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Abstract

The influence of a moving fluid confined by a solid circular cylindrical shell on the propagation of
acoustic waves generated by sources located on the circular cylindrical shell is examined. An expression for
the acoustic pressure in a moving fluid is derived including azimuthal asymmetry effects in the general case,
where the fluid velocity points along the cylindrical shell axis and can be written as an infinite power series
expansion in the radial co-ordinate. Secondly, continuity of pressure and normal velocity at the liquid—shell
interface is imposed to (a) derive a set of coupled differential equations governing the possible vibrational
modes of the shell and (b) determine dispersion relations, i.e., mode propagation constants f as a function
of frequency as well as changes in f§ values accomodated by flow. In the remaining part of the paper, phase
speed changes with flow and transit-time differentials of circular cylindrical shell vibrations are discussed
with special emphasis to flow measurement properties.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

In this paper, vibration dynamics of thin cylindrical shells containing a moving fluid are
studied. Several works on vibration dynamics, flutter, damping, and stability of thin cylindrical
shells containing a quiescent [1-4] or moving [5-10] fluid exist in the literature. In this paper,
special emphasis is given to the variation of phase speeds and group speeds of the various modes
propagating along the cylindrical shell axis due to the presence of a moving fluid in the general
case where the flow velocity can be written as a series expansion in the radial co-ordinate r. To the
best of the author’s knowledge such a general quasi-analytical analysis in the flow velocity has not
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been considered before. The discussion is continued by addressing the possibility of measuring
flow by vibrating a cylindrical shell at one point of location and measuring the change in phase of
the vibration at some other point located on the tube due to flow of fluid through the tube [11-14].
In particular, the aim is to search for vibrational modes which are most sensitive to a moving
fluid, i.e., modes for which flow-induced phase changes and associated transit-time differentials
between two points located at different axial positions on the cylindrical shell are as high as
possible.

In the first part of the paper, a general differential equation governing pressure variations
in a moving fluid confined by cylindrical shell walls is derived [15-18]. The equation obtained
is general in the sense that no assumptions as to the profile of the fluid flow in the absence
of acoustic excitation are imposed except that the flow profile can be written as a power
series expansion in the radial co-ordinate. Following the derivation of the pressure p in the
flowing liquid, coupling to the cylindrical shell vibrations is considered. This coupling is
a consequence of the continuity of pressure and normal velocity at the boundary between
the liquid and the cylindrical shell. In doing this, a system of three linear equations is obtained
by use of the shell- and fluid differential equations. The secular equation of the associated
linear matrix problem allows determination of dispersion relations, i.e., determination of
the functional relationship between axial propagation constants  and (angular) frequency w of
vibrations. The propagation constants f§ are functions of the fluid flow in the absence of acoustic
vibrations and therefore changes in phase speeds ¢, = w/f with flow result. In turn, as mentioned
above, phase-speed changes with flow are associated with phase changes with flow and transit-
time differentials between two points located at different axial positions on the shell, the
measurement of which is the basic principle behind the straight-tube cylindrical shell flow meter
[11-14].

2. Theory

This section is partitioned in four subsections: (a) differential equation for the acoustic pressure
in a compressible moving fluid; (b) acoustic pressure solution using the Frobenius power-series
expansion method; (c) coupling between a moving compressible fluid and vibrations in the
cylindrical shell confining the fluid; and (d) implications of a fluid flow on phase speeds/group
speeds of cylindrical shell vibrational waves.

2.1. Differential equation for the acoustic pressure in a compressible moving fluid

In the following, sound propagation in a moving non-viscous fluid is described. The fluid is
confined by walls of cylindrical geometry, but otherwise the characteristics of the walls are
unspecified at this point. The flow velocity is assumed to be much smaller than the fluid speed of
sound such that a linear model in the flow velocity suffices.

The starting point is the equation of continuity

op B
E—FV-(pv)—O, (1)
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and the Euler equation

%—F (v-V)v= —%. ()
For the velocity, pressure, and density
v=vy+V, (3)
p=po+p, (4)
p=po+p, (5)

where vy, po, and p,, denote the (background) flow velocity, pressure, and density in an undisturbed
medium, respectively, and it is assumed that the background flow corresponds to a steady
incompressible flow situation (p, = constant, V - vo = 0). The primed quantities v, p’, and p’ represent
small changes in flow velocity, pressure, and density due to the presence of, for example, low-intensity
ultrasound waves in the medium. To first order in the small quantities above, Egs. (1) and (2) read

ap/ 2 ! /I

5 TPV VAo V)p =0, (6)
av/ , Vpl pl
—+ (V- V)vo+ (v V)V = ——+ Vo, (7)
ot V) P (poc)

and use has been made of the isentropic relation

op
P = <_> o=, ®)
o/ s
assuming adiabatic and reversible conditions.

Next, the acoustic pressure p’ = p/(r, 0, z; t) is separated in cylindrical co-ordinates r, 0, and z by
assuming the functional form

P'(r,0,z;1) = Pof (rg(O)exp(ipz — o), )
corresponding to monofrequency operation [exp (iw?)] and axially propagating waves [exp (1fz)]
where 1 = v/ —1. The function g(0) can be represented by exp(imf), where m is an integer as g(0)
must be a single-valued function satisfying

g(0) = g(0 + 2n). (10)
Inserting Eq. (9) and using g(0) = exp(imf) into Egs. (6) and (7) leads to
s 2 aU/r U; im / SR, : /
—iwp’ + poc” | ==+ —+ —vy +1pv. | +1fvep’ =0, (11)
or r r
: 0 . —1
—iwv] + v:,ﬂ +ifogr. = —lﬁp', (12)
or T Po
1 /
—iwv, 4+ vt = — 81, (13)
po Or
: /
—iwvp + 1oy = P (14)

po 1’
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where use has been made of the assumption that the background flow vy points in the axial
direction and depends on the radial co-ordinate only:

Vo = (vor, Voo, vo:) = (0, 0, vo-(r)). (15)
Observe that Egs. (2) and (15) imply that
Vpo = —po(vo - V)vg = 0. (16)
Eqgs. (13) and (14) can be rewritten as
, i 1 op’
V= 17
" po(Pvg — w) or a7
, o om 1 p
vy= —————. (18)
" po(Bro— o) r
Inserting Eq. (17) into Eq. (12) yields
/
o = 1 op’ ovg p ] (19)

_po(ﬁvo — w)? oror po(Buo — CU)p

Upon isolating v/, vj, and v, in terms of their dependence on acoustic pressure p’ and derivatives of
p’, an ordinary differential equation for p’ can be derived (insertion of Egs. (17)—(19) into Eq. (11))
(see also Refs. [15-18])

v (1_ 28 %)811’ N ((ﬁvo o) P m2> o 20)

a2 " \r  (Bug— ) or 2 2

Next, the assumption that flow velocities are much smaller than the phase speed is made, i.c.,
pvo/w < < 1. This condition is well satisfied in, for example, water/oil transport systems where the
flow speed is in the range: 0—10m/s while the sound speed is at or above 1500 m/s. In this case
(Pvo/w<1), Eq. (20) can be approximated by

op' 1 2B0vy\op 2 — 2Bwvy(r')

or'? ¥ wor)or

R =) =0 e
where

r=— (22)
has been introduced and R denotes the cylinder radius.
2.2. Acoustic pressure solution using the Frobenius power-series expansion method

Before applying the Frobenius method to solve Eq. (21), let it be assumed that the background
flow vo(+') can be expanded in an infinite power series

0
vo(r') = Z voir'”. (23)
=0
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Note that this assumption is a weak restriction since most radially dependent velocity profiles can
be written as a power series in the radial co-ordinate including flat profiles, parabolic profiles, and
logarithmic profiles as suggested by Willatzen [19] and Nikuradse [20].

The Frobenius method is based on the assumption that p’ can be written as a series expansion in
¥ (see, e.g., Ref. [21])

o0
p/ — Z (l;]"li—i_k, (24)
=0

where k is unspecified (in general, at this point, k can be any real constant). Insertion of Egs. (23)
and (24) into Eq. (21) and demanding that ayp = 1 gives k = +m if terms proportional to #*~2 are
equated (corresponding to A = 0). The case k = —m can be rejected immediately as a physical

allowable solution because p’ in that case diverges at r = 0

00

. n_ 1 /—m . — 1 J—m _
}glgh)l—}lgg(r 1D |) lim 7" = o0, (25)

=0

and so k = +m is required. Next, employing the identity principle for infinite power series to
terms proportional to #*" leads to the following recursion formula:

610:1,
a = — L%U a
1= (2m+1)w010’
gy = B Atm+l 2Rpo iav
242 o ((/1—|—m+2)2—m2) 01¢+1 ((,1+m—|—2)2—m2)c2 r— 7 004-2
R*w?
<ﬁ2R2— 2 > 2ﬂ A ;{/ ; /
a, — m+ v+2—;LU~ Ay
((+m+2)" —m?) ’ o((4+m+2)* —m?) ;)( X Woi2-7/
if 1=0. (26)

Thus, a general solution to Eq. (21) is given by Eq. (24) where the coefficients a; obey the
recursion formula expressed by Eq. (26) and k = +m. The parameter f is unspecified at this point
as the possible values for f are determined by invoking boundary conditions at the fluid—shell
interface (refer to the next subsection).

2.3. Coupling between a moving compressible fluid and vibrations in the cylindrical shell confining
the fluid

The equations of motion for the cylindrical shell, according to the Donnell bending theory of
shells [22,23], are

PU (1—nEU  (1+v) 3V ow U
2 _ =
2 T2 7 oa0 R Tt 27
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(1+v)*U (1—-ve*Vv Vv ow &V
R — + R’

2 0200 2 o2 a2 a0 e (28)
oUu oV W oW oW EwW
P — P, VR—+ — — W — 2R? = . 2
(Pr — t) + = a0 w { it 822802+ e 5 (29)
where
1 — 2

repd =) E” )Rg, (30)

1/ h\?
K_E<FO>, G31)

and z, r, 0 are the cylindrical shell co-ordinates, / is the shell thickness, Py is the total fluid pressure
exerted on the shell inner surface, and P.,, is the external pressure acting on the outer surface of
the shell. Moreover, p,, v, and E are the mass density of the shell, the Poisson ratio of the shell
material, and Young’s modulus of the shell material, respectively. The displacement of the shell d
atr = (Rcos 6, Rsinf,z) is

d= Ue,+ Vey + We,, (32)

where e., ey, and e, are the position-dependent unit vectors in the cylindrical co-ordinate system.
The distance of the displaced shell surface from the axis is

r0,z;t) = R+ W(0,z;1). (33)
Assume that all functions y = (U, V, W) can be written in the form
1= ¢ (O)exp (i[f,z — wyt]), (34)
and note that since
Y (0) = (0 + 2mn), (35)
for any integer choice of n, it is possible to write, similar to the fluid case:
W(0) = ,,(0) = exp (in0). (36)

Introduce for each » the notation:
= ¢, (N, (0)exp (i[B,,z — wyt)), (37)

where y, = (U, Vi, W)).
Inserting Egs. (36) and (37) into Egs. (27)—(29) yields

1
- <ﬁ§nR2 2( 2 )> U, - nﬂsnR( —Zi_‘}) Vi — ivﬁsnRWn = —ng U, (38)

(1+v)
2

1 —
= RS

S

T . . 2
(P — Pex,)ﬁ +ivB,,RU, +inV, — W, [1 + (PR + 1) } — W, (40)
S
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The pressure difference Py — Py, can be written as Pfef +p' — Py, Where P "is the reference
pressure in the fluid in the absence of acoustic excitation, and p’ is the acoust1c pressure given by
Egs. (24)—(26) evaluated at ¥/ = 1 (r = R). This is a consequence of the continuity of pressure at
the fluid—shell interface. Furthermore, imposing continuity of normal velocity at the shell-fluid
interface gives

oW,

el v =1), 41)
or
: i 1 op’
—1y I/Vn = Bro. . NAg
po R(Bvo — w) or'|,_,
__ i(; + m)a,exp (imO)exp (i[fz — wt]) (42)
- Rpo(,O yar v A p p B
where use has been made of
vo( = 1) =0, (43)
Egs. (17), (37), and the expression
P, 0,z;0) = Z a;r"Mexp (imO)exp (i[fz — wi]). (44)
=0

The boundary condition given by Eq. (43) follows from the fact that the fluid velocity must be
zero at the shell-fluid interface for any real (viscous) fluid, assuming of course that the cylindrical
shell is not moving in the absence of acoustic excitation.

Obviously, the equality of the left- and right sides of Eq. (42) at all times ¢, angles 6, and
positions z leads to the conclusion that

m=n, (45)
o = oy, (46)
B = B (47)

employing Egs. (36) and (37).
In addition, an expression for W, follows from Eq. (42):

W, = ﬁ i(/{ + n)a; exp (in) exp (i[B,,z — wst]). (48)

In the following, assume that in the absence of acoustic excitation, the internal pressure equals
the external pressure, i.e,
P ref — P exts (49)
equivalent to
(Pf— Peyy) =p' ati =1. (50)
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The first term in Eq. (40) can now be written in terms of the displacement W),:
t_p0tR S Egap)

Pr— Poy)—= 4= e (51)
( f t)hps hps Z:A‘:O(/L + n)a/l(ﬁ)
It is now possible to rewrite Egs. (38)—(40) in matrix form as
(rw2 — PR - nzi(l ; V)> fnﬁR(l er " —ivBR
—nﬁR@ (m)z - /32R2¥ - n2> —in
: - 1’ R >0 ai(B) 2 2
ivBR in T0* + hp S ot ma ) — {1 + K([)’ R+ nz) }
U, 0
x| V., |=10]. (52)
W, 0

The implicit dependence of the coefficients a; on f has been highlighted in the matrix equation
above [Eq. (52)]. The dispersion relations f,(w) = f(w) can now be found numerically by
determining, for each frequency w, the  values for which the determinant equation

det(A[f]) = 0, (53)

is fulfilled, where A[f] is the (3 x 3) coefficient matrix of Eq. (52).
2.4. Implications of a fluid flow on phase speeds/group speeds of cylindrical shell vibrational waves
Following the determination of dispersion relations, it is a simple task to calculate the phase

speed c,,, group speed cy,, and changes in phase speed Ac,, induced by the presence of the
background flow vy. The phase speed is given by

W
Cpn = ﬂ_’ (54)
whereas group speed ¢, follows from
ow
an = % (55)

The change in phase speed, accomodated by the presence of a background flow, is now found
from
RO

By B

where f3., are the solutions for f, at zero-flow conditions (vy = 0). Note that the acoustic pressure
P in the case of a vanishing background flow fulfils the modified Bessel equation [see Eq. (21)],

1.e.,
1ol 2 szz / : :
P, 0,z0) = 4,1, R, — = exp(inf)exp (i[f.,z — wt]), (57)

Acy, = (56)
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and the matrix element 433 becomes

2
I, ﬁ_%nRz - sz_z
5 TPew’R 1 ¢

A33 ENONES A > >
pS 2 (6] 2 (6)]
\/ﬁanZ - R ?I; <\/ﬁan2 - RZ?)

Consider the case where two transducers 7’1 and 72 are mounted on the cylindrical shell and
separated by an axial distance L. Firstly, a signal is transmitted from 71 and received at
transducer 72. Secondly, a similar signal is transmitted from transducer 72 and received at
transducer 7'1. The transit-time difference A¢, between the two signal exchanges, accomodated by
the presence of a background flow, becomes

_ [1 + (B2 R: + nz)z] (58)

L L L L 2L,
Aty =———= <—— ) =By = Bon)> (59)
Con Con Cpm )
where
)
pn ﬂni’
)
Cpon = —. (60)
"B

The notation ¢, (B)) denotes the phase speed (axial wave vector) for wave propagation along the
direction of flow, while ¢, (,) denotes the phase speed (axial wave vector) for wave propagation
against the direction of flow. Similarly, c,., denotes the phase speed for wave propagation at zero
background flow conditions. In deriving the second equality of Eq. (59), use has been made of the
fact that the change in phase speed Ac,, accomodated by flow changes sign as the flow direction is
reversed, i.e.,

Cpi,_1 = Cpzn + |Acpn|- (61)
The transit-time difference is associated with a phase difference A¢,:
Atn
Ap, =—, (62)
0]

which can be measured and used for flow metering purposes. This is the basic principle behind the
straight-tube cylindrical shell flow meter. In the following section numerical results will be
presented and possibilities for flow measurement based on excitation of vibrations of a straight-
tube cylindrical shell carrying a moving fluid will be investigated.

3. Numerical results and discussions
In this section numerical results are given for the first two axial angular modes #» = 0 and 1

using the parameter values: R = 0.05m, E = 1.95 x 10" N/m?, v = 0.28, p, = 1.0 x 10? kg/m’,
h=0.005m, f = w/21n="500-1500 Hz, and ¢ = 1.5 x 10° m/s. This set of data corresponds to the
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case where water is confined by a cylindrical shell of steel and a transducer positioned on the shell
excites acoustic waves in the frequency range 500-1500 Hz. Similar to the previous section values
obtained for the axial wave number of mode n at zero flow are designated f,.,, while those
obtained at a mean flow of 7 are designated f,. It is assumed that the flow profile is parabolic
corresponding to a laminar flow situation:

2
vo(r) = 21‘)(1 — (F)) (63)

In Fig. 1 (top), dispersion curves for the case n =0 are shown for the three branches
characterized by a real and positive B, value in the frequency range 500-1500 Hz and f<20m™!.
It should be pointed out that real § solutions come in pairs for a given frequency in the sense that
if f(w) is a solution at a frequency w then —f(w) is also a solution at a frequency w (only so at zero
mean-flow conditions & = 0). Also shown in Fig. 1 (bottom) are changes in f3, values with flow
APy = By — B for the same three branches shown in Fig. 1 (top). The Af, values are computed at
a mean flow o = 1 m/s.

In the case n = 1, only one real positive branch exists for f<20 m~! using the same parameter
values as in the case n = 0. This branch (m, ;) is shown in Fig. 2 (top) for a mean flow: 7 = 0.

12 ! ! ! ! ! ! ! ! !

B [1/m]
()
T
A

500 600 700 800 900 1000 1100 1200 1300 1400 1500
frequency [Hz]

A B [1m]
A

-8 I I I I I I I I I
500 600 700 800 900 1000 1100 1200 1300 1400 1500
frequency [Hz]

Fig. 1. Axial propagation constants /3, plotted against frequency for the axial angular mode n = 0. Four branches exist
in the B, interval: [0;20] m~!. Parameter values are as specified in Section 3. The four curves shown correspond to the
four branches.
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Fig. 2. Axial propagation constants f3, plotted against frequency for the axial angular mode n = 1. One branch exists in
the B, interval: [0;20] m~'. Parameter values are as specified in Section 3.

Table 1
Calculated f.,, Af,, Acy,, and At, for the axial angular mode n» = 0 using the parameter values specified in Section 3
Four branches exist in the 8, range: [0;20]m™!.

n = 0 Branches/parameters B., (m™) |AB,| (m~1) |Acpn| (m/s) |At,| (s)
Branch 1 1.239 3.151 x 1077 1.290 x 1073 5.014 x 10~
Branch 2 1.998 0 0 0

Branch 3 4.652 3.437 x 1073 0.999 5.471 x 1077

The values given correspond to the frequency: f = 1000 Hz and L = 0.5 m.

Changes in f§; accomodated by the presence of a parabolic flow with a mean flow equal to
o= 1m/s [AB, = , — B.,] are shown in Fig. 2 (bottom).

A similar calculation for the case n =2 reveals that no real, positive f values exist for
B<20m~!.

In Tables 1 and 2, f,, AB,, Ac,,, and At, values are calculated corresponding to n = 0 and 1,
respectively. The values given for Ac,, and Az, are computed using Egs.(60) and (59),
respectively. Note, in particular, that one of the three f, branches (in the case n = 0) couple
strongly to flow as reflected by the changes in phase speeds associated with these branches
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Table 2
Calculated f_,, AB,, Acp,, and At, for the axial angular mode n = 1 using the parameter values specified in Section 3.
One branch exists in the f3, range: [0;20] m~'.

n = 1 Branches/parameters B., (m~" |AB,| (m~) |Acpn| (m/s) |AL,] (3)

Branch 1 7.021 1.783 x 1073 2272 x 107! 2.837 x 1077

The values given correspond to the frequency: f = 1000 Hz and L = 0.5 m.

(Acpo = 0.999 m/sx 7). Another f;, branch couples only weakly to flow Ac,~0.0013 m/s<? =
1 m/s. The remaining branch is completely decoupled from the liquid background flow as Ac,y =
0 m/s. This latter branch corresponds to the case of pure circumferential vibrations, i.e., V" #0 and
U=Ww=0.

The branch corresponding to n =1 (Fig. 2) is coupled to flow as well with Ac,; = 2.272 x
10~ m/s at a frequency of 1 kHz.

Results given in Tables 1 and 2 and Figs. 1 and 2 reveal that a propagating wave exists that
couples strongly to the liquid background flow in the peristaltic case n = 0 and less strongly in the
case n = 1. Strong coupling here refers to waves for which Ac,, ~ 7. Such waves are, potentially,
useful in relation to devices for measuring mean flow as they correspond to relatively large transit-
time differences.

4. Conclusions

A general differential equation for acoustic pressure including azimuthal asymmetry effects in a
moving fluid confined by cylindrical shell walls is derived. Continuity of pressure and normal
velocity applied to the fluid—shell interface allows the influence of a moving fluid on dispersion
relations f(w) to be examined. It is assumed, in the absence of acoustic excitation, that fluid
velocity points along the cylindrical shell axis and can be written as an infinite series expansion in
the radial co-ordinate. Special interest is given to the determination of changes in phase speeds of
shell vibrations and associated transit-time differentials between two points located at different
axial positions along the shell due to a fluid flow. Finally, implications for flow-measurement
properties are addressed.
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