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1. INTRODUCTION

In two recent papers [1, 2] the authors showed how the response of a fluid-loaded structure
can be represented as a series of the fluid-loaded resonance modes. Since the publication of
these papers, they have found that the expression for the acoustic pressure is erroneous.
The aim of this short note is to clarify their theoretical approach and to propose formulas
which, to their opinion, are now correct.

For simplicity, the case of a fluid-loaded baffled plate is considered here. Use is made of
notations close to those of reference [1]. A plate X, with boundary 0%, is located in the
plane z = 0 and extended by an infinite perfectly rigid baffle. The plate is characterized by
a constant thickness /4, a density u, Young’s modulus £ and the Poisson ratio v; the
corresponding rigidity is D = Eh*/12(1 —v?). The two half-spaces Q" = {z > 0} and
Q" = {z<0} are occupied by a perfect fluid, characterized by a density 1, and a sound
velocity ¢o. In what follows, Q stands for Q" [ JQ~. We assume that the system is excited
by a force F(M, 1) = \Z(t)f(M) acting on the plate, of duration 7', that is l/~/(t) =0fort<0
and 1> T. N

Let W(M, 1) be the plate displacement and P(M, t) the acoustic pressure. The governing
equations are

19\ 5 :
A—im P(M7I):O m Q,

(DA2+uhgz) W(M,t)+ P(M,1)=F(M,1) on ,
~ PW(M,1)
OP(M,t) BLCR-v

= (1)
0 0 on X =Cz,

where ;_’(M7 1) = Tr *P(M, 1) — Tr ~ P(M, 1) is the jump of the acoustic pressure across the
plane z = 0. This system must be completed by boundary conditions on W along 0X and
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an outgoing-wave condition on P. Furthermore, it is assumed that the system is at rest for
t<0. Thus, the solution of (1) exists and is unique. N

As it is usual in acoustics, the time Fourier transform ®(M, w) of any function ®(M, ¢)
is defined by

+oo )
O(M,w) = / O(M,1)e'" dr.
The system of equations (1) becomes
o2
<A+2>P(M,w)0 iIl Q,
%
(DA* — phe®) W (M, 0) + P(M,0) = y(o)f (M) on X,

OP(M, ») {: 1o W(M,») on X,

_ . 2
0z -0 on X=CX @

A Sommerfeld condition on P (or any equivalent condition) must be added to these
equations. The aim is to express the solutions of systems (1) and (2) in terms of the fluid-
loaded resonance modes of the plate, as references [1, 2].

2. EIGENMODES AND RESONANCE MODES OF THE FLUID-LOADED PLATE

Owing to the simple geometry of the physical system, the acoustic pressure can be
expressed in terms of the plate displacement by

P(M.0) = sen(Z)orny | W' 0)60(M. M) do (31
z
with
Go(M, M') = ="MV )omr(M, M), (3)

where r(M, M')is the distance between points M and M’. This leads to an integro-
differential equation for the plate displacement:

(DA? — phe®) W (M, @) + 2071, /2 W(M',0)%,(M, M) do(M') = y(0)f (M). (4)

In the following, the variables will be omitted when there is no ambiguity.
Equation (4) can be written in its variational form which is more suitable for our
purpose. Let us introduce the following notations:

(u, v :/ZM(M)D*(M) do(M),
2 2 %
a(u,v) :D/Z{Au(M)Av*(M) +(1—v) {285;(;:) 8(;x7(8yM)

Pu(M) *v* (M) O*u(M) O*v*(M)
o2 a2 0y Ox? ]}da(M),

B, (u,v) :2/2 /Zu(M){é,,,(M, M *(M')do(M) da(M'). (5)
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The variational form of equation (4) is
W, 0) = o { (w.0) = g . 0) | w0y v U ©
where U is any function of the Hilbert space which W belongs to. The fluid-loaded plate

eigenmodes W), and eigenvalues A,, which depend on w, are the non-zero solutions to the
equation

. 0) = A (7. 0) - Sop, (T, 00} v ™
They satisfy the following property:
a(W,, W¥) = An{<ﬁ>n, yEY — Mhﬁw( )} =0 for m#n,
a7, 73 = M (7, 72) = 5, (0, 2) | = A, 0 8)

It must be noticed that W, is defined modulo any multiplicative constant. We choose here
N,(w) = 1. If, for some reason, another choice is preferred—for example ||W,|| = 1—it
must be kept in mind that the eigenmode is, in fact, W, / Ny

The resonance modes W, of the fluid-loaded plate and the resonance angular
frequencies w, are the non-zero solutions of

a(W,,U) _uhwi{wﬂ, U) —#hﬁwn(Wn,U)} vU. 9)

As discussed in reference [1], w, is solution to the equation
An(wn) = ﬂhwi- (10)

This equation has two solutions, denoted by w, and w_,, which satisfy the following
properties:

w, =Q, —it,, w_,=-Q,—it, with Q,>0 and 1,>0. (11)
The corresponding resonance modes satisfy the relationships

Wo(M) = Wo(M,w,), W_,(M)=W,(M,-o¥) = WF (12)

3. REPRESENTATION OF THE PLATE DISPLACEMENT AND OF THE RADIATED
PRESSURE IN TERMS OF THE RESONANCE MODES

For the harmonic regime, the plate displacement W and the acoustic pressure P are

given by

o <f7 W*> ’\
WM ;An((o) phao? WM, ),

P(M,w) =sgn(z 230; n('[:j; ,uhwz/W Go(M, M")da(M"). (13)
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These expressions are equivalent to expressions (11) and (12) in reference [1].

The transient plate displacement W (M, t) is readily obtained by the residue method:

W0 = =000+ ()Y [ B
t n=1 nA\zn "

<f7 W;zk>* i
_A/*(w )_Z‘uhw*W:(M)eJr .

W, (M)e~iont

(14)

where = stands for the time convolution product and Y(¢) is the Heaviside function. The
corresponding expression (14) in reference [1] is erroneous. Indeed, in that paper, the
inverse Fourier transform of the harmonic plate displacement (expression equivalent to
the first equality in equations (13) here) does not account for the poles due to the
excitation force. This is done in equation (14) through the convolution product by ¥ (¢).

Expression (15) in reference [1] for the transient sound pressure is also erroneous. This
expression was obtained by applying the residue theorem, which is not possible in general
(the coefficient w?/[A,(®w) — uw?] is not a decreasing function when |w| — oo). Instead, the
sound pressure can be expressed in terms of the plate acceleration

< ~ PW(M,t
B(M, 1) = sen(z) py (M1 + TV o5 (15)
(M) ot
where =, is the space and time convolution product, and G(M, 1) = —5(t —r/co)[2mr is

the Green function of the wave equation. When W (M, 1) is a twice differentiable function,
the convolution product in equation (15) is equal to the integral

_ B PW (Mt —r(M, M')/co) !
P(M,t) =sgn(z) uy /2 12 2nr(M, M)

da(M").

Let us point out that this is not generally the case: due to possible discontinuities,
0, W(M,t) may contain Dirac distributions together with their first derivatives.
By introducing equation (14) into equation (15), one gets

- - o2 -
HmnﬂMA%%Mn*gﬁAMMYM
(M.1) ‘

« Z > W (M)efiw,,t 7 (fa W:D* W*(M)eJriw,’jt ) (16)
whw, Wy,) — 2phw
A () — 2ptha, AF 2uhat "

Details on the numerical computation of this last formula are given in the next section.
Finally, the Fourier transform of expressions (14) and(16) gives the representations of
W and P in terms of the fluid-loaded plate resonance modes:

m[ (LW Wa(M) (o w W,Z"(M)}

WM, o) =)y - g

= | A () = 2uhw, @ — 0y A (w,) = 2uhef o + of |

— son(2)0? . (fs W) W, (M) N ol
P(M, ) =sgn(z)o uow(@;[A;(wn) o] oo G (M, M) da(M')
(f, W) W*(M') , /
N (wn) — 2ot s @ o oM M) do(M )]~ (17)

The first equality in equations (17) is equivalent to formula (16) of reference [1], and the
second equality in equations (17) is the right expression for P(M, ).
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4. COMPUTATION OF P(M, 1)

The displacement given by equations (17) is generally a function which itself (and/or its
first derivative) is not continuous at z = 0. Furthermore, for an excitation of finite duration
T, the displacement can also have discontinuities at t = 7. The second derivative of

W (M, 1) takes the following general form:

PW(M,1) |[*W(M,1) ow do, ~
A ’ S——(M,0%) + LW (M, 0"
or { or + oy M, )+ dr WM, 07)
ow ow dé,_7[ ~ .
O | (M, TH) = (ML T7) | + = (ML T) = W (M, 7))

(18)

where the first term in braces is the derivative of the function W out of the discontinuity
points and f(t*) = lim,_o f (t = ¢) with & > 0. For simplicity, in the series expansion of
G(M, 1) * () 0*w(M ,t)/01?, let us consider one term only, say ¢(M,¢), given by

- 27 .
O(M,t)=%9(M,t) = ;12[1//([) x Y (1) I/I/H(M)el(u,,t:|
(M 1) t

2

=y(t) «9(M,1) =

; el W(M)e ] (19)

4.1. CONTRIBUTION OF THE FIRST TERM OF EQUATION (18):

This is the only term which appears if w(M,¢) and its first derivative are continuous
functions. Its contribution is

) / 0(t,M,M'") _ )
b, (1) = —we /Z G, (M, M)W, (M') Y(t - M) /O U(r)e * dr do(M')

€0
(20)
where
!
t—t(M,M')/cy if t—M<T
0(1, M, M) = €0
b ) M M/
T if z—¥> T.
0

Expression (20) does not present any computational difficulty. In particular, it is equal to 0
if ¢ is smaller than ryin/co and it is equal to

6, (1) = —aleion /)S G, (M, M)W (M) do (M) /0 J(x)ei de. (21)

if ¢ is larger than T + rmax/€o- 'min @nd rmax represent, respectively, the minimum distance
and the maximum distance between M and a point on the plate.

The signal starts at 7y = rmin/co and the radiation of the plate increases until ¢ =
T + rmax/co- Then it becomes a damped sine signal of the form

W(M)efiw,,t _ w(M)efiQ,,tefr,,t.
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Figure 1. Acoustic pressure above the plate: (a) the first 200 ms; (b) the initial burst; (c) the reverberated
sound.

The contribution of all the modes in W (M, 1) follows the same law. The first part of the
signal (fp<t<t;) corresponds to the sound establishment, and is followed by the
reverberated sound. This is illustrated by the following example.
Let us consider the following time dependence of the driving force:

w(r) = %[Y(z) — Y(t—T)][1 - cos (2nt/T)). (22)
It is well known that the limit for 7' — 0 of this function is the Dirac distribution §,. The
convolution product ¥(z) #Y (£) W, (M )e~' is a continuous function together with its first
derivative: thus, its second derivative includes the first term of equation (18) only and there
is no special numerical difficulty. Furthermore, such an excitation is certainly more
realistic than a Dirac impulse. Figure 1 shows the acoustic pressure radiated by a baffled
clamped plate excited by a point force with a time dependence described by equation (22):
the response of the plate is computed with 20 resonance modes. More details about this
example will be given in a forthcoming paper.

4.2. CONTRIBUTION OF THE SECOND AND THIRD TERMS OF EQUATION (18):

Let us point out that if W(M,0") and 9W (M, 0") /8t are not zero, the second and third
terms of equation (18) give a non-zero contribution. They can formally be written as

~ ow L o(t—r(M,M")/co)ow, ., . ,
g*(Ms’) 5ZE(M’0 )_ _/2 27TV(M, M/) E(M70 )dG(M)7



LETTERS TO THE EDITOR 1275

-~ dé[ +N a;é(t—r(M,M/)/Co) PR ,
g*(M.,t)$W(MaO )= */2 2 (M, M) w(M',07) do(M").

The first expression is the integral of dw(M’,07)/dt along the circle arc t = r(M, M")/c.
The second expression involves the time derivative of 6(¢ — r(M, M")/cy), which can be
expressed in terms of a space derivative:

d(t—rfcy) ~ 106(t—r/co)

ot Co or

Using this equality implies a space derivative of w(M’) which is not very easy to express in
a convenient form for numerical computation.

But, in practice, this is not a real difficulty. Indeed, for modelling an impact force—as,
for example, the excitation of a drum or a bell—it is possible to choose a mathematical
excitation as close as desired to a Dirac impulse.

5. CONCLUSION

In reference [2], formulas (28) and (29) need a few modifications as explained in
section 3 of the present paper. In the same way, expressions (30) of reference [3] must be
corrected.

In reference [2], the authors have presented a comparison between the computed
response of an elastic shell to a transient incident acoustic wave with the experimental one.
The numerical result is correct. Indeed, the solution expansion in terms of the fluid-loaded
structure resonance modes has been calculated by solving directly the time-dependent
equations. By doing so, the error which has been pointed out in the present note is
avoided.
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