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The Rayleigh–Ritz method has been used for computing the modal damping of
structural orthotropic materials, including anisotropic laminates, in free vibration.
Comparison of the theoretical results has been made with experimental data obtained
from tests on freely held plates, and with the results obtained from the finite element
method. It has been shown that the Rayleigh–Ritz scheme can be used to predict accurately
the modal damping of thin rectangular plates, and that its prediction of modal
characteristics of such plates correlates closely with that of the finite element method.

# 2002 Elsevier Science Ltd. All rights reserved.
1. INTRODUCTION

One of the advantages of using fibre-reinforced plastic (FRP) composites in weight-
sensitive applications is their inherent damping capacity which, compared to metals, is
structurally useful. It is also well known that laminated FRP panels show considerable
variation in their damping capacity in different modes of vibration, owing to the
anisotropic nature of their elastic and damping properties, and the elastic and damping
properties are themselves affected by a number of variables including the laminae fibre
orientation and stacking sequence. Although manipulation of the inherent damping
capacity of the material may often not be a primary design objective, there is, nevertheless,
little reason as to why the modal damping capacities cannot be readily estimated, at least
for qualitative design purposes.

There have been two main approaches to damping analyses. One is based on the concept
of material damping which arises from the stress–strain hysteretic losses and is
independent of strain rate, and one that is based on the linear viscoelasticity theory and
is a function of strain rate [1, 2]. These are both idealized ‘‘linear’’ damping models which
are limited in their scope. However, the material damping model is more suited to
relatively low-damping structural materials at levels of cyclic stress below the fatigue limit,
while the viscoelastic damping model is more suited to the highly damped viscoelastic
materials usually sandwiched between elastic layers in added damping treatment. The
hysteretic material damping mechanism has often been the preferred model for damping
analysis of FRP composites under normal working conditions. This is partly because it is
an easier model to use for damping analyses, but also because the thermosetting resins that
are used in FRP composite laminates are relatively hard materials with low damping
which show little frequency dependence except at temperatures near the glass transition
temperature.
0022-460X/02/$35.00 # 2002 Elsevier Science Ltd. All rights reserved.
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An early hypothesis of the damping mechanism in orthotropic FRP laminae was
proposed by Adams and Bacon [3] in which the damping energy was assumed to be the
sum of separable energy dissipations due to principal stress components in the lamina fibre
co-ordinate system, including stresses along and across the fibres and the in-plane
longitudinal shear stress. This simple model was effective in computing the modal
damping of laminated composite beams and plates [4–10]. Using essentially the same
assumed damping mechanism, Saravanos and Chamis [11] have presented a methodology
for optimizing the damping in laminated composite beams and shells subject to forced
vibration in terms of fibre orientation as well as fibre volume fraction. In a later work [12],
variation of the modal characteristics of laminated plates with added interlaminar
damping layers was considered as a function of such design variables as damping layer
thickness, plate aspect ratio and fibre volume fraction.

Unless the plate is simply supported and is free from any coupling between bending and
stretching and bending and twisting (‘‘specially orthotropic’’), for which case exact
solutions exist [13], modal characteristics of laminated plates are normally obtained by
numerical approximation methods such as that of Rayleigh–Ritz, or the more generalized
finite element (FE) method. The latter method has been used by various authors [5, 9] to
compute the modal damping of laminated plates, and good correlation with experimental
values have been reported. However, the Rayleigh–Ritz method involves considerably less
computation than the FE method, and it would be advantageous on that account alone to
use this method where possible [14, 15]. It is the aim of the present work to use the
Rayleigh–Ritz method to compute the modal damping of anisotropic-laminated plates,
and to compare the theoretical results with values obtained experimentally, and with those
obtained by the FE method. The transverse shear effects have not been considered in the
present work, although these become of increased significance in thicker laminates and at
higher frequencies and modal densities than considered here.

2. THEORY

2.1. DAMPING IN LAMINATED FRP MATERIALS

The specific damping capacity (SDC) is used as the measure of damping in this work. It
is defined as the ratio C of the damping energy DU dissipated per cycle of vibration, to the
maximum strain energy, U such that

C ¼ DU

U
: ð1Þ

In the fibre co-ordinate system (Figure 1), the strain energy in a uni-directional lamina
under a state of plane stress is given by

U ¼ 1

2

Z
n
frigTðeiÞ dn ði ¼ 1; 2; 6Þ; ð2Þ

where

frig ¼ ½Qij�fejg ði; j ¼ 1; 2; 6Þ ð3Þ

and ½Qij � is the on-axis reduced plane stress stiffness matrix. ½Qij� is a symmetric matrix
whose elements are given in terms of four independent, orthotropic, elastic properties,
including the in-plane moduli E1; E2; the longitudinal shear modulus G12 and the major



Figure 1. Plate co-ordinates and lamina orientation.
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Poisson’s ratio u12:

Q11 ¼
E2
1

ðE1 � u212E2Þ
; Q12 ¼

u12E1E2

ðE1 � u212E2Þ
; Q22 ¼

E1E2

ðE1 � u212E2Þ
;

Q66 ¼ G12; and Q16 ¼ Q26 ¼ 0: ð4Þ
Assuming that the damping energy is the sum of separable energy dissipations due to stress
components [3], then the total dissipated energy is similarly given by

DU ¼ 1

2

Z
n
frigT½w�feig dn; ð5Þ

in which the damping matrix ½w� is the diagonal matrix

½w� ¼
c1 0

c2

0 c6

2
64

3
75; ð6Þ

where the factors ci quantify the proportion of the energy loss in each cycle of vibration
due to each stress component.

In mid-plane symmetric laminates, the bending and stretching are decoupled, and when
such a laminate is subjected to bending only, the strains feig at a distance z from the
neutral axis can be found in terms of the curvatures fvig

feig ¼ zfvig: ð7Þ
Substituting for feig from equation (7), and for frig from equation (3) into equation (2)
gives

U ¼ 1

2

Z
n
fvig

T½Qij�fvigz2 dn: ð8Þ

Using the strain transformation relationship,

feig ¼ ½T�fex;yg ð9Þ
in which

½T� ¼
m2 n2 mn

n2 m2 �mn

�2mn 2mn m2 � n2

2
64

3
75; where m ¼ cos ðyÞ and n ¼ sin ðyÞ;

then the strain energy takes the following form with respect to the laminate co-ordinate
system ðx; yÞ shown in Figure 1:

U ¼ 1

2

Z
n
ð½T�fvx;ygÞ

T½Qij�½T�fvx;ygz2 dn ¼ 1

2

Z
n
fvx;yg

T½ %QQij �fvx;ygz2 dn ð10Þ
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in which

½ %QQij � ¼ ½T�T½Qij�½T� ð11Þ

is the reduced off-axis plane stress stiffness matrix. The curvatures fvx;yg are given as

fvx;yg ¼
wx

wy

wxy

8><
>:

9>=
>; ¼ �

@2w

@x2

@2w

@y2

2
@2w

@x@y

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;
; ð12Þ

where w is the lateral deflection. Since the curvatures are invariant of z; equation (10) can
be simplified by integrating through the thickness h of the laminate over ½ %QQij �; namely

U ¼ 1

2

Z
O
fvx;yg

T

Z h=2

�h=2

½ %QQij �z2 dz

 !
fvx;yg dO ¼ 1

2

Z
O
fvx;yg

T½Dij �fvx;yg dO; ð13Þ

where O is the area of the plate and

½Dij � ¼
Z h=2

�h=2

½ %QQij �z2 dz ¼ 2

3

XL=2
k¼1

½ %QQk

ij �ðh3
k � h3

ðk�1ÞÞ; ð14Þ

in which hk and hðk�1Þ are the upper and lower ordinates of the kth lamina, respectively,
and L is the total number of laminae. When the latter are all of the same material and
thickness, then this expression is further simplified to

½Dij� ¼
2

3

h

L

� �3 XL=2
k¼1

½ %QQk

ij �ðk3 � ðk � 1Þ3Þ; ð15Þ

where ½Dij� is the bending stiffness matrix of the laminate and, like ½ %QQij�; is fully populated
and symmetric. Substituting for curvatures from equation (12) into equation (13), and
expanding the resulting expression gives

U ¼ 1

2

Z a

0

Z b

0

D11
@2w

@x2

� �2

þ2D12
@2w

@x2

@2w

@y2
þ D22

@2w

@y2

� �2(

þ4D16
@2w

@x2

@2w

@x@y
þ 4D26

@2w

@y2

@2w

@x@y
þ 4D66

@2w

@x@y

� �2)
dx dy: ð16Þ

The expression for DU (equation (5)) can be developed in a similar fashion to that for
developing U ; and it will be seen that, in analogy with equation (10), the following
expression results for the damping energy:

DU ¼ 1

2

Z
n
fvx;yg

T½T�T½w�½Qij �½T�fvx;ygz2 dn ¼ 1

2

Z
n
fvx;yg

T½Rij �fvx;ygz2 dn; ð17Þ

in which the ‘‘damped stiffness matrix’’

½Rij� ¼ ½T�T½w�½Qij�½T� ð18Þ

is generally non-symmetric. Integrating through the thickness over ½Rij �; the damping
energy becomes

DU ¼ 1

2

Z
O
fvx;yg

T½dij �fvx;yg dO; ð19Þ
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in which the damped bending stiffness matrix is given as

½dij � ¼
2

3

h

L

� �3XL=2
k¼1

½Rk
ij �ðk3 � ðk � 1Þ3Þ: ð20Þ

Substituting for curvatures from equation (12) into equation (19), and expanding gives

DU ¼ 1

2

Z a

0

Z b

0

d11
@2w

@x2

� �2

þðd12 þ d21Þ
@2w

@x2

@2w

@y2
þ d22

@2w

@y2

� �2
(

þ2ðd16 þ d61Þ
@2w

@x2

@2w

@x@y
þ 2ðd26 þ d62Þ

@2w

@y2

@2w

@x@y
þ 4d66

@2w

@x@y

� �2
)

dx dy: ð21Þ

Strictly speaking, the factors ci in equation (6) are functions of the stress amplitude within
the material. However, in the idealized linear damping mechanism, which can be expected
to be nearer realization at lower stress amplitudes, these factors can be assumed to be
independent of the stress amplitude. In that case, the shape of the hysteretic loop becomes
elliptical [1, 2], and ci become constant material properties. The orthotropic elastic and
damping properties can be measured from tests on uni-directional beam specimens with 0
and 908 fibre orientation [4, 8] (reference [15] gives an alternative method for determining
the elastic properties from modal tests on orthotropic plates).

2.2. MODAL CHARACTERISTICS BY THE RAYLEIGH–RITZ METHOD

The Rayleigh–Ritz method is covered extensively in the literature. A detailed account of
the method for isotropic plates has been given by Young [16], and that for anisotropic-
laminated plates by Ashton and Waddoups [14] and Ashton and Whitney [13]. An outline
of the application of the Rayleigh–Ritz method to modal vibration of anisotropic-
laminated plates, together with its utilization in computing the modal damping of such
plates, is given here.

The method involves expressing the lateral deflection of a rectangular plate in terms of a
summation of a series of the products of two one-dimensional functions in the x and y

directions with unknown coefficients, thus

w ¼
XM
m¼1

XN

n¼1

AmnXmðxÞYnðyÞ: ð22Þ

The functions XmðxÞ and YnðyÞ should be differentiable, at least to the order of derivatives
appearing in the energy expressions, and they should conform to, at least, the geometric
boundary conditions of the problem. Bernoulli–Euler-type beam functions [16] have been
a popular choice for these functions, although improvement in the results have been
reported by using Timoshenko beam equations (for Mindlin plates) [17, 18], orthogonal
polynomials [19] and plate functions [20]. Minimizing the total energy of the system with
respect to the coefficients would form the eigenvalue problem, the solution of which would
yield the frequencies and the unknown coefficients.

Since, the total energy of the system is constant at any given time, the following holds:

U � T ¼ constant; ð23Þ



M. R. MAHERI AND R. D. ADAMS22
in which for a uniform plate, the kinetic energy of the normal mode of vibration is given
by

T ¼ 1

2
ro2h

Z a

0

Z b

0

w2 dx dy; ð24Þ

where r is the density of the plate, and o is the circular frequency of the normal mode.
Substituting for w and its derivatives from equation (22) into equations (16) and (24),

and substituting the resulting expressions for U and T into equation (23), and rearranging
the latter expression, so that the functions of x and y are separated into their respective
integration domains then, on minimizing the total energy with respect to the coefficients
Aij; one obtains the following expression:

@

@Aij

ðU � TÞ ¼
XM
i¼1

XN

j¼1

D11

Z a

0

X 00
i X 00

m dx

Z b

0

YjYn dy þ D22

Z a

0

XiXm dx

Z b

0

Y 00
j Y 00

n dy

�

þ D12

Z a

0

XmX 00
i dx

Z b

0

YjY
00
n dy þ

Z a

0

XiX
00
m dx

Z b

0

YnY 00
j dy

� �

þ 2D16

Z a

0

X 00
i X 0

m dx

Z b

0

YjY
0
n dy þ

Z a

0

X 0
i X

00
m dx

Z b

0

YnY 0
j dy

� �

þ 2D26

Z a

0

XmX 0
i dx

Z b

0

Y 0
j Y

00
n dy þ

Z a

0

XiX
0
m dx

Z b

0

Y 00
j Y 0

n dy

� �

þ4D66

Z a

0

X 0
i X

0
m dx

Z b

0

Y 0
j Y

0
n dy � ro2h

Z a

0

XiXm dx

Z b

0

YjYn dy

�
Amn ¼ 0

ðm ¼ 1; 2; . . . ;M; n ¼ 1; 2; . . . ;NÞ; ð25Þ

in which the number of primes indicates the order of the derivative of the function with
respect to its argument. Following the work of Young [16] and Ashton and Waddoups [14]
in using Bernoulli–Euler-type beam functions with free and/or clamped end conditions,
the functions Xði;mÞðxÞ and Yðj;nÞðyÞ can be conveniently represented in the following
general form:

jsðrÞ ¼ cosh
lsr

l
þ F1 cos

lsr

l
þ gs �sinh

lsr

l
þ F2 sin

lsr

l

� �
; ð26Þ

in which l is the length of the beam, and F1 ¼ þ1; F2 ¼ �1 for a free–free beam, F1 ¼ �1;
F2 ¼ þ1 for a clamped–clamped and a clamped–free beam, and ls is the sth root of the
beam characteristic equation. The latter is, similarly, presented here in the following
general form:

cos ls cosh ls þ F3 ¼ 0; ð27Þ

in which, F3 ¼ �1 for a free–free and for a clamped–clamped beam, and F3 ¼ þ1 for a
clamped–free beam. Finally, the factor gs in equation (26) is given by

gs ¼
ðcosh ls þ F4 cos lsÞ
ðsinh ls þ F4 sinlsÞ

; ð28Þ

in which, F4 ¼ �1 for a free–free and for a clamped–clamped beam, and F4 ¼ þ1 for a
clamped–free beam. It is noted that for a free–free beam, the first two modes are rigid-
body motion modes given by

j1ðrÞ ¼ 1 and j2ðrÞ ¼
p
3ð1� 2r=lÞ: ð29Þ
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If, therefore, it is required to analyze a plate which has, for example, one side along the x

direction (Figure 1) clamped and the remaining sides free, then the function XðxÞ would be
the free–free beam function and Y ðyÞ the clamped–free beam function. For a plate with all
edges free, both functions would be free–free beam functions, and so on. Generally,
however, the (natural) boundary conditions of a free edge in a plate are not completely
satisfied by the use of the corresponding free-end beam functions. Nevertheless,
experimental evidence tends to suggest that this has only a marginal effect on the results
[14, 17].

Equation (25) can be written in the matrix form

ð½Kkl � � o2½Mkl �ÞfAlg ¼ 0 ð30Þ

such that k ¼ ði � 1ÞN þ j and l ¼ ðm � 1ÞN þ n: The matrices ½K� and ½M� so assembled
correspond to the stiffness and mass matrix, respectively, and fAg is the vector of the
unknown coefficients. Equation (30) can be rearranged into the generalized eigenproblem
form

KA ¼ o2MA: ð31Þ

On pre-multiplying this equation by K�1; and rearranging to give

K�1 MA ¼ KA; ð32Þ

in which K ¼ 1=o2; then the solution of equation (32) by an iterative method will yield the
modal characteristics o; A of the more prominent, lower modes first. In the present case of
free–free plates, where K was singular owing to the presence of rigid-body modes, a
spectrum shift technique [21] was used to overcome the problem.

To compute the modal specific damping capacity, the strain energy U and the damping
energy DU are obtained by substituting for w from equation (22) into equations (16) and
(21) respectively.

U ¼ 1

2

XM
i¼1

XN

j¼1

Aij D11

Z a

0

X 00
i X 00

m dx

Z b

0

YjYn dy þ 2D12

Z a

0

X 00
i Xm dx

Z b

0

YjY
00
n dy

�

þ D22

Z a

0

XiXm dx

Z b

0

Y 00
j Y 00

n dy þ 4D16

Z a

0

X 00
i X 0

m dx

Z b

0

YjY
0
n dy

þ4D26

Z a

0

XiX
0
m dx

Z b

0

Y 00
j Y 0

n dy þ 4D66

Z a

0

X 0
i X

0
m dx

Z b

0

Y 0
j Y

0
n dy

�
Amn

ðm ¼ 1; 2; . . . ;M; n ¼ 1; 2; . . . ;NÞ; ð33Þ

DU ¼ 1

2

XM
i¼1

XN

j¼1

Aij d11

Z a

0

X 00
i X 00

m dx

Z b

0

YjYn dy þ ðd12 þ d21Þ
Z a

0

X 00
i Xm dx

Z b

0

YjY
00
n dy

�

þ d22

Z a

0

XiXm dx

Z b

0

Y 00
j Y 00

n dy þ 2ðd16 þ d61Þ
Z a

0

X 00
i X 0

m dx

Z b

0

YjY
0
n dy

þ2ðd26 þ d62Þ
Z a

0

XiX
0
m dx

Z b

0

Y 00
j Y 0

n dy þ 4d66

Z a

0

X 0
i X

0
m dx

Z b

0

Y 0
j Y

0
n dy

�
Amn

ðm ¼ 1; 2; . . . ;M; n ¼ 1; 2; . . . ;NÞ; ð34Þ

where the latter expression is exactly the same as the former, but with different multipliers
in its terms.

For any generalized modal displacements fAg obtained from the solution of the
eigenproblem, the specific damping capacity of the plate in that particular mode can be
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computed from equations (1), (33) and (34), and the nodal pattern can be obtained from
equation (22). Since the maximum values of the strain and kinetic energies are the same
(neglecting the damping energy), it might be more convenient to use the more simple
expression for the kinetic energy in place of the one for the strain energy (equation (33))
for computation of the SDC. The kinetic energy is obtained by substituting for w from
equation (22) into equation (24) to give

T ¼ 1

2
ro2h

XM
i¼1

XN

j¼1

Aij

Z a

0

XiXm dx

Z b

0

YjYn dy

" #
Amn ðm¼ 1; 2; . . . ;M; n¼ 1; 2; . . . ;NÞ:

ð35Þ

It is noted that some of the integrals in equation (25) and the energy expressions (33)–(35)
can be simplified by making use of the following properties of the orthagonality of normal
modes as applied to lateral vibration of Bernoulli–Euler beams:

jpðrÞjqðrÞ ¼
1 for p ¼ q

0 for p=q

(
and j00

pðrÞj00
qðrÞ ¼

ðlp=lÞ4 for p ¼ q

0 for p=q:

(
ð36Þ

The remaining four generic integrals
R
j0

pðrÞjqðrÞ dr;
R
j00

pðrÞjqðrÞ dr;
R
j0

pðrÞj0
qðrÞ dr

and
R
j00

pðrÞj0
qðrÞ dr can be worked out in closed form. A generalized form of the solutions

is also given by Ashton [22].

3. EXPERIMENTAL MEASUREMENTS AND DISCUSSIONS

In order to assess the modal damping arising from the material itself, extraneous sources
of damping must be kept to the minimum possible. For that reason, many qualitative
modal damping tests are performed on beams or plates which are essentially free–free.
Furthermore, since a free edge is the most readily realizable of boundary conditions, tests
on free–free specimens can be expected to produce a closer correlation between the
experimental and theoretical data.

In the present work, the plate was supported with all the edges free. This was
achieved by suspending the plate by light cotton threads from two points on the
edge(s) coinciding with nodal points in that particular mode. The plate was subsequently
subjected to excitation using a loudspeaker. The latter was held facing the plate at a
reasonably short distance. A laser vibrometer was used as the means for non-contacting
vibration pick up. For each mode, having verified that the nodal lines corresponded with
the predicted nodal pattern, the SDC was then measured from the free decay of the
resonant vibration.

Modal test results were obtained for a number of rectangular, mid-plane symmetric
CFRP-laminated plates made from two different fibre materials. Several basic lay-ups
were considered, including the zero-degree uni-directional and cross-ply laminates, a
planar isotropic laminate and a thicker laminate consisting of +45, �45 and 08 layers. The
first two laminates are specially orthotropic and show no bending–twisting coupling effect
(D16 ¼ D26 ¼ 0), whereas the last two lay-ups are anisotropic and induce bending–twisting
coupling, much more so in the case of the � 45/08 laminate. The orthotropic mechanical
and damping properties of each material were measured using dynamic tests on uni-
directional beam specimens, as described by Adams and Maheri [8]. The CFRP material
data are listed in Table 1.

Figure 2 shows the convergence of the Rayleigh–Ritz solutions for the frequency and
SDC in the fundamental mode, as the total number of the terms, M and N; in the assumed



Table 1

Orthotropic elastic and damping properties of CFRP materials

Material E1 (GPa) E2 (GPa) G12 (GPa) n 12 c1 (%) c2 (%) c12 (%) r (kg/m3)

913C-HTA 124�5 10�2 6�3 0�34 0�55 4�98 5�92 1532
913C-TSy 110�0 9�0 3�9 0�34 0�75 5�95 6�79 1513

yExperimental data from reference [9].

Figure 2. Convergence of the solution for (a) frequency and (b) SDC in the fundamental mode of various
laminates (*, all-zero; &, cross-ply; 5, planar isotropic; 4, � 45/0).
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deflection series (equation (22)) are increased. The frequency and SDC values in this figure
have been normalized with respect to the values obtained from the last solution shown in
each case (M ¼ N ¼ 12). In the case of the specially orthotropic laminates, as well as the
planar–isotropic laminate, the solutions for both the frequency and SDC are seen to be
already well converged by the time of using a (6
 6) term solution. The remaining plate,
the � 45/0 laminate, is highly anisotropic. As the figure indicates, the more anisotropic the
laminate is, the slower is the convergence of the solution [13, 18]. This is particularly so in
the case of the SDC value (Figure 2(b)), which is a function of the mode shape. Slow



Table 2

All-zero unidirectional 913C-TS plate (a ¼ 252 (mm), b ¼ 192 (mm), h ¼ 1�155 (mm))

Freq. (Hz) RR 41�0 78�4 114�53 160�0 179�2 217�4
FE 41�0 83�4 118�0 161�6 180�3 234�6
Exp. 39�2 76�4 111�8 161�9 178�6 215�5

SDC (%) RR 6�69 5�94 6�31 0�76 2�06 5�88
FE 6�70 5�93 6�28 0�78 2�07 5�85
Exp. 8�33 5�36 7�13 0�67 2�31 5�51

Table 3

Cross-ply (0,90,0,90) s 913C-HTA plate (a ¼ 289 (mm), b ¼ 287 (mm), h ¼ 1�050 (mm))

Freq. (Hz) RR 27�6 71�9 91�1 98�9 113�2 167�0
FE 27�6 72�2 91�3 101�6 115�5 169�8
Exp. 28�6 69�6 88�3 97�4 111�1 149�4

SDC (%) RR 5�74 1�21 2�90 0�71 1�89 3�08
FE 5�75 1�25 2�92 0�73 1�85 3�06
Exp. 5�73 1�47 3�69 0�64 1�87 4�40

Table 4

Planar-isotropic (0, 90, 45, �45) s 913C-HTA plate (a ¼ 287 (mm), b ¼ 287 (mm),
h ¼ 1�045 (mm))

Freq. (Hz) RR 33�4 73�0 95�2 98�5 117�4 181�4
FE 33�4 74�0 96�7 99�5 118�1 183�8
Exp. 38�5 71�4 94�5 101�5 120�2 180�9

SDC (%) RR 3�72 1�20 0�80 2�40 1�73 2�49
FE 3�73 1�23 0�84 2�41 1�73 2�53
Exp. 3�18 1�42 0�91 2�66 1�93 2�80
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convergence is attributed to the skewness of nodal patterns, and this is a characteristic of
the anisotropic plates.

The modal data of the free–free plates are tabulated in Tables 2–5 for the first six modes
in ascending order of the frequency. The data include the theoretical values of modal



Table 5

The (45, �45, 0, 0, 0, 45, �45, 0, 0) s 913C-TS plate (a ¼ 254 (mm), b ¼ 254 (mm),
h ¼ 2�320 (mm))

Freq. (Hz) RR 128�3 139�1 245�7 301�7 341�3 425�9
FE 128�1 138�7 246�6 300�0 337�1 435�7
Exp. 135�3 146�8 237�3 316�1 347�6 }

SDC (%) RR 1�98 2�37 1�18 1�79 1�83 2�10
FE 1�99 2�53 1�26 1�86 1�89 2�28
Exp. 2�00 2�14 1�28 1�79 1�82 }
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frequency and specific damping capacity obtained by the Rayleigh–Ritz method. A (6
 6)
term solution was used for all the laminates, except for the � 45/0 laminate, where a
(12
 12) term solution was used to ensure of full convergence. The theoretical nodal
pattern of each mode is also shown (the plate and fibre co-ordinates are as specified in
Figure 1). The experimental values (Exp.) are also listed.

The results obtained by the FE method are also listed in these tables for comparison.
These latter values were obtained by using a FE analysis described by Lin et al. [5]. The
analysis allows for transverse shear deformation by using a first order shear deformation
theory, in a manner similar to that for a Mindlin-type plate. A parabolic distribution of
shear stress over the cross-section is assumed. A (6
 6) elements mesh was found to be
adequate in the FE solutions.

As the tables show, the theoretical and experimental values correlate quite well. While in
most cases these values are within only a few percent from one another, the largest
difference between any one of the two sets of the theoretical and experimental data lies
roughly in the range � 13% for the frequency, and in the range +18 to �30% for the
damping values. Comparison of the Rayleigh–Ritz theoretical values with the FE
predictions will show an even smaller difference in the frequency values, ranging from +1,
to �7% , and in the damping values, ranging from +2 to �8%. It is evident, therefore,
that not only does the Rayleigh–Ritz method predict reasonably accurately the
experimental data, it also essentially reproduces the results of the FE method.

This is of particular interest in the light of the computational efficiency of the Rayleigh–
Ritz method. In the present work, for example, using a (6
 6) term solution, computation
of the modal properties of the first six modes of the FRP-laminated plates, including the
frequency, SDC and nodal patterns, took about 1 s on a medium-size desktop computer
(about 10 s for the (12
 12) term solution of the � 45/0 laminate).

The variation of modal damping with fibre orientations and the nodal patterns have
been discussed by, for example, Lin et al. [5] and Maheri and Adams [9]. Some of the more
important characteristics of modal damping are outlined here with reference to the present
results. First, it is noted that when the bending axis is lateral to the lay of the fibres, the
latter become highly stressed, and the elastic energy becomes relatively high, as a
consequence of which, the modal SDC becomes relatively low. Conversely, when the
bending axis becomes parallel to the lay of the fibres, little stress is borne by the fibres, and
the elastic energy is relatively low and, as a result, the SDC becomes relatively high. This
simple mechanism is clearly shown by comparing the 0–2 and 2–0 beam-type modes of the
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all-zero uni-directional plate (Table 2, second and fourth modes respectively). The
combined effect of fibre orientation and stacking sequence of the layers is demonstrated by
comparing the 0–2 and the 2–0 modes of the cross-ply plate (Table 3, second and fourth
modes respectively). The SDC of the 0–2 mode is more than twice that of the 2–0 mode.
This is due to the fact that in the 0–2 mode, the stacking sequence number of the layers
whose fibre lay is lateral to the bending axis is one above the stacking sequence number of
the layers whose fibre lay is parallel to the bending axis, whereas in the 2–0 mode the
situation is reversed. As a consequence, the bending stiffness of the 0–2 mode becomes
lower than that of the 2–0 mode, and its SDC becomes higher. A similar situation can also
be observed by comparing the beam-type modes of the planar–isotropic plate (Table 4,
second and third modes). The results in Table 3 also demonstrate the significance of a
twisting-type deformation in modal damping. This type of deformation is predominant
when nodal lines cross one another, in which case the polymeric matrix in a FRP material
experiences intense shearing. These modes are significantly more damped.

4. CONCLUSIONS

The theoretical modal damping of layered anisotropic plates can be readily estimated
using basic laminated plate theory and a simple numerical method such as the Rayleigh–
Ritz energy minimization scheme. The theoretical results were shown to correlate well with
experimental data obtained for freely held plates, and to be at least as accurate as those
obtained by the finite element method. The basic mechanisms governing the modal
damping in laminated plates were highlighted, and these were shown to follow accurately
the variation in such parameters as fibre orientation, stacking sequence and the nature of
deformation in a particular mode of vibration.
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