coupling misalignment in the
rotor system.
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