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Abstract

Feedforward active control of the flexural waves in a single and L-shaped plate has been analytically and
experimentally investigated. The plates are simply supported along two parallel edges, and free at the other
two ends. Point forces were used to generate the primary and secondary plate excitations. The plate flexural
displacement is described by a combination of a travelling wave solution and a modal expansion. The
flexural wave coefficients were determined using the boundary conditions, continuity equations at the
driving force locations, and continuity equations at the corner junction for the L-shaped plate. The control
actuator and error sensor are optimally located in order to achieve the best control performance.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Active control of large distributed structures has attracted considerable interest in the last
decade, where such structures are commonly found in the aerospace and marine industries. With
significant progress in control techniques, signal processing and adaptive materials, the successful
implementation of active control technology is becoming a reality. Much research has been
focused on actively attenuating the structural and acoustic fields associated with beams, plates
and cylindrical shells. Application of multiple actuators and error sensors for reduction of the
power flow has been investigated for a semi-infinite plate [1]. The control actuators and error
sensors are located downstream of the primary forces. It was shown that when only a single
control actuator was used, its optimal location was strongly dependent on frequency. Increasing
the number of control actuators resulted in an increase in the vibratory power transmission
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reduction. Active control of the structural fields to attenuate the sound radiation from a simply
supported plate mounted in a rigid steel frame has been experimentally examined [2]. The number
and position of the piezoelectric actuators were varied in order to examine the effect on
distributed control. From the experimental study, the following important results were obtained:
(1) increasing the number of control actuators only slightly improved attenuation at a structural
resonance; (ii) the actuator location greatly affected the structural response. Similar work on a
semi-infinite beam with a clamped edge verified that the attenuation is dependent on the actuator
position rather than on the type of actuator [3]. Methods for optimising the locations of the error
sensors and control actuators in an active control system include the use of genetic algorithms [4]
and gradient methods [5]. Although there has been much research in wave transmission in
L-shaped plates [6-8], there has been very little work on the active vibration control of coupled
plate structures [9].

In this paper, an analytical and experimental investigation on optimising the error sensor and
control force locations with respect to the primary force location is presented. When a single
control source and a single error sensor are both optimally located with respect to the primary
force location in a symmetrical arrangement, the control performance at single frequencies over a
broad frequency range becomes optimised and independent of the excitation frequency. Under
single frequency control, the use of single and multiple number of error sensors are examined to
determine their control effect on the global response of the plate. To evaluate and compare the
global response of the plate for various error sensor locations, the time-averaged kinetic energy
was calculated. Experimental work has been conducted to confirm the analytical results.

2. Theory

The single rectangular thin plate is simply supported at y = 0 and L, and free at x = 0 and L.
The L-shaped plate consists of two finite plates coupled together at a right angle, and is simply
supported at y = 0 and L,, and free at the other two ends corresponding to x; = Ly; and x; =
L,». The junction of the two plates corresponds to x; = 0 and x; = 0. Point force excitation of the
single and coupled plates at a location of (x,, y,) is used to model the vertically mounted primary
shaker used in the experiments. Due to the boundary conditions, the plate flexural displacement
can be described by both a modal expansion in the y direction, and a travelling wave solution
along the x direction. General solutions for the primary plate flexural displacement can be
described by [1,9]

o0

2 . B .
WP(x,y) = F,Gp, where G, = Zﬁsm(kyyp) [o], 8 [EL ] sin(k,y ). (1)
m=1"Y

The subscript ‘j” corresponds to j = 1,2 for the single plate, and j = 1 to 3 for the L-shaped plate.
For the single plate, [E}] is given by

[Ef] =[e Tk ek e~k kX 0 0 0 0], 0<x<x,, (2)

[Eé’] =[0 0 0 0 edksx  oikiex a—kux o akyx ]T’ Xp<X<Lx 3)
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and for the L-shaped plate, [El’.7 ] is given by
[E]] = [ehnx ghaxi e~knxighuxi 0 0 0 0 0 0 0 017, La<x1<x,, &)

[EZ]=[0 0 0 0 edbux ghkuv ek ki 0 0 0 0]7, x,<x;<0, (5

[Ef]1=[0 0 0 0 0 0 0 0 eJkexe ghov ehon ghon]T 0<xy<Lyn.  (6)

In the analytical modelling of the L-shaped plate, x;, x, and L,; correspond to negative values.
[¢,] 1s an 8 x 8 matrix for the single plate, and is given in Appendix A. For the L-shaped plate,
[o;] corresponds to a 12 x 12 matrix, as shown in Appendix B. These matrices were developed
using the boundary conditions at the free edges [10], continuity equations at the driving forced
location [1], and continuity equations at the structural junction of the L-shaped plate [9]. [oc];’é
corresponds to the eighth column of the inverse of matrix [o,], where n =1, ...,8 for the single
plate, and n =1, ..., 12 for the L-shaped plate.

3. Active control

A single point control force of amplitude F is used to generate secondary excitation at a
location of (x;,y,) in the plates. Expressions for the secondary flexural displacement can be
obtained in the same way as for the primary displacement, resulting in

0
, 2 . r s

Wi(x.y) = FGs, where G, =}  —=rsin(kyy,)[a], g E]lsin(k,). (7)

m=1"
[£7] is similar to Egs. (2)+(6), but is instead a function of m’, and with x, replaced by x;. Likewise,
[o5] is also similar to [x,], but with the same replacements. The total flexural displacement is the
superposition of the primary flexural waves generated by the primary force, and the secondary

flexural waves generated by the control force, that is

W-jmtal(x’y) _ W;’(x,y) + W‘/:"(x,y). (8)

3.1. Minimisation of the cost function using a single error sensor

The total squared displacement is the cost function to be minimised at a single error sensor
location in the plates. For the L-shaped plate, the error sensor is located in the adjacent plate in
order to minimise the flexural wave transmission. Using Egs. (1), (7) and (8), the total squared
plate displacement at an error sensor location of (x., y.) can be expressed as a quadratic function
of the control force by

II = VI/}total(VV"jtotal)* - F&‘AHFS* —I-F:BHFp —FFSB;F; + F;CHF R 9)

where A5; = G,G,, By = GG, and Cy = G; G,. Due to orthogonality relationships of modes, Ay
is a function of mode number »n7', whereas Bj; and Cj; are functions of m. The unique minimum of
the cost function results in the optimal control force amplitude. This is determined from the
solution of the two equations corresponding to the partial derivatives of the cost function with
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respect to the real and imaginary parts of the control force [11]. The optimal control force
resulting in the minimum squared plate displacement is obtained as

B
FS|0pl = _FPA—Z' (10)

3.2. Minimisation of the cost function using multiple error sensors

Multiple error sensors are used in the active control application, and are located at (x,;, y.;) for
i=1,...,N. The cost function now becomes the sum of the total squared plate displacement due
to the primary and control forces for every error sensor location, and is expressed as

N
=" (W (xei, e )W} (Xeir yei))” = FsAyF, + F, ByF, + FByF, + F,CpF,, (11)
i=1

where

N *

AH = Z Gs(xebYei)(Gs(xeiayei)) 5 (12)
i=1
N *

B = Z Gp(xeisyei)(Gs(xeiayei)) 5 (13)
i=1
N *

Cit =Y Gy(Xeir YeiX(Gp(Xei» Yei)) - (14)

=1
The optimal control force resulting in the minimum squared displacement at the N error sensor
locations is still obtained as Fl,,, = —F,Bn/An.

3.3. Plate kinetic energy

To evaluate and compare the global attenuation of the plate for various error sensors locations,
the total kinetic energy of the plate was calculated. The total time-averaged vibrational kinetic
energy for a single resonance frequency can be written as [11]

Mao?
4
where M is the total mass of the plate, [A] is the coefficient matrix of the plate displacement, and
the superscript H denotes the complex conjugate and transpose. The coefficient matrix under
primary excitation can be written as [A] = [ocp];é(2Fp /L,D)sin(k,y,), and under secondary

excitation, the subscript p is replaced by s.

E(w) = [A]"[A], (15)

4. Experimental arrangement

The experimental rig consisted initially of a single aluminium test panel of thickness
h=0.002m, length Ly =14m and width L, =0.5m. The boundaries of the plate were
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constructed to simulate the simply supported conditions on two parallel sides of the plate, and free
conditions on the other two ends. The simply supported boundary conditions of the panel were
implemented by using strips of 0.9 mm thick aluminium cut into Z-sections [12]. The primary and
secondary mini shakers were mounted vertically over the plate in order to model the point force
excitation and generate flexural vibration in the plate. An EZ-ANC controller which is based on
an adaptive filtered-X LMS algorithm was used for the active control experiments [13]. Briiel &
Kjer Type 4375 miniature accelerometers were used as the error sensors, and were attached to the
plate with beeswax. Two accelerometers were used for the minimisation of the cost function using
multiple error sensors. A third accelerometer was used to map the surface response of the plate in
both the uncontrolled and controlled experiments. In order to map the surface response, the plate
was meshed into 140 squares with 135 grid points over the surface. The mesh gave an adequate
number of points to obtain the surface response for lower order modes. In the experiments,
the total kinetic energy of the plate at a single frequency was evaluated by Ei(w)=
(ph/2w?) 2,1;51 aiASy, where ai is the measured acceleration at a certain measurement point
and AS} is the corresponding area for that measuring point. Stability in the control application
and system response was observed for each location of the mapping accelerometer. This was
achieved by observing the uncontrolled and controlled acceleration responses at an error sensor
location and the mapping accelerometer location. The two locations were simultaneously
observed in the Briiel & Kjer Type 2034 Dual Channel Signal Analyser. The measured responses
at the error sensor location deviated by less than 0.2 dB.

For the L-shaped plate rig, a second aluminium plate was welded to the original plate at a right
angle. The second plate of length L., = 0.6 m, and equal thickness and width to the original plate,
was also simply supported on two parallel sides and free at the two ends parallel to the corner
junction. The total number of grid points of the L-shaped plate was 198, and the mesh had the
same resolution as in the single plate. Fig. 1 shows a photograph of the L-plate experimental rig
and the mounted shakers.

5. Results and discussion
5.1. Single plate: excitation and control at single frequencies over a broad frequency range

The effect of the control force and error sensor locations in the control performance was
analytically investigated at single frequencies over a broad frequency range. The material
properties of the aluminium plate used in the analytical modelling are p = 2800 kg/m?>,
E =7.1x 10'"N/m? and v = 0.3. The internal distributed damping in the plates was included
in the complex Young’s modulus by £ = E(1 + ji), where = 0.001. Initial investigation of the
effect of the error sensor location on the control performance was conducted for fixed primary
and control force locations. The shaker and accelerometer locations are given in metres. A fixed
primary shaker location of (x,,y,) =(0.6,0.19) was chosen, where y, =0.618L, =0.19m
corresponds to a structural location which results in excitation of all modes. For a control
shaker location of (x;,ys) = (0.8,0.31), several error sensor positions were examined. It was
initially revealed that the y, co-ordinate of the error sensor affected the control performance
significantly greater than the x, co-ordinate, provided that the error sensor is positioned some
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Fig. 1. Photograph of the L-plate experimental rig showing the boundary conditions and the vertically mounted
primary and control shakers.

distance downstream of the actuators, thus avoiding the flexural near-field effects. Fig. 2 shows
the uncontrolled frequency response function of the plate obtained analytically. The controlled
acceleration distributions for two different error sensor locations are also shown. The
controlled response corresponds to tonal frequency control at each excitation frequency over a
broad frequency range. The error sensor locations correspond to (x,1, y.1) = (1.1,0.19), which is
in-line with the primary force along the x direction, and (x., y.2) = (1.1,0.25), which is midway
between the primary and control forces in the y direction. Similar controlled results were obtained
when the single error sensor was located in-line with either the primary force or the control force
along the x direction. This can be attributed to the symmetrical arrangement of the forces in the y
direction.

The effect of the control force location was then investigated for a fixed error sensor location.
For the same primary shaker location of (x,,y,) = (0.6,0.19), and a fixed error sensor location of
(Xe, ye) = (1.1,0.25), three control force locations were examined. These correspond to (xy, ys1) =
(0.8,0.19), which is in line with the primary force in the x direction, (x,,, ys») = (0.6,0.25) which is
both in line with the primary force in the y direction and in line with the error sensor in the x
direction, and (x,3, y53) = (0.6,0.31), which is both in line with the primary force and symmetrical
about the error sensor location in the y direction. Fig. 3 shows that the optimal location for the
control force of the three locations corresponds to (xg3, ys3), that is, when the control force is in
line with the primary force in the y direction, and the error sensor is located midway between and
downstream of the two shakers. When the locations of the control force and the error sensor are
not optimised with respect to the primary source location, the control performance is strongly
dependent on the excitation frequency, that is, greater attenuation is achieved at some frequencies
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Fig. 2. Primary (——) and controlled acceleration distributions for single frequency control over a broad frequency
range at fixed primary and control force locations of (0.6,0.19) and (0.8,0.31), respectively, and error sensor locations of
(1.1,0.19) (---- ®---) and (1.1,0.25) (- = -).
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Fig. 3. Primary (——) and controlled acceleration distributions for single frequency control over a broad frequency

range at a fixed primary force and error sensor locations of (0.6,0.19) and (1.1,0.25), respectively, and control force
locations of (0.8,0.19) (---- ®---), (0.6,0.25) ((- < -)) and (0.6,0.31) ((—<—)).

than others. However, when both the control force and error sensor locations are optimised,
global attenuation is achieved at all frequencies, and the control performance is frequency
independent. The symmetrical arrangement of the optimal control application for tonal frequency
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control can be attributed to the simply supported boundary conditions at y = 0 and L,. With the
symmetrical control arrangement, the control force and error sensor will, respectively, excite and
observe/attenuate the same set of modes. The corresponding optimal control force amplitudes are
shown in Fig. 4. An interesting observation is that the corresponding optimal control force
amplitude is unity for all frequencies. For control force locations away from the optimal location,
a large force amplitude is required at certain discrete resonance frequencies in order to attenuate
the plate response at the error sensor location.

Under the symmetrical control application, the control performance becomes maximised and
independent of the excitation frequency. Fig. 5 shows the uncontrolled and controlled responses
using the symmetrical control arrangement for a frequency span up to 10 kHz. From the figure, it
is evident that the control performance is optimised and frequency independent. Under this
optimal control application, the corresponding control force amplitude is always unity.

5.2. Single plate: single frequency control using a single error sensor

Optimal actuator and error sensor locations at a single resonance frequency were then
investigated in order to achieve global attenuation of the plate vibration. Since the EZ-ANC
controller used in the experiments has its best performance in the frequency range from 200 to
500 Hz, a low resonance frequency of 209 Hz obtained analytically was chosen for the active
control. This resonance frequency corresponds to mode (4,3), and has an anti-nodal line midway
along the y direction. In the experiments, mode (4,3) is equivalent to the modeshape obtained at
the resonance frequency of 222 Hz. Differences between the analytical and experimental results
can be attributed to imperfections in the simply supported boundary conditions, some
discrepancies in the values for the material properties, and equipment losses.

)
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2 s e b e by by e b ey by

0 50 100 150 200 250 300 350 400

Frequency (Hz)

Fig. 4. Optimal control force amplitudes at fixed primary force and error sensor locations of (0.6,0.19) and (1.1,0.25),
respectively, and control force locations of (0.8,0.19) (---- ®---), (0.6,0.25) (¢ = -) and (0.6,0.31) (——).
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Fig. 5. Primary (——) and controlled acceleration distributions for single frequency control over a broad frequency
range at the optimal control force and error sensor arrangement.

Table 1

Total kinetic energy levels of the controlled response for the single plate for various error sensor locations

Error sensor location (x., y.) Kinetic energy levels obtained Kinetic energy levels obtained
analytically (N m) experimentally (N m)

(0.8,0.25) 523 %1077 6.42x 1077

(0.6,0.25) 523 %1077 6.70 x 107

(0.8,0.19) 1.81 x 107° 1.06 x 1076

(0.8,031) 1.87 x 107° 1.09 x 107°

(1.2,0.1) 2.85% 1076 1.55%x 1076

Table 1

Table 1 shows the total kinetic energy levels of the plate under the control application obtained
analytically and experimentally for various error sensor locations. The primary and secondary
shakers were positioned along the y direction at (0.6,0.19) and (0.6,0.31), respectively. Table 1
shows that better attenuation is achieved when the error sensor is located midway between the
primary and secondary shakers at y, = 0.25m. The greatest attenuation (experimentally) occurs
when the error sensor is downstream of the shakers, where the effects of any near-field
disturbances are reduced.

Using the symmetrical control arrangement under single frequency control over a broad
frequency range corresponding to (x,,»,) = (0.6,0.19), (x4 ys) = (0.6,0.31) and (x.,y.) =
(0.8,0.25), the controlled plate response was obtained both analytically and experimentally for
mode (4,3). Figs. 6(a) and (b) compare the uncontrolled and controlled acceleration distributions
obtained analytically, whilst Figs. 7(a) and (b) show those obtained experimentally. In both cases,
the controlled response was completely different to the uncontrolled response. Instead of two
nodal lines in the y direction as shown in the modeshapes, the controlled responses shows only one
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nodal line along the same y direction as the error sensor. This error sensor location also
corresponded to an anti-nodal point. Figs. 6 and 7 also show that global attenuation of the plate
response for mode (4,3) has been achieved both theoretically and experimentally. This is
attributed to the fact that the error sensor is located along an anti-nodal line of the primary
response.

5.3. Single plate: single frequency control using multiple error sensors

The objective of using multiple error sensors was to determine if the control performance could
be improved with the addition of extra sensors. The global reduction of the plate’s kinetic energy
was used as a measure to assess the control performance using multiple error sensors. From the
theoretical results, no improvement in the control performance was achieved with the symmetrical
control application, that is, with the control force in line with the primary force in the y direction,
and the two error sensors located midway between the two shakers along the anti-nodal line of
mode (4,3). In the experiments, if the first error sensor is optimally located, the second error
sensor can improve the control performance if it is also located along the same anti-nodal line.
The difference in the analytical and experimental results is due to the fact that in the analytical
case, one error sensor is sufficient to attenuate the entire anti-nodal line. As a result, there is no
signal for the second error sensor to control. In the experiments, the response along the anti-nodal
line is not completely attenuated. Hence, a second error sensor will slightly improve the results.
However, if the second error sensor is placed in an arbitrary location not corresponding to an
anti-nodal line, the control performance was shown to deteriorate. This is due to the fact that the
single control actuator must divide its effort between the two error signals such that the sum of the
squared plate displacement for each error sensor location is minimised. Location of the error
sensor on an anti-nodal line results in global control of the plate response. However, reducing the
plate’s response at the location of the second error sensor away from the anti-nodal line does not
significantly contribute to the global reduction of the plate.

5.4. L-shaped plate: excitation and control at single frequencies over a broad frequency range

Due to the simply supported boundary conditions, the primary and control shakers were
located in plate 1 in line with each other along the y direction at (—0.8,0.19) and (—0.8,0.31),
respectively (the negative sign is due to the sign convention for the L-shaped plate). These shaker
locations coincide with the shaker locations of the single plate. Several error sensor locations were
examined. Fig. 8 shows the uncontrolled and controlled acceleration distributions at error sensor
locations of (0.37,0.22) and (0.23,0.31) in plate 2. There is very little difference in the level of
attenuation achieved when the error sensor is in line with either the primary or control forces in
the x direction, that is, at y, = 0.19 and 0.31. Fig. 9 shows the controlled responses when the error
sensor is located midway between the primary and control shakers at y, = 0.25 in both plates 1
and 2. This figure shows that when the control force and error sensor are positioned in a
symmetrical arrangement with respect to the primary force location, that is, the control force is in
line and symmetrical with the primary force in the y direction (in plate 1) and the error sensor
located midway between the forces (in either plates 1 or 2), the control performance is both
maximised and independent of the excitation frequency.
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5.5. L-shaped plate: single frequency control using a single error sensor

Two modes of vibration were examined for the L-shaped plate. The first mode has a similar
modeshape to that of the single plate, with the anti-nodal line occurring along the width of the
plate at y = 0.25m. This corresponds to a resonance frequency of 244.9 Hz (analytically) and
247.8 Hz (experimentally). The second mode at a resonance frequency of 178.8 Hz (analytically)
has a nodal line midway in the y direction. Figs. 10(a) and (b), respectively, show contour plots of
the uncontrolled and controlled responses at 244.9 Hz, and an error sensor location of (0.3,0.25)
in plate 2. At this error sensor location, the vibrational response of the L-shaped plate has been
globally attenuated. As before with the single plate, two nodal lines along the x-axis of the
modeshape have been replaced with a single nodal line along the same y location as the error
sensor under the control application. Figs. 11(a) and (b) confirm the analytical results. Similar
results were also obtained for the error sensor placed along the centreline at anti-nodal points in
plate 1. Fig. 12(a) shows the contour plot of the modeshape at 178.8 Hz. In this case, there is only
a single nodal line at y = 0.25m. When the error sensor is located at (0.3,0.25) in plate 2, only
attenuation of the nodal line occurs (Fig. 12(b)). However, when the single error sensor is located
at an anti-nodal point of (0.17, 0.375), global attenuation of the L-shaped plate is achieved
(Fig. 12(c)). Fig. 12(b) still confirms the results of the broadband frequency control, where under
the symmetrical arrangement of the control application, attenuation at the error sensor location
for all excitation frequencies is achieved. However, the symmetrical control application is
obviously not suitable for global attenuation of the plates at a single resonance frequency.

5.6. L-shaped plate: single frequency control using multiple error sensors

The use of multiple error sensors was investigated to determine whether an improvement in the
control performance could be achieved. For the single plate, it was shown that theoretically, there
was no improvement in the control performance when a second optimally located error sensor
was used in conjunction with a first optimally located error sensor. Experimentally, a slight
improvement in the control performance was achieved using two optimally located error sensors.
These results were also confirmed for the L-shaped plate. Table 2 shows the kinetic energy levels
of the controlled response obtained experimentally at a resonance frequency of 247.8 Hz, using
single and multiple error sensors on the L-shaped plate. As seen in Table 2, there is a slight
increase in the control performance when two error sensors are located along the centreline
(resulting in two optimally located error sensors), and a decrease in the control performance when
the second error sensor is arbitrarily located.

6. Conclusions

In this paper, active attenuation of the plate vibration was both analytically and experimentally
presented. Due to the simply supported and free boundary conditions, the mathematical
modelling was based on a combination of a travelling wave solution and a modal solution. For
point force excitation of both a single and L-shaped plate, the results obtained from the analytical
model was found to agree very well with those obtained experimentally. Under single frequency
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Fig. 10. Contour plots of (a) the modeshape at 244.9 Hz (analytical) and (b) the controlled response at 244.9 Hz and an
error sensor location of (0.3,0.25) in plate 2.
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Fig. 11. Contour plots of (a) the modeshape at 247.8 Hz (experimental) and (b) the controlled response at 247.8 Hz and
an error sensor location of (0.3,0.25) in plate 2.
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Fig. 12. Contour plots of (a) the modeshape at 178.8 Hz (analytical); (b) the controlled response at 178.8 Hz and an
error sensor location of (0.3,0.25) in plate 2; and (c) the controlled response at 178.8 Hz and an error sensor location of

(0.3,0.31) in plate 2.



688 N.J. Kessissoglou et al. | Journal of Sound and Vibration 260 (2003) 671-691

150
L 140

&

E

" 3

06 E o410 S

05 : 2

04" )

120 o

0.3 .2

b

0.2 g

0.1 G 1o 8

0 <
> 0.4
0.5 -0.

04 " . . -0.6
0‘3 ol 08 ] 100
x-axis (m)

§ 0.2
y-axis (m) g4

90

Fig. 12 (continued).

Table 2

Total kinetic energy levels of the controlled response for the L-shaped plate for using single and multiple error sensors
Single error sensor location Kinetic energy levels (Nm)
(0.3,0.25) 1.23%x 1077

(0.3,0.31) 2.01x 1077

0.5,0.1) 2.86x 1077

(—0.6,0.25) 127 x 1077

Multiple error sensor locations

(—0.6,0.25) and (0.3,0.25) 9.90 x 1078
(—0.3,0.1) and (0.3,0.25) 3.27x 1077
Table 2

Total kinetic energy levels of the controlled response for the L-shaped plate for using single and multiple error sensors

control in a broad frequency range, the control approach consisted of optimising both the control
force and error sensor locations with respect to the primary force location. The optimal
arrangement resulted in significant attenuation at all excitation frequencies. In addition, the
amplitude ratio of the control force to the primary force is unity for all frequencies. Under single
frequency control to examine the global response of the plate, the nodal lines of the plate response
at a single resonance frequency significantly affected the control performance. Using a single,
properly located error sensor, global attenuation of both the single plate and the L-shaped plate
was achieved.
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