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1. INTRODUCTION

Free vibration problems of isotropic triangular plates have been studied for many years.
Early studies were well compiled in reference [1]. Further studies have been done for the
past two decades [2-10]. With the increasing use of orthotropic materials in engineering,
the study of free vibration problems of orthotropic triangular plates has received more and
more attention [7, 11-13]. Compared with the study of the vibration problems of isotropic
triangular plates, the study of orthotropic triangular plates is rather limited.

In this note, an approximate method is proposed for analyzing the free vibration of
orthotropic right cantilever triangular plate. By adding an extremely thin part, a cantilever
triangular plate can be translated into an equivalent rectangular plate with non-uniform
thickness. Therefore, the free vibration characteristics of the triangular plate can be
obtained by analyzing the equivalent rectangular plate. The characteristic equation
of the free vibration is obtained by using the Green function, which is the discrete-form
solution [14] for the deflection of the plate with a concentrated load at each discrete
point. The lowest eight frequencies and their mode shapes are shown for some orthotropic
right cantilever triangular plates with various aspect ratios and variable thickness. The
efficiency and accuracy of the numerical solutions by the proposed method are
investigated.

2. EQUIVALENT RECTANGULAR PLATE OF A RIGHT CANTILEVER
TRIANGULAR PLATE

A right cantilever triangular plate is quite different from a uniform rectangular plate,
but it can be translated into an equivalent rectangular plate with non-uniform thickness
(shown in Figure 1) by adding an extremely thin part to the original part.

In this note, the thickness of the original part is expressed by /4, and the thickness of the
extremely thin part is expressed as /,. The fixed and free edges are denoted by the symbols
C and F, respectively, and are shown by solid and dotted lines. The first symbol indicates
the conditions at x =0, the second at y =0 and the third at the hypotenuse. The plate CFF
is analyzed in the present study.

After the equivalent rectangular plate is obtained, all the analyses are carried out on the
equivalent rectangular plate.
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Figure 1. Cantilever right triangular plate and its equivalent rectangular plate.

3. DISCRETE GREEN FUNCTION

An xyz co-ordinate system is used in the present study with its x—y plane contained in
the middle plane of an orthotropic rectangular plate and the z-axis perpendicular to the
middle plane of the plate. The thickness and the length of the orthotropic square plate are
h and a respectively. The principle material axes of the plate in the direction of
longitudinal, transverse and normal directions are designated as 1, 2 and 3. The
differential equations of the plate with a concentrated load P at point (x4, yr) are as
follows:
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where Q. and Q, are the transverse shear forces, M, and M, are the bending moments,
M., is the twisting moment, k= 5/6 is the shear correction factor, 6(x—x,) and 6(y—y,) are
Dirac’s delta functions, 4;; is the extensional stiffness (i, j=4, 5) and D, is the bending
stiffness (i, j=1, 2, 6).

A;; and Dj can be obtained by the following expressions:

Ay = Qyh, Dyj=1504#°, Qis=0, 0x=0, Qu5=0,
E, E, vioEr
=— )y = ——i) ="
Q 1 — v Q 1 — vy 1 — vy
Ou = Gz, QOss = G31, Qs = Gra,

where E| is the axial modulus in the 1-direction, E, is the axial modulus in the 2-direction,
vi» is the Poisson ratio associated with loading in the 1-direction and strain in the
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Figure 2. Discrete points on a rectangular plate.

2-direction, v, is the Poisson ratio associated with loading in the 2-direction and strain in
the 1-direction, and G»3, G3; and G, are the shear moduli in 2-3, 3—1 and 1-2 planes.
By using the non-dimensional expressions

2

a a
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where D0:E2h8/12(1—v12v21) is the standard bending rigidity and /o is the standard
thickness of the plate, equation (1) can be rewritten as

8
0X; 0X; .
So{ A G Fau G5 P+ POl = 0,300~ 1) = @)

s=1

where t=1-8, P = I_’a/(Do(l — viava1)), 9 is Kronecker’s delta, and F,,, F>,, and F3,, are
given in Appendix A.

By dividing a rectangular plate vertically into m equal-length parts and horizontally into
n equal-length parts as shown in Figure 2, the plate can be considered as a group of
discrete points which are the intersections of the (m+ 1) vertical and (z+ 1) horizontal
dividing lines. In this note, the rectangular area, 0 <y <n; 0<{<{;, corresponding to the
arbitrary intersection (i, j) as shown in Figure 2 is denoted as the area [i, j], the intersection
(i, j) denoted by O is called the main point of the area [i, j], the intersections denoted by O
are called the inner dependent points of the area, and the intersections denoted by e are
called the boundary dependent points of the area.

The discrete solution [14] of the fundamental differential equation (2) is

6 (i j
Xoig = Z{ apia Xepo + ) bpijngyOg} + 3, P, 3)
7

d=1 \f=0 9=0

where @y, bpjjga and g,,; are given in Appendix B, the quantities X,q (r=1, 3, 4, 6, 7, 8)
and X, (s=2, 3, 5, 6, 7, 8) are six independent quantities at each boundary dependent
point along the horizontal axis and the vertical axis in Figure 2, respectively, and the
discrete Green function is chosen as Xg;;/ [Pa/Do(l — viavai].
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4. CHARACTERISTIC EQUATION OF FREE VIBRATION OF RECTANGULAR PLATE
WITH NON-UNIFORM THICKNESS

By applying the Green function w(xo, yo, X, y)/P which is the displacement at a point
(x0,¥0) of a plate with a concentrated load P at a point (x, y) and point support at each
discrete point (x., y,), the displacement amplitude Ww(xo, o) at a point (xg, yo) of the
rectangular plate during the free vibration is given as

b
W(xo,y0) = /O/OPhwzw(xJ)[W(xo,yo,X,J/)/P] dxdy, 4)

where p is the mass density of the plate material.
The following non-dimensional expressions are used:

- pohow’a Hipg) = P ROSD) g oy WD)
o(1 —viavar) Po hg a
w(x0, Yo, X, ) Do(1 — viavar)
a Pa
where pg is the standard mass density.
By using the numerical integration method, equation (4) is discretely expressed as

G(n()v 4/07177 O =

)

m
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i=0 j=0

From equation (5), homogeneous linear equations in (m+ 1) x (n+ 1) unknowns W,
WOla' . WOm W](), Wlla' . Wlna' N WmO: Wmla' . 'ann are obtained as

ZZ BoiBjHiyGuiig — kSud) Wy =0 (k=0,1,...,m,1=0,1,...,n). (6)
i=0 j=

The characteristic equation of the free vibration of a rectangular plate with variable
thickness is obtained from equation (6) as follows:

Koo Kot Koo ... Kop
Kio Ki Kipp ... Ky
Ko Ky Ko ... K| _ (7)
KmO Kml KmZ LIRS Kmm
where
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5. NUMERICAL RESULTS
4.1. CONVERGENCE OF SOLUTION

In order to examine the convergence, numerical calculation is carried out by varying the
number of divisions m and n. The lowest eight natural frequency parameters of
orthotropic isosceles right triangular plate are shown in Figure 3. The graphite/epoxy
material is used. Its properties are given as E/E>=17-57, Gi»/E,=G3/E,=07,
Go3/E>=0-5, vi,=0-28. Figure 4 is used to determine the suitable thickness ratio &/h, of
the original and extremely thin parts. It can be noticed that convergent results can be
obtained when m and n are not smaller than 10. It is sufficient to set the thickness
ratio h/h,>=5.

T T T T
Convergence of natural frequency parameter
of cantilever isosceles right triangular plate
20 - made from graphite/epoxy. (h /ht=5.0) .
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Figure 3. Natural frequency parameter 4 versus the number of division m (=n) for orthotropic CFF isosceles
right triangular plate.

Convergence of natural frequency parameter
of cantilever isosceles right triangular plate
made from graphite/epoxy. (m=10,12)
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Figure 4. Natural frequency parameter 4 versus the thickness ratio /1/h, for orthotropic CFF isosceles right
triangular plate.
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TABLE 1

Natural frequency parameter A for CFF isosceles right triangular plate

Mode sequence number

b/a Material References 1 2 3 4 5 6 7 8
Present
10x 10 2498 4860 5850 7466 9-059 9980 10991 11-861
1 Isotropic 12x12 2507 4875 5833 7-502 8997 9992 10910 11-804
Ex.f 2-527 4908 5796 7-585 8856 10-019 10-726 11:672

Kim [7] 2542 4959 5852 7672 8951 10-203 — —
Lam [11] 2:540 4.957 5858  7.873 — — — —

Present

10 x 10 4.631 7-236 10-355 10-075 13266 15-283 16-583 18-449
1 Orthotropic 12x 12 4.630 7-250 10-331 11-042 13227 15-123 16-489 18-061

Ex. 4.628 7-283 10-277 10-967 13-139 14.757 16275 17-179

Kim [7] 4659 7-350 10-398 11-091 13-313 14.968 — —

Present

10 x 10 2432 4.298 5-614 6283 8006 8880 9-564 9925
1-5 Isotropic 12x12 2-437 4.308 5-589  6-311 7992  8-811 9-473 9941

Ex. 2-447 4-333  5.532 6374 7959 8654 9266 9978

Kim [7] 2464 4.372 5588 6449 8.072  8-828 — —

Present

10 x 10 4.486 6-459 8768 10-765 11-128 13-255 14-198 15915
1-5 Orthotropic 12x 12 4-483  6-457 8732 10-652 11-036 13-099 14-010 15-548

Ex. 4.476 6-454  8-652 10-396 10-826 12-719 13-581 14.715

Kim [7] 4501 6-506 8-730 10-561 10-896 12-858 — —

TThe value obtained by using Richardson’s extrapolation formula.

In the present analysis, the thickness ratio //h,= 5 is used and the convergent values of
frequency parameter are obtained by using Richardson’s extrapolation formula for two
cases of divisional numbers m (=n) of 10 and 12.

4.2. ACCURACY OF SOLUTION

4.2.1. Right triangular plate with uniform thickness

Numerical solutions for the frequencies of isotropic and orthotropic CFF right isosceles
triangular plates with aspect ratios ¢/b=1 and 1-5 are given in Table 1. For the isotropic
plate, v=0-3 is used. The present method yields better slightly lower values of frequency
parameter as compared with those of Kim and Dickinson [7] and Lam et al. [11], which
derive from a Rayleigh—Ritz solution. The model lines of eight modes of these plates are
shown in Figure 5.

4.2.2. Right triangular plate with variable thickness

Table 2 gives the natural frequency parameters for right triangular plate with variable
thickness for aspect ratios b/a=1 and 1-5. The thickness varies linearly along the n-axis
and is expressed as h(n, {)=ho(1—0-57). Isotropic and orthotropic cases are considered.
The results of isosceles right triangular plate for isotropic case are compared with those
obtained by Liew ef al. [9]. It can be seen that they agree closely.
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Figure 5. Nodal patterns for CFF isosceles right triangular plate: (a) isotropic plate with b/a=1;

(b) orthotropic plate with b/a=1; (c) isotropic plate with b/a=1-5; (d) orthotropic plate with b/a=1-5.

TABLE 2

Natural frequency parameter . for CFF isosceles right triangular plate with variable
thickness

Mode sequence number

B/a Material References 1 2 3 4 5 6 7 8
Present
10x10 2471 4520 5-340 6-812 8098 9056 9969 10-895
1 Isotropic 12x12 2486 4529 5339 6816 8023 9039 9868 10-743
Ex. 2-519 4.549 5.337 6-826  7-854 9-001 9-636 10-398
Liew [9] 2-582 4.636 5479 6906 8-002 9-186 — —
Present
10x10 4575 6-873 9-520 10-008 12-164 13-992 15-259 16-007
1 Orthotropic 12x12 4588 6-891 9472 9994 12.091 13-805 15-023 15-696
Ex. 4.616 6931 9-361 9963 11.922 13-380 14-485 14-988
Present
10x 10 2401 4.039 5050 5809 7292 7990 8524  9-060
1-5 Isotropic 12x12 2411 4050 5-033 5816 7251 7912 8439  9.036
Ex. 2436 4076 4996 5832  7-157 7-735 8247 8982
Present
10x10 4442 6-145 8-211  9-585 10-384 12-113 13-108 14-960
1-5 Orthotropic 12x12 4450 6-153 8157 9-517 10223 11918 12-809 14-357
Ex. 4.470 6173 8036 9-361 9-859 11476 12-128 12987
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ca

5. CONCLUSIONS

An approximate method has been proposed for the free vibration of orthotropic right
ntilever triangular plate with various aspect ratios and variable thickness. An equivalent

rectangular is used to replace the right triangular plate in the free vibration analysis. Based
on the Green function of the equivalent rectangular plate, the characteristic equation of
free vibration is obtained. The lower eight values of frequency parameter and their mode

sh
pr

apes are given. These results show that the numerical solutions obtained by the
oposed method have a good convergence and satisfactory accuracy.
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APPENDIX A

Fin=Fi3=Fiaa =1, Fus=Dp, Fuy =D,

Fiss = Dn, Fis7 = Figs = Dy, Fie7=Des, Fizs =kAs, Fiss = kAss,
Foiy = Fs = Foyy = i,  Faye = Fag7 = D16, Fagy = uDy,

Fyse = Das, Fasy = D12, Fags = puDes,

Fags = Fyo007 = Faio06 = ptkAus,  Fass = Fagy = ik Ass,

Fsp = Fs31 = —pt,  Fus = Fss4 = F33 = —uDF3 = Fagy = —uDT,

other Fj,; = 0.

APPENDIX B

Apr =y, Ap =0, Ap3 =y, App =73, Ap =0,

Aps = D12yps + Doyps + Dasvyss  Ap1 = Disvpos + D07 + DesVposs

Ap = k(z‘_1447/1,7 + 12145)’1;8)7 By =0, Byp=wy,, Bpy=ws, Bpu=0, Bpys=upm,
Bys = 1(D167ps + Da67ps + Decrps)s By = 1(D117ps + D127,s + Distps),

By = 1tk (Aasy,y + Assvpg), Coret = 1903 + BDT iy, Coott = 17pn + DT iy g,

Cpsnt = Diryps, Coat = 1Dirvys,  Cpsit = mDirvpa,  Cporr = — ik (Asayyy + Assyyg),
Cyria = —k(Aasyyy + Assyg), Cosar =0, [1,] = [py]

P11 = Bis P12 = *#ﬁjja P2 = *Hﬁijvpzs =PBis P25 = :uﬂjjv P31 = *,“ﬂij» P33 = :uﬂjj:
p3s =B pas = —uByDy, pss = Diafy + uDify,  paz = DisPy + uDuif,

Psy = *Hﬁij]-_)ij: pss = Dnfy + :uDQGﬁjjv ps; = Dagfi; + HDDﬁjj,

pss = —1PyDij;  Pess = DasBii + 1tDesBy: ps1 = DesBii + 1uD16Bys  p71 = —uPyDy,

P76 = llkf‘i44ﬁij7 P77 = .“k/_145ﬁij: P78 = k(/_144/3ii + #1:145/3]‘]')7 Pg2 = *Nﬁijl-_)ijv

pye = ik AssPy,  pgy = ukAssBy,  pgg = k(AasB; + pAsspy), other p,, =0,

Aa1i0iol = A3i0i02 = d4i0i03 = d6i0i04 = A7i0i05 = A8i0i065

baojior = bagjjoz = bsojios = —beojjos = brojos = bsojios, 300002 = 0,

13 i J
pijfa = Z{Z BixApilamosa — avgga(1 = Sx)] + > ByBpelawya — aviya(1 — 5]
=1 k=0 1=0

k=0 1=0

i
3 BuB i Comaturpa(1 — i) } ;
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' J
BicApilbiwogs = bujga(1 = 0ki)) + Y BiBuulbrotga — britga(1 — )]
=0

s

Il
i
M- T

BB Comiburiga(1 — Sridyy) },

i
BicApt[Guro — Guj (1 — S1)] + Z/’)ﬂBpr[ézm = qu(1 = 6y)]
=0

M- -

BB Comida (1 — 5/«'5/])} — Apiuigity.
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