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In this paper, the dynamic response of a simply supported travelling beam subjected to a
transverse load is investigated in the super-critical speed range. The well-known axially
moving beam theory is considered and a simple viscous damping mechanism has been
introduced. The displacement field is expanded in a series of the buckling modes, a sine
series, and different techniques have been used in analyzing the response of the dynamical
system. Periodic oscillations are studied by means of continuation techniques, while non-
stationary dynamics are investigated through direct simulations. A comparison with the
literature and a convergence test on the series expansion are performed. A sample case of a
physical beam is developed and numerical results are presented concerning bifurcation
analysis and stability, and direct simulations of global postcritical dynamics. A complex
scenario of alternate regular and chaotic motions is found in a large range of the main
parameters.

© 2002 Published by Elsevier Science Ltd.

1. INTRODUCTION

The wide diffusion of axially moving systems in industrial processes has motivated intense
research activity, which began in the middle of the last century. Power transmission belts,
paper sheet processes, aerial cables, and magnetic tapes, are only some examples of one-
dimensional continua where vibrations are associated with an axial transport of mass. In
these systems the axial speed plays an important role in changing the elastic behavior of
the beam; the centrifugal forces associated with the curvature and the axial speed decrease
the stiffness of the beam, the Coriolis forces associated with the rotation and the axial
speed give rise to travelling wave modes of vibration. Moreover, above a certain critical
velocity, the first frequency of the system becomes zero: the straight equilibrium
configuration becomes unstable and bifurcates in multiple equilibrium positions.

The literature regarding axially moving systems is wide, in references [1, 2] an extensive
literature overview can be found. In the following the most interesting works, strictly
related to the present paper, are commented on.

In reference [3] the vibrations of finite and infinite moving threadlines have been studied
and the effect of the axial velocity on the linear frequencies is qualitatively discussed, while
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in reference [4] the role of non-linearities in a travelling string and the effect of axial
velocity received particular attention. In reference [5] a special modal analysis for axially
moving beams/strings has been developed and some features of these systems were
reanalyzed. Moreover, the Green function was obtained in terms of the analytical
eigenfunctions. It is also found that some stability regions exist in the super-critical speed
range, i.e., in specific intervals of the super-critical speed range the trivial equilibrium
position regains stability.

The fundamental role of non-linearity for high-speed systems has been widely
ascertained in studies on the non-linecar vibrations and bifurcations of moving
beams [3, 4, 6, 7] which are strictly related to the subject of the present work. In reference
[6] bifurcation and stability are analyzed, and the non-linear response, in sub- and
super-critical speed ranges, is examined by means of local analyses, i.e., singular
perturbation techniques; in particular, the existence of a global motion around the
critical speed was predicted. Hwang and Perkins [8, 9] investigated the effect of an initial
curvature due to supporting wheels and pulleys on the bifurcation and stability
of equilibrium; they underlined the system sensitivity to initial imperfections. In
references [2, 10] a high-dimensional discrete model obtained by a Galerkin
procedure is developed, and linear stability and non-linear free undamped oscillations
are analyzed.

In the present work, the discrete technique proposed in reference [2] is used to study the
response of an axially moving beam subjected to harmonic excitation. The resulting finite-
dimensional dynamical system contains a linear part with symmetric mass and
stiffness matrices, a skew-symmetric gyroscopic matrix, a cubic non-linearity and a
simple viscous damping. The spectral analysis of the linear part of the discrete system
provides imaginary eigenvalues and complex eigenvectors [2], according to the available
analytical results [5, 6]. The straight equilibrium configuration exhibits a pitchfork
bifurcation at the critical value of speed. Here, the attention is focused on the
postbifurcation velocity range, in the presence of viscous damping and external harmonic
excitation. Periodic oscillations are analyzed by means of the code AUTO [11], which is
based on a collocation method and is able to follow periodic solutions, their stability and
bifurcations, when a system parameter is varied. Non-stationary dynamics are analyzed
with a fourth to fifth order adaptive step size Runge—Kutta algorithm. Time histories,
Fourier spectra, Poincaré maps and their bifurcation diagrams are used to analyze the
response of the dynamical system. A first analysis is performed on the same problem
studied in reference [6], in order to perform comparisons between the Galerkin approach
proposed and results available in the literature. Convergence tests are developed to
quantify the minimum number of degrees of freedom (d.o.f) needed to describe the
displacement field accurately. A detailed analysis of periodic and chaotic regimes, which is
the main objective of the present work, is focused on exploring the system dynamics when
its main parameters vary.

2. EQUATION OF MOTION

Axially moving systems are studied by means of a simply supported beam model with
fixed ends, where the axial transport of mass and the non-linear coupling
between longitudinal and transversal displacement fields is accounted for. Although
the physical model of a beam with supported fixed ends is very simple, the results
furnished by this model are consistent with real problems, as confirmed by a good
agreement between theoretical and experimental results, obtained in references [12, 13]
using the same model.
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For this model the non-dimensional equation of motion reads as
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where w = w/l, x =X/{, t =1\/P/pAl*, v="0/\/P/pA, vr = \/EA/P, vy = \/EI/P{*,
f =f/(P/t) and §(x) is the Dirac function, ¢ the beam length, X the axial co-ordinate, W

the transverse displacement field, 7 the dimensional time, # the longitudinal velocity, P the
axial pre-load, p the mass density, A4 the cross-sectional area, £ Young’s modulus, 7 the

w(0,1) =w(l, 1) =0, 1,7) =0, (1b)

second moment of area of the cross-section, f is the value of point-wise excitation at
x = x*. The terms: 200°w/0x0t and v*>9*w/0x? are the Coriolis force and the centrifugal
force, respectively, while the remaining inertial and elastic terms are well known in beam—
string theory.

The Coriolis term plays an important role in introducing a skew-symmetric part into the
differential operator and transforming the normal modes from real (# = 0) to complex
(0#0), i.e., travelling wave modes. The integral term arises from a classical static
condensation of longitudinal displacement, where the fast dynamics in the longitudinal
direction is neglected [2, 6, 7].

The centrifugal term produces a decrease in the linear natural frequencies as the axial
velocity increases and is responsible for pitchfork bifurcation. When the axial speed of the
beam is large enough, the centrifugal forces can exceed the elastic forces and the trivial
equilibrium position w(x, f) = 0 can become unstable. Analytical formulae for fixed points

of equation (1) and critical speed are available [6]: w¥)(x) = +(2/knvr)V1? — 02 k =

1,...; v = /1 + (kno)*; 0> 0. From a static point of view the travelling beam
behaves as a compressed beam. The effect of the velocity and, in particular, the gyroscopic

forces change the postcritical dynamic behavior: they stabilize the trivial equilibrium
position in a certain range of speed values, and also provide important linear coupling.

3. DISCRETE MODEL

In the analysis of the non-linear oscillations of a continuous system, the partial
differential equations and the relevant boundary conditions are usually reduced to a low-
dimensional system of ordinary differential equations, using a spatial representation in
terms of a limited number of functions, which should be suitably selected in order to
represent the coupling non-linear phenomena under study. Typically, few eigenfunctions
of the linearized problem are considered; however, a strong reduction in the phase space
leads to a discrete model, which could give unsatisfactory results and sometimes is not able
to describe the non-linear phenomenon correctly. In order to reduce the approximation of
truncation, different methods have been developed in the past. They are based on the
center manifold theorem, on the concept of non-linear normal modes, on vector bases
suitably selected from experimental or numerical responses of the system, and direct
perturbation techniques. These reduction methods are referred to, for examples, in
references [14—17]. It is worthwhile to note that the general Cauchy problem was fully
considered in reference [18] for free non-linear oscillations of thin axially moving beams.
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Here, no model reduction is intended to be pursued and no reference is made to the
previously mentioned methods. The displacement field w(x, ) is expanded in a series of
suitable functions ¢, (x), truncating the series at the Nth term, but without any restriction
on N, using the Galerkin procedure. The basis ¢,(x) must be a complete set of functions
of the Hilbert space. This implies that the boundary conditions must also be respected;
here the sine series is selected:

w(x,t) = Z ¢n(t) sin nmx. (2)
n=1

Even though the eigenfunctions of the linearized problem often give faster convergence,
the use of sine series, which are eigenfunctions for v =0 only, is motivated by the
following considerations: (1) the eigenfunctions are not available analytically, they must be
numerically evaluated for each axial speed, and parametric studies become difficult; (2)
after the bifurcation, multiple equilibrium states are present, each equilibrium position
defines a set of eigenfunctions and, for a global motion around more than one position,
there is no sense referring to eigenfunctions, moreover, the use of eigenfunctions after the
bifurcation can lead to lack of convergence [19]; (3) the sine series easily allows a high-
dimensional phase space to be developed, with simple analytical dependence on the speed;
(4) sine functions represent the bifurcation modes, i.c., they have a clear physical meaning.

The number of functions N, in equation (2), depends on the convergence of the sine
series and is linked to the smoothness of the function w(x, ¢). In the Galerkin method series
(2) is substituted in equation (la), both terms of the equation are multiplied by
sinknx, k =1,...,N, and the result is then integrated over the domain [0,1]. After this
projection, a finite-dimensional dynamical system is obtained

4+ Cq+Kq=N(q) +f(2), (3)

where C is made up of a gyroscopic matrix and a diagonal viscous modal matrix, which
represents the dissipation effect, K is the stiffness matrix, (1) = (fi,/5,....fv)", fa(t) =
2f sin mx * cos wt. Details of equation (3) are fully described in reference [2].

The term N(q) collects the non-linearities and is defined by applying the Galerkin
method to equation (1a). Due to the presence of a skew-symmetric matrix, it is convenient
to rewrite the equations in the state space:

p=Ap+F(p,1), 4)
where p=(4".q")",
C K
I 0

A= , F(p, 1) = —[(N(q) +£(1))", 0]".

The matrix A is the linear operator describing the dynamics of the system in the
neighborhood of the trivial equilibrium position w(x, f) = 0. The spectral analysis of this
operator furnishes the linear frequencies and mode shapes, and allows the stability of the
equilibrium position to be evaluated [2].

4. ANALYTICAL INVESTIGATIONS
4.1. COMPARISONS WITH AVAILABLE RESULTS

The non-linear dynamics of axially moving beams are studied in reference [6] by means
of perturbation techniques applied directly to the partial differential equations. Assuming
a linear eigenfunction as the zero order solution, a non-linear normal mode was analyzed,
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Figure 1. Comparison between the Wickert [6] solution (*) and the present numerical solution ( ), for
vy = l,zvr =1,0/ve = 1:3, v = 32969, w)) = 1.7435. For the numerical solution: f = 1073, damping ratio equal
to 1077,

in particular, backbone curves were obtained. The numerical techniques used in the
present work are not suitable for finding free monofrequent oscillations. However, it is
well known that the backbone curve is the limit of the amplitude frequency curve, when
the external excitation is harmonic, its frequency is close to the linear natural frequency
considered and both excitation amplitude and viscous damping tend to zero. In Figure 1
large amplitude oscillations around the bifurcated equilibrium position are analyzed, the
backbone curve by the Wickert solution [6] is compared with the present numerical results
obtained with the software AUTO [11]. It is interesting to note that the present solution is
very close to the Wickert solution up to an amplitude of the order of 60% of the beam
length, after this level the numerical solution becomes more softening. Moreover, some
peaks are visible in the numerical solutions; such irregular behavior is expected when the
orbit passes in the vicinity of another equilibrium position. In this case the interaction with
the unstable trivial equilibrium position is present. The difference between the numerical
results and those given in reference [6], is not surprising, since the asymptotic techniques as
used in reference [6], give accurate results when the amplitude is moderately large and the
motion is local.

4.2. CONVERGENCE TESTS

A convergence test on the sine series used in expanding the displacement field is
performed. The following physical case is studied: £ =02m, 4 = 107> m?, I =208 x
103 m?* E=21x 10" N/m?, P=100N, which can model a saw blade system; the
corresponding non-dimensional quantities in the equation of motion are vy = 0-104, vy =
145 and the first critical non-dimensional velocity is v!) = 1.05. In the numerical analysis
large coefficients, such as vy = 145, can give numerical troubles. In order to avoid these
problems the following parameterization is introduced: ¢, = 4, and f = f/p is the new
non-dimensional force and the parameter f8 is assumed equal to 0-0069 in the simulations.
The symbol *“ ” will be dropped in the following.
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Two test cases are considered: (1) regular motion in a super-critical speed range, v = 1-1
with f = 0-035, w = 0-3, damping ratio 0-02; (2) chaotic motion in a super-critical speed
range, v = 1-1 with f = 0-54, w = 0-567, damping ratio 0-02. A detailed analysis of the
periodic and chaotic regions will be performed in the next two sections. In Figures 2(a)
and 2(b), time histories and spectra obtained by using N = 1,...,8 and 12 are presented,
for case (1). When N > 3 both time histories and spectra become close to each other,
showing that the convergence is rapid. The responses obtained with N =1,...,8 are
compared with the 12 d.o.f. model in the frequency domain (fast fourier transform). In
Figure 2(c) a bar chart reports the percentage differences between the low-dimensional
models and the 12 d.o.f. discretization. It is clear that for N > 3 the percentage difference,
here called error, approaches zero and the expansion is convergent. In Figures 3(a) and
3(b) time histories and spectra obtained using N = 1, 2, 4, 8 and 12 are presented, for case
(2). When N > 4 both time histories and spectra become close to each other; here the
convergence is slower. The cases N = 1, 2, 4, 8 are compared with the 12 d.o.f. model, in
the frequency domain (power spectral density); in Figure 3(c) a bar chart reports the
percentage differences between the low-dimensional models and the 12 d.o.f. discretiza-
tion. Note that the error, for the case N =1, is higher than 100%. When N > 4 the
difference becomes small and the series expansion is close to convergence. For case (2) the
power spectral density is used instead of the classical FFT, because the chaotic signals
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Figure 2. Regular motion: (a) time history for f =0035, w =03, v=11; (b) spectra of signals.
---- ldof;---- ,2dof; e ,3dof; , n> 3 d.o.f,; (c) percent spectral error with respect to the 12
d.o.f. solution.
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Figure 3. Chaotic motion: (a) time history for /' = 0-54, w = 0-567, v = 1-1; (b) power spectral densities of
signals. - - - -, 1 d.o.f.; -+=--- ,2d.of; e ,4d.of;—— n>4d.o.f; (c) percent spectral error with respect to the
12 d.o.f. solution.

present spectra which are difficult to compare. In chaotic dynamics the sensitivity of the
response to small perturbations gives rise to exponentially divergent trajectories.
Moreover, the chaotic attractor probably presents a higher dimension than the regular
attractor. This property of chaotic systems causes slower convergence.

It can be stated that, for the regular motion, few degrees of freedom give a good
approximation, whereas in the case of chaotic dynamics the phase space must be enlarged.
In the following N = 8§ will be used for computations.

4.3. PERIODIC RESPONSE

The periodic response is investigated by means of the code AUTO [11]. Two excitation
levels are considered: (1) f = 0-01 and (2) ' = 0-03; the damping ratio is 0-02, and the axial
speed is v = 1-1 greater than v.,, which belongs to the range of parameter values where the
homoclinic orbit exists [2]. In Figure 4(a) for case (1) the maximum amplitude of
oscillation is plotted versus the excitation frequency, normalized with the linear frequency
of the system oscillating around the stable bifurcated equilibrium position (w4 =
0-7429). The response behavior is typical of softening type systems, in agreement with
reference [6]. However, the curve presents a sharpened peak due to the strength of the non-
linearity. Note that the frequency corresponding to the peak is around 30% smaller than
the linear resonance. In Figure 4(b) case (2) is analyzed, the response behavior is no more
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Figure 4. Amplitude frequency curve for the oscillations around the bifurcation position: (a) v = 1-1, f = 0-01;
(b) v =1-1, f = 0-03. ——, stable solution; - - - -, unstable solution; ---+--- , bifurcated equilibrium position; PD,
period doubling.

typical, but preserves a softening character. The peak at w/w; 4y = 0-5 is a super-harmonic
component due to the quadratic non-linearity. The presence of quadratic-like behavior
deserves an explanation, since equation (1) presents cubic non-linearity only. After
bifurcation, the dynamical system has more than one equilibrium position. If the
governing equations are transformed through a change of co-ordinates w = w — w(!) then
the linearized equations furnish linear frequencies and eigenfrequencies around the
bifurcated position and the non-linear part becomes quadratic and cubic. This explains the
softening behavior which is typical of quadratic systems. It is interesting to note that a
period doubling is found for w/w sy = 0-771: a large unstable and irregular region is
present for higher amplitudes. The description of the complex behavior observed requires
a deeper investigation, which includes non-stationary response analyses.

4.4. CHAOTIC DYNAMICS

The complex dynamics is analyzed via direct simulation. The time histories are initially
sampled with the same frequency of the excitation. This sampling allows Poincaré sections
to be obtained; they are one useful tool for analyzing chaotic responses. Moreover,
bifurcation diagrams of the Poincaré maps can be drawn by varying one of the parameters
which govern the response of the system. They are obtained by integrating the equation of
motion for a sufficiently long time in order to eliminate the transitory motion, then a
certain number of periods are considered. This procedure is repeated for different values of
the parameter, using the final state of the system in the previous analysis as initial
condition. The procedure allows a particular, stable, solution to be followed when a
parameter is varied; a perturbation is introduced in order to force the system to fall in the
most attractive orbit for each value of the parameter.

Figure 5 presents bifurcation diagrams versus the excitation amplitude with @ = 0-567
and v =11, as f is increased; ¢; and ¢, only are represented, even though the high-
dimensional system is integrated. For very low force levels a chaotic region appears and
disappears suddenly, / € (0-03, 0-056); after this chaotic region a periodic orbit takes place
and remains stable for a large range up to f = 0-487, where a cascade of bifurcations leads
the system to a new chaotic region, which disappears suddenly for /' = 0-597. The presence
of complex dynamics in the range f € (0-03,0-056) is related by the loosing of stability
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Figure 5. Bifurcation diagrams of Poincaré maps versus excitation level, w = 0-567, v = 1-1. f is increased.
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Figure 6. Bifurcation diagrams of Poincaré maps versus excitation level, w = 0-567, v = 1-1. f is decreased.

through a PD bifurcation in the amplitude—frequency curves of Figure 4(b). Here, the
varying parameter is f and a different route to chaos is found.

A cascade of bifurcations, starting at f = 0-761, leads to an another chaotic region,
which suddenly disappears at f = 1-012. A chaotic region for /' € (1-039, 1-220) is bounded
by two cascades of bifurcations and a new chaotic region at f = 1-460 appears with the
same modality.

A sudden disappearance of a chaotic orbit is often called blue-sky catastrophe; however,
another motivation for a sudden change of dynamics can be the presence of coexisting
stable chaotic and regular orbits. In order to investigate this phenomenon, the previous
analysis is performed by decreasing the excitation level (Figure 6). The dynamic behavior
is qualitatively the same, but two chaotic regions are changed, the first one, f €
(0-03,0-056) forward and f € (0-03,0-031) backward, and the second one, f € (0-487,
0-597) forward and f* € (0-502,0-572) backward. In these regions it can be argued that the
chaotic orbit coexists with a periodic orbit.

A second analysis is performed by changing the excitation frequency with f = 0-8,
v = 1-1. This corresponds to a sure passage through the chaotic region, as can be observed
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in Figures 5 and 6. The bifurcation diagram is presented in Figure 7; only the forward case
is performed. Also in this case an intricate dynamic behavior is observed; the complexity
seems to be higher than in the previous case. The cascade of bifurcations is the
most frequent route to chaos, which is also present at very low frequencies. This is not a
surprise, indeed the response is quite complex in the low-frequency range even
for lower forces, as can be argued from Figure 4(b). The chaotic regions are the
following: w € (0-253,0-29), w € (0-3,0-325), w € (0-406,0-472), w € (0-486,0-578), w €
(0-653,0-654), w € (0-679,0-688). Only the region w € (0-653,0-654) appears and
disappears suddenly. For the remaining regions the bounds indicate the first bifurcation
of the periodic orbit.

In Figure 8 the bifurcation diagram obtained by increasing the axial speed v from the
sub- to the super-critical speed range is illustrated for f = 0-8 and w = 0-567. From Figure
7 it can be observed that this bifurcation diagram crosses a 2 T region, where the period of
the response is twice the excitation period. In fact, the only modification to the initial
periodic orbit is the bifurcation into a 2 T periodic orbit (v = 1-0529,1-162). In this case
the speed variation does not introduce complexity, i.e., a certain regularity of the behavior
is found, indeed the same behavior is found in the backward case. In order to investigate
more throughly the effect of the axial speed, a second test is performed at a slightly smaller
excitation frequency (@ = 0-52) and performing a backward variation of the axial speed.

Figure 7. Bifurcation diagrams of Poincaré maps versus excitation frequency, f = 0-8, v = 1-1. w is increased.
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Figure 8. Bifurcation diagrams of Poincaré maps versus axial speed, /' = 0-8, w = 0-567. v is increased.
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The scenario is completely changed (Figure 9), the chaos dominates the dynamics, up to
the proximity of the static bifurcation point, and below this point the dynamics is simply
periodic. This figure confirms that even the velocity is an important parameter which
governs the global dynamics of the system.

L L

1 1.05 1.1 1.15 12 1.25 1.3 1
(a) v (b) v

Figure 9. Bifurcation diagrams of Poincaré maps versus axial speed, f = 0-8, @ = 0-52. v is decreased.
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Figure 10. (a), (b) Poincaré maps; (c), (d) phase space (q1,¢;) and spectrum of ¢(z). v= 11, f =0-54,
w = 0-567.
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It is worthwhile analyzing in detail some of the previous dynamics. To this end
Poicaré maps, time histories, phase space representations and Fourier spectra are
presented for the most interesting cases. In Figure 10 the case v= 11, f =054
and w = 0-567 is analyzed. The Poincaré map shows that the chaotic attractor is very
similar to that of a Duffing oscillator; moreover, this orbit is close to the homoclinic
orbit found in reference [2]. The time history shows the non-stationary character
of the dynamics and in the phase space representation, projected on the (g1, ¢,)-plane,
the trajectory fills the phase space. The Fourier spectrum exhibits the typical behavior of
the chaotic signals, a continuous spectrum, where the most evident peak is in
correspondence of the excitation frequency (dotted line), but the energy furnished at
this frequency spreads over all spectrum and this reduces the response at the excitation
frequency.

A similar analysis is now performed for a regular motion case, Figure 11, v =1-1,
f =075 and o = 0-567. An increment in the excitation amplitude with respect to the
previous case makes the dynamics regular, as can be seen by the single dot in the Poincaré
section (within Figure 11(a)). The phase space shows a closed trajectory and the Fourier
spectrum confirms that the fundamental frequency is equal to the excitation frequency
(dotted line). The global response is periodic and circumvent three equilibrium positions;
the richness of non-linear field produces super-harmonics of any order, which are
represented by equispaced peaks in the frequency spectrum.
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Figure 11. (a) time history of ¢; and his Poincaré map; (b) time history of ¢»; (c) phase space (¢i,4;);
(d) spectrum of ¢; (7). v=1-1, f = 075, » = 0-567.
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5. CONCLUSIONS

The forced response of an axially moving beam under harmonic excitation was studied
in the range of velocities greater than the first critical one. A discrete high-dimensional
model obtained by the Galerkin method is used to describe the dynamic deformed
configuration, avoiding any constraint on the spatial shape.

The present model is compared with recent results present in the literature, showing
good agreement with them. Moreover, a convergence test on the used sine series was
performed. It is proved that the number of degrees of freedom used in the present work is
sufficient to furnish a good spatial representation and to follow the actual dynamic
behavior.

Periodic solutions are analyzed by means of the AUTO code which is able to furnish the
periodic solutions and their bifurcations even if the trajectory becomes unstable. The
response has been found to be of a softening type, in agreement with existing literature;
however, the numerical approach made it possible investigating complicated behaviors of
the amplitude frequency curves, that cannot easily be analyzed using classical perturbation
techniques.

The chaotic dynamics is investigated in detail, an intricate scenario is found: cascade of
bifurcations, blue-sky catastrophes and also coexisting chaotic and periodic orbits are the
most interesting phenomena observed. The bifurcation diagrams presented here give an
exhaustive panoramic view of the system dynamics when the main parameters are varied.

The analysis of the suitable dimension of the model to generate an accurate description
of the response has shown that few degrees of freedom are sufficient in the case of regular
motions and higher dimension model is required in the case of chaotic motion.

It seems that the present work enlarges the current knowledge of the dynamics of axially
moving systems in the super-critical speed range. The results of numerical simulations add
some contribution to the description of the system response for high axial speeds. In many
mechanical applications such a situation can be real, for example in power transmission
belts, magnetic tapes and many other cases. The response after the bifurcation can lead to
damage in the structures and structure-borne noise, which is greatly influenced by the type
of vibration; in particular, chaotic motions typically spread the energy of the vibrating
system in a large frequency range. In this sense chaotic regimes can be useful because the
energy spreading in a large frequency range reduces noise at a particular disturbing
frequency.
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