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Abstract

The stability and dynamics of a cantilevered pipe conveying fluid with motion-limiting constraints and a
linear spring support have been investigated. Emphasis is placed on analyzing local qualitative behavior of
the system in the neighborhood of a doubly degenerate point. Using some qualitative reduction methods of
dynamical system theory, the four-dimensional differential equation of motion is reduced to a two-
dimensional one, and then the possible motions of the pipe are predicted through analyzing bifurcations of
the solution to the reduced equation of motion. The unfolding result is found to be in good agreement with
the result obtained using the numerical method. It is also found that there exist the quasi-periodic motions
and route to chaos through breakup of the quasi-periodic torus surface in some parameter region of the
system, which differs from that of periodic-doubling bifurcation route found earlier in this system.
Numerical simulations have been performed using the four-dimensional equation of motion to confirm the
analytical results.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

With the development of the theory on non-linear dynamical systems and chaos in recent years,
much attention has been paid to the study of non-linear dynamics of pipes conveying fluid [1].
Some important phenomena, which have never been observed in the linear analysis of the systems,
have been discovered [2]. Paidoussis and Moon studied, both experimentally and theoretically, the
dynamics of a cantilevered pipe which is constrained by non-linear motion restraints. In a range of
values of flow velocity beyond the Hopf bifurcation, they found that chaotic motions arise in this
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Fig. 1. Schematic of the system treated in this paper.
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Fig. 2. Sketch of stability regions (redrawn from Ref. [6]).

autonomous system through the period-doubling bifurcations [2,3]. A series of further studies on
this topic was done by Paidoussis et al. [4,5] from various aspects focusing on their attention to the
characteristics of the chaotic motions. Recently, the authors studied the dynamics of a slightly
modified system with the motion-limiting constraints and a linear spring support, as shown in
Fig. 1 [6]. The effect of the linear spring constant (k;) and flow velocity (z) on the motions of the
pipe was mainly investigated by using the method of numerical simulations. It is found that the
region of dynamic instability in (u—k;) parameter plane may be divided into several sub-regions in
each of which a different dynamical behavior including chaotic motions of the pipe arises (see
Fig. 2).

As we see from Fig. 2, there is an intersection point M on the boundary of static and dynamic
instability regions, and the boundary curves of the sub-regions in (u—k;) plane all originate from
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this intersection point. This allows us to think of a possible bifurcation of the solution at the point
and expect some complicated behavior to occur in the neighborhood of that point. In fact, the
zero equilibrium of the pipe is doubly degenerate at the point. The linearized matrix of equation of
motion of the system at point M has a zero and a pair of pure imaginary eigenvalues, which
corresponds to the coupled flutter and divergence bifurcation of the motion. This paper is
concerned primarily with the stability and dynamics of the same restrained cantilevered pipe
conveying fluid as treated in Ref. [6]. However, emphasis is placed on analyzing a codimension-
two bifurcation problem and unfolding the double degeneracy at point M. The main purpose of
this paper is to explain the results obtained in Ref. [6] from a viewpoint of bifurcation of solution.
It should be pointed out that very laborious simulation analysis and much effort are needed
indeed for determining the sub-regions in the “flutter region” and drawing Fig. 2. In order to do
so, the parameter plane was divided into a network with certain steps of u and k;, and numerical
simulations were carried out by solving the equation of motion directly at every net point, and
then, the behavior of the system at each net point was determined through observation of phase
trajectories of the solutions. However, we will show, in this paper, that the same or even more
refined results may also be obtained through analyzing the bifurcation of the solutions in the
neighborhood of the doubly degenerate point.

2. Differential equation of motion and doubly degenerate system

The system considered here is shown in Fig. 1. The reader should refer to Ref. [6] for details for
the mechanical model of the pipe and some assumptions needed for derivation of equation of
motion. The differential equation of motion of the system can be written as [6]

>y 'y ) &y &y
EI EISY 4 (MU? — (M L— 2 omuZL
bl e T g Tl (M +m)(L =)ol 555 + oxot
oy 62y 3
+ (M +m)go—+ (M +m) =+ (Kiy + K2y”) 6(x — xp) = 0, (1

ox ot

where EI is the flexural rigidity of the pipe, a the coefficient of Kelvin—Voigt viscoelastic damping
of the pipe material, L the pipe length and m its mass per unit length, M is the mass of the
conveying fluid per unit length and U its flow velocity, K; is the stiffness of the spring of the elastic
support and K, is the stiffness of cubic spring which represents the effect of the motion
constraints, x; the location of the constraints, gq is the acceleration due to gravity, 6(-) is Dirac
delta function, y(x, t) is the lateral deflection of the pipe and assumed to be small compared with
L.
Introducing the following non-dimensional variables and parameters:

1/2 1/2
4 _ — E1 r (M  M+m
W_ é_ T_<M+m> Lza u_<El> UL: ?— EI gOL:

M EI \'?a L3 LS xp
p= , a_<M+m> 2 kl:Klﬁa kzZKzﬁ, fb:Z- (2)
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Eq. (1) may be rendered to a dimensionless form, and then can be discretized by Galerkin’s
technique. Let

2
WED = ea),
i=1

@;(&) =cosh(4;€) — cos(4;&) — aj[sinh(4;&) — sin(4;&)], (3)
o; = (sinh 4; — sin4;)/(cosh 4; +cos 2;) (i =1, 2),
A1 = 1.875, Ay = 4.694,

where ¢;and 4; (i = 1,2) are the eigenfunctions and eigenvalues of the cantilevered beam,
respectively. Then, applying Galerkin’s method, one obtains a four-dimensional ordinary
differential equation of motion [6]:

X =AX + F(X), (4)
where
X = (x1,x2,Xx3,x4) 7, F(X) = (0,0, F5, F))",

X1 = {1, X2 = ¢, X3 = {1, X4 = o,
O o0 1 0
0O 0 0 1
A= . (%)
ay dy dz da
by by by by

The detailed expressions for a;, b; (i=1,2,3,4), F; and F,; in Egs.(5), and those of
e, by, ¢y, dy, ey, go (s, r=1, 2) contained in these expressions can be found in Ref. [6] and are
not repeated here.

In what follows, let y = 10, &, = 0.82, k, = 100 [3,6], while u, k1, o, f are allowed to vary, and let
1= (u,ki,0, f)'. Note that the matrix 4 in Eq. (4) is dependent on the parameter u, but F(x) is
not. Rewriting 4 as 4, for special emphasis to the dependence on p, then Eq. (4) becomes

X=A4,X + F(X). (6)
The eigenvalue problem of A, yields a quartic characteristic equation of the form
QA+ HQ + H,Q+ H;Q+ Hy =0, (7)
where
Hy, = — (a3 + by),

H> =a3by — bsas — by — ay,
H; =a1by — bias + bras — axbs,
H4 :d1b2 — blaz.

Obviously, the coefficients H; (i = 1,2, 3,4) are dependent on the parameter u. We analyze in this
study the local behavior of the system for the parameter u lying in the neighborhood of u=p,
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(corresponds to the intersection point M in Fig. 2) for which 4, has a zero eigenvalue and a pair
of pure imaginary eigenvalues, and the remaining eigenvalue of 4, is assumed to be negative. The
above assumptions require that three conditions must be satisfied: that is,

Hs; = H\H,, H;>0, (8)

Hy = 0. (9)

Solving Eq. (8) for k; and substituting it into Eq. (9), we may solve Eq. (9) for u, obtaining
ug(a, f). Substituting uo(e, f) into Eq. (8) again, we may solve for k;, obtaining ko(e, ), and thus
obtain

Ho = (uo(e, B), kro(a, ), 2, B)', (10)

which is dependent on the parameters of « and . Now we have the following degenerative
eigenvalues of 4, :

QI,Z = $iw0, Q2; =0, Q4 =—H;<0. (11)

Here wy = \/H3/H,.

In order to investigate the local behavior of the system near py, we introduce the local
parameters

5= (01,60,
where
01 = u — uy, 02 = ky — kyo. (12)
Thus,
= g+ (31,02,0,0)" (13)
and Eq. (6) becomes
X=A4,X + F(X) = D;X + F(X). (14)

Note that Eq. (14) becomes a degenerate system in the case of 6 = 0.

3. Reduction of the system

The matrix 4,, can be put into Jordan normal form by a transformation matrix V" that is
composed of the eigenvectors of 4, . Now we introduce the transformation

X =VY. (15)
Substituting Eq. (15) into Eq. (14), one can obtain
dY/dt=(J 4+ 45)Y +f(Y), (16)
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where
0 — ) 0
J. 0
J = N J(‘ - C()O 0 0 Py
0 Jy
0 0 0
Jq = — o0+ 73) = 2¢/Bulbi + b),
s = V(D — Doy = | A Ao
o — 0 0 —_— Adl Adz >
M =VI'FO) =(fof)', Y =0cra)
Ye=(1.y203) €R’ ys=yseR. (17)
Note that the system considered here has a symmetry:
J(Y)=—f(=7). (18)

By using the center manifold theory [7], Eq. (16) can be reduced to a three-dimensional system on
the center manifold, that is [§]

dy./dt = (J. + Aa)ye + fi(1es 0) + OO yel + 0|lyel* +1yel®)- (19)

Here A, is a 3 x 3 matrix which is dependent on the parameter 6. The elements of 4., are given as
follows:

4 4
Cmn = Um3 Z AiVin + Upd Z b_ivin (I’I’Z = 1, 2, 3: n= 1, 2: 3), (20)
i=1 i=1

1

where
a; = — Qupci101 + g1102), @ = —(upci201 + g1202),

ay = — 2+/Pbid, ay = —2+/Pb1d,
by = — (Quoca161 + g2162), by = —(QQuycd1 + g2d),

53 = — 2\/Bb2151, 54 = —2\/Eb2251‘ (21)

Here v; and u;; are the elements of matrix ¥ and V!, respectively.

In order to investigate the unfolding of Eq. (19), next, we will further reduce Eq. (19) to a
normal form by using Birkhoff’s normal form theory [8]. Since only the case of [§|<1 is
considered here, the matrix J,. + 4. possesses the eigenvalues of the form given by

v = (5(9), vy = {1(0) +iw1(9),
U3 = gl(é) - 1({)](5) = 62’ gla Czawl ER-
Note that, when 6 -0 we have {;(9), {,(0)—0 and w () — wy.

Let v,w,w and v*,w",w" denote the normalized and their adjoint eigenvectors of the matrix
J. + A. corresponding to the eigenvalues of vy, vy, v3, respectively. Introducing a transformation

Ve = 20+ SW + 5W, zeR, seC, (23)

(22)
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Eq. (19) becomes

d d ds
U—Z+w—s+ W—S: 010z + Vaws + V3ws + N(z, s, 5), (24a)
dr dz dr
where
N(z,s8,3) = fo(zv + sw + 5w, 0). (24b)

Since the non-linear terms in f. are all cubic with respect to y., the non-linear function N can be
written as

N(Z, s, E) = Z stngpamnp 5 Amnp € C 5 (25)

where m,n, p are non-negative integers, and the summation ) is always performed for m + n +
p = 3. Next we form the inner products of Eq. (24a) with v* and w" to obtain

dz
gt > 2" d) N
ds mngp J(2) ( )
qp st > "',
where
* 2 *
d)(wlr)zp = <dppp, U >= E On Apnp? dr,
(27)
x 1 2 .
dr(,f)lp = <ppp, W >= 7 0“ AW d .
Now we introduce a non-linear transformation of variables
E=czeA Z Oy 25”57 S=s+ Z ﬁmnp Z"s"S. (28)

Then we can remove, through appropriate choices of oy, and f,,, in Egs. (28), from Egs. (26)
some non-linear terms which have no influence on the topological structure of the solutions, and
one can finally obtain the following normal form Egs. [&]:

dz

=it 2517, + 2dly),,

ds Y s s
=+ P+ 5

(29a)

This implies that the solutions of Egs. (26) have the same topological structure with those of
Egs. (29a) in the local domain [8]. Therefore, removing all the non-linear terms from Egs. (26)
except the terms of z|s|” and z* in the first equation and the terms of s%s and z2s in the second will
have no influences on the qualitative features of solutions of the system. The normal form
equation (29a) can be exchanged to an alternative form by introducing cylindrical co-ordinate

§=pe? (p#0), (29b)
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That is,
45
L5+ Spp + ZrPp,
dr
ae _ ~2 )
=w) + Sip° + Z;Z7,
dr
dz . . .
5 = DE iz + dig P, (30)
where
Sk = Rdsy),  Si=1.d%), an

2 2
Zr = R(dyy),  Zi = Iu(d5)).

The first and third of equations (30) are independent on variable ¢ which represents the phase
component of the solution, so the second one which involves the variable ¢ can be ignored here.
Let

3, (32)

~ 1
p= IS, 7 =\/|d

then the first and third of equations (30) become

d—f = p({y + 7p* + nz?),

4 (33a)
— = z2({ + 0p* + 220,

dz

where
7= Sk/ISRl= 1 n=Za/|d,

a=dg/|di| = 11 o=dil/isd G3D)

Here we have rewritten z' as z for simplicity.

4. Calculation of the coefficients in the normal form equations

In the preceding section, we have derived the normal form equations of the system near the
doubly degenerate equilibrium. To unfold the degeneracy we need to compute all the coefficients
of non-linear terms in the normal form equations (33a), which are in a form of the formal
equations at this stage. To determine the expressions of the coefficients 7, #, € and 0, we need to
make a number of transformations from the original equations as indicated in the preceding
section. This procedure is quite complicated, and it is hard to give the explicit formulation for the
expressions.

The purpose of this section is to acquaint the reader with the details of the procedure and steps,
that may be unfamiliar to some readers, for calculation of the coefficients from the original
parameters of the system, and allows the reader, who so desires, to apply the technique to the
similar bifurcation problem in any other physical and engineering systems.
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Let us start with Eq. (14). At first we need to make some preparations for carrying out several
transformations later. Solving Egs. (8) and (9) for u# and k;, and then substituting them into
Eq. (5), one may construct the matrix 4,,. Next we need to solve two eigenvalue problems of 4 x 4
matrix A4,, and 3 x3 matrix J. + 4.. Using the eigenvectors of A4, we can compose the
transformation matrix V that may put 4,, into Jordan normal form. Let

Un Up
Uy Up

Here V5, V>, Uy, Uip, Uy and Uy are 4 x 3,4 x 1,3 x2,3x2,1x2and 1 x 2 partitioned
matrices, respectively. The eigenvalues vy, vy, v3 of the matrix J, + 4., are expressed in Egs. (22).
Let v, w;, w; and vf,w}k,w;‘ (i=1,2,3) be the elements of the vectors v,w,w and v, w", w",
respectively, which denote the normalized and their adjoint eigenvectors of the matrix J, + 4.
corresponding to the eigenvalues vy, vy, v3, respectively.

In the following, our attention will be focused on the transformations of the non-linear term

F(X) in Eq. (14). Let

V=[NV, V= . (34)

F(X)=(0,P",
where
0=(0,00, F=(F,Fy)" (35)
Then, the non-linear term f(Y) in Eqgs. (17) can be written as
F(Y)=VFVY) = U Ui ( , 0 > = (f‘f(Y)) (36)
U Un |\ F(V1: V2] ya)") Ja(Y)
Here f.(Y) is the non-linear term in equation on the center manifold and may be written as
J(Y) = UnFV1: V2l va)) = UnF(Viye + Vaya) = folves va). (37)

Since F(X) is the homogeneous cubic polynomial of x; and the center manifold y; = h(y.) is at
least quadratic in y., the non-linear term f.(Y) on the center manifold can be simplified as f.(y., 0)
by setting y; = 0 if we only require to consider non-linear terms up to order 3 in the normal form
equations:

F4(V1yc’) (38)

This means that to obtain the equation on the center manifold with non-linear terms up to order 3
we need only to make the transformation

_ F5(Vyy.
Mm@z&ﬁqu=m43(”v.

X =Ty (39)

for non-linear terms in Eq. (14), not transformation (15). If we substitute Eq. (23) into Eq. (39) to
combine the two transformations, we may obtain

X=fz+¢gs+7gs (40)
or
xi=fiz+gis+gis (i=1,...,4), (41)



792 J.D. Jin, G.S. Zou | Journal of Sound and Vibration 260 (2003) 783-805

where

3
f :(flaf2,f3>f4)T = Vv, f[ = ZUU‘ vj,
=1
3
9=(91,92.9394)" = Viw, gi = Z vij W),
=1

3
g =(71,92,93,94)" = V1w, gi = Zvij W), (i=1..4. (42)
=

Let R; and I; be the real and imaginary parts of g;, respectively. That is,

R; = R.(9i), I; = 1,,(9)),
gl:Rl+11h gl:Rl_IIl (l: 17>4)a (433)

where

3 3
R; = § 0 WiR, I = E v Wi,
=1 =

1=+/—1, wir = R.(w)), wir = Ln(wj),
Wi = W;g + iW,‘[ (l = 1, ,4) (43b)

Substituting Eq. (40) or (41) into the expressions of F3 and Fy [6] in Eq. (14), we may obtain the
new expressions of F3 and Fy as functions of the new variables z, s and 3:

Fs =92 +92% + yazlsPHaslsi o

Fy =612° 4 e22%5 + exzlsP+eas|s|*+ - -, (44)

where
1= kz(/’l(fb)@}’ V2=V T 12 VR = —3k2(P1(5b)<P_%<PR= Yo = —3k2¢1(5b)<2,2r€01,
73 = — 6k (E) (0% + 91y Va = Yar + 1ar,
Var = = 3201 )@k + ODPR: Va1 = —3k201 () @k + 0DPp,

2 2 2
Dol or=Y_0d&R o= @i
i=1 i=1 i=1

Pr

g1 =7y1/e, & =epr+iey, &r=7r/e, & =7Vy/e,
€3 =7V3/€, & = e4r +1e4r, €4r = Y4r/e, Ear = Yyr/e,

e =¢1(Ep)/0r(Ep). (45)

Note that, since in the normal form equations, Egs. (29a), there are only non-linear terms of z3,
z%s, z|s]* and s|s|> we do not need to compute any non-linear term except those containing these
four cubic terms in the expressions of F3 and Fy in Eq. (44). Substituting Eqs. (23) and (44) into
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Egs. (38) and using Eq. (24b), we obtain
Ni(z,5,5) = 2 + al) 25 + a\) zisP 4+ slsP+ - (= 1,2,3). (46)

Here aglgo, ag?o, aﬁ? and ag’gl i=1, 2, 3) denote the elements of the vectors aso, 210, @111 and agpy,

respectively, and
(N1, N2, N3)' =N, aly = winyy + e,
a&?o = U3y + Uig€d = U3Yyp + Uiear + 1(Ui3Yy; + Uiserr),
a\), = upy;y + uaes,
0831 =Yy + Uia€s = UpY4R + Uistar + (Ui + unesr) ((=1,2,3). 47)

If we substitute Eqgs. (47) into Eqgs. (27), we may obtain the coefficients of non-linear terms in the
normal form equations (29a):

3 3
1 * [ * *
dfl)l = <a111,v > = Za({flv,- = Z(MB% + uigg3)v;
i=1 i=1
| 3 3
d§0)0 = <a3oo, v > = Za(;())ovi = Z(UBVI + uiger)v;,
i=1 i=1

3 3
2 * i * . * .o .
d(()z)l = <a021, w > = g aﬁ)’%lwi = E [i3y4r + Uisear + 1(Ui3) gy + Uigear)|(w;g +1w;) = Sk + 187,

i=1

i=1

3
2 * *
Sk = Re(dp)) = > uispag + wiatar)Wig — (Wisyar + wiacar)wy]
P
) 3
Sy = L(ds)) = Z[uisvm + uigear)Wip + (Uizpar + wigear)wigl
P
) 3 3
dty = (ano.w'y=> " dSlow; = iy + tiear + iuiyay + i) (wig + iwyy) = Zr +i2;,
P p
) 3
Zgr = Re(délz)) = Z[uﬁ"/zR + uigerp)Wig — (UizYar + Uisear)Wi),
P

3
Zy =L(dSth) = [y + wiatar)Wy + iy + tise2)Wigl, (48)

i=1
where

* * * *
wig = Re(W;), wi = Ly(w;).

Substituting Eqgs. (48) into Egs. (33b), we finally obtain the expressions of the coefficients 7, #, &
and 0 in Eqgs. (33a).
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5. Local bifurcations

We now investigate the bifurcations of solution of the system through analyzing the reduced
Egs. (33a) which should possess all information about local behavior of the original four-
dimensional system except the phase effect [8, 9].

Obviously, the coefficients 7,#,%, 0 in Egs. (33a) all depend on the parameters o« and f.
Numerical analysis shows that for the values of « and f that fulfill the conditions (8) and (9) we
have 7 = —1,71<0,2 = 1 and 0 > 0. Therefore, Eq. (33a) can be written as

d

d—p = p(ly = p* + 12,

d;' (49)
— =2+ 0p7 + 2,

dz

where <0 and 0 > 0. The system of Egs. (49) has been encountered in many physical problems
[10,11] and investigated from various aspect for their different special purpose of problem. Here
we first briefly summarize some basic results for our purpose. To unfold the bifurcations of
Eqgs. (49) one first needs to determine the equilibria and their stability. Because of the symmetry
with respect to both axes of p and z in Egs. (49), in what follows, the equilibria and phase portraits
are only illustrated in the first quadrant. The equilibria are given by

p(( = p*+nz)=0, 2L+ 0p7 +27)=0. (50)
Obviously, there are four equilibria, as follows
(1 (p,2) = (0,0);
2 (p.2) = (V.0 for £, > 0;
(3)(p,2) = (0,/=0), for [ > 0;
&) (p,2) = (/& — n&) /(1 + On), /0L, + 5)/(1 + )
for(h<(y/mand (< — 0, if 0<O< — 1/1,
or,for{, >{;/nand {, > —0(,if 0> —1/n (51)
The stability of the equilibria and flow behavior near these equilibria can be determined by the

eigenvalues of the Jacobi matrix of the right side in Egs. (49). The Jacobi matrix has the general
form

b

P 3p% +nz2? 2npz
0~ 20pz {y + 0p* + 322

and we may evaluate the matrix at every equilibrium, as follows:

5| 01, J2_[—2cl o ] J}_lcl—ncz 01’
0 =20,

06 0 & +00
20— /(1 + Op) 21/~ — GO0, + /(1 + 0n)
200/~ — )00 + L)/(1 + 0n) 200, + )/ + On)

Jy = > (52)
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-

Fig. 3. Bifurcation set and phase portraits of Egs. (49).

where J| to J4 represent the Jacobi matrices evaluated at equilibria (1)—(4), respectively. Thus, it is
easy to show from expressions (52) that primary pitchfork bifurcations occur from the trivial
equilibrium (1) on the lines {; = 0 and {, = 0, and we obtain non-trivial equilibriums (2) for {; >0
and (3) for {, <0. Secondary pitchfork bifurcations can also occur from equilibrium (2) on the line
{4+ 00, =0, and from (3) on the line {; —n{, =0, and we obtain the equilibrium (4). The
bifurcation set in the {;—{> plane and the corresponding phase portraits of Egs. (49) in each region
are given in Fig. 3.

The same unfolding result for Egs. (49) may be obtained from a different way. We introduce the
following transformations:

1= =7 G- =0, - =, (53)
then Egs. (49) become

d
d—p =p(&i + p? = n?),
T
dz
dr 26 — 992 - 22)- (54)
T
The unfoldings for Eqgs. (54) have been investigated in Ref. [9]. The relation between the
coefficients in Egs. (54) and the corresponding Egs. (7.5.2) studied in Ref. [9] is given as follows:
—neb, —0ec, —1led,
—1—=(=n(=0)=—-1—-—nle>d—bc=n. (55)
Because of <0,0 > 0, we have

b>0, ¢<0, v>0, (56)
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Fig. 4. Bifurcation set and phase portraits in the d;—0, plane.

and so Egs. (54) indeed correspond to the case VIa in Ref. [9]. The unfolding result of Fig. 3 for
Egs. (49) then can be easily obtained also from Figure (7.5.5) in Ref. [9] if we take into account
transformations (53).

Since {;(d) and {,(6) may be regarded as the linear functions of 6 = (J;, ) when § — 0, it is easy
to determine numerically the axes of {; and {, and the bifurcation set mentioned above in the
01—0, parameter plane. Fig. 4 shows the bifurcation set and phase portraits for Egs. (49), which
are drown in the §;—0, plane.

There is an interesting problem about the possibility that Hopf bifurcations occur from the
equilibrium (4). Hopf bifurcations will occur in the system of Egs. (49) or (54) if the trace of the
Jacobi matrix J4 becomes zero, that is

=20(1+0) + 20— 1) _

(/) = 1+ 6y

0, (57)

which gives

1+0
n—1

G +0)+0LM—1)=0, or {H= C1- (58)
However, one can show that the Hopf bifurcation on the line of {, =(1+0){;/(n—1) is
degenerate [9], and thus the stability computations of the bifurcation cannot be carried out at this
stage to obtain specific criteria for sub- or super-critical bifurcations. Therefore, the higher-order
terms in the center manifold and induced by the non-linear transformation of Eq. (28) should be
added to our normal form Egs. (49) to determine the topological type of solution of the system
near the line. The unfolding computations for this case are very complicated. We need, firstly, find
a rescaling that transformed the normal form equations into a perturbation of an integrable
Hamiltonian system with the higher order terms added in the normal form part of the
perturbation. Then the Melnikov theory can be used to analyze the dependence of periodic orbits
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Fig. 5. (a) A completion of the unfolding shown in Fig. 3; (b) A completion of the unfolding shown in Fig. 4.

on the parameters and find the bifurcation curve for heteroclinic loop. Regarding this kind of
analysis and calculations, the reader can consult Ref. [9] for the analysis of a special case, n = —3
and 0 = 3, of Egs. (54). However, it is too hard to carry out the unfolding computations for the
present problem, especially using the original physical parameters, so we only conjecture here for
this system that a stable limit cycle around equilibrium (4) will be born through a supercritical
Hopf bifurcation from equilibrium (4) on the line of {, = (1 + 6){;/(n — 1). The completions of
the unfoldings shown in Figs. 3 and 4 are sketched in Fig. 5 on the basis of the conjecture. We will
confirm the conjecture and the results shown in Fig. 4 in the next section through carrying out
numerical simulations by solving Eq. (6) directly.

Finally, in order to provide a physical interpretation of the results shown in Figs. 4 and 5, we
turn to a brief discussion regarding the relationship between the dynamics of the reduced plane
autonomous system, Egs. (49), and the discretized four-dimensional system, Eq. (6). One should
reconsider the rotational effect, the second of Egs. (30), neglected at a stage in the analysis to
complete the analysis and explain the results obtained. It is easy to see that the following
correspondences exist:

Planar system  Four-dimensional system

(1) (z,p) =(0,0) —undeformed state of the pipe.

(2) (z,p) =(£,0) —buckled state of the pipe.

(3) (z,p) =(0,p) —periodic motions encircling the zero equilibrium.

4) (z,p) =(z,p) —periodic motions encircling the non-zero equilibriums.

(5) Periodic orbit (limit cycle) —two-dimensional torus, quasi-periodic motions,

where Z and p represent the values of z and p at the fixed points in Figs. 3 (and 4), respectively. It
is easy to imagine that the limit cycle motion around equilibrium (4) in the reduced planar system
may be regarded as a motion on the surface of two-dimensional torus in the three- or four-
dimensional state space if we take into account the rotational effect neglected. A sketch
illustrating the motion on the surface of two-dimensional torus is shown in Fig. 6. This motion
itself is not periodic but is said to be quasi-periodic or almost-periodic.
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limit cycle

Fig. 6. Sketch illustrating the motion on the surface of two-dimensional torus.

6. Numerical simulations

Numerical simulations are carried out by solving the four-dimensional equation (6) directly
with the aid of the fourth order Runge—Kutta method to confirm the analytical results shown in
Fig. 4 and the conjecture in the previous section. In the computations, we set o = 0.005 and
p = 0.2 [6]. Thus the values of u and k; which correspond to the doubly degenerate point M can
be determined as follows:

up = 9.828245, ko = 59.40064.

Figs. 7(a)—(g) show the phase trajectories simulated directly from Eq.(6) in some specific
cases, which correspond to the behavior in regions 1-7 of Fig. 4, respectively. The phase
portraits in Fig. 7 are projections of solutions onto (x;, x3)-plane. It is easy to see that there exist
the relationships between the phase portraits in Fig. 4, Fig. 7 and the sub-regions in Fig. 2 as
shown in Table 1. One can see that each line of the bifurcation set in §;—9, parameter plane
shown in Fig. 4 takes almost the same direction with the boundary line of the corresponding
stability region in Fig. 2 in the neighborhood of the degenerate point M. Therefore, the unfolding
results shown in Fig. 4 are indeed verified except the conjecture concerning the Hopf bifurcation
from equilibrium (4). In order to show that a stable limit cycle motion occurring from the
Hopf bifurcation dose exist in the reduced system of Egs. (49), one needs to confirm that a
quasi-periodic motion does occur in the original four-dimensional system of Eq.(6) in the
corresponding parameter range. Here, the phase portraits and Poincar¢ maps are used as
the tools for numerical simulations, and the following two triggers are used for Poincaré
maps:

(1) The state of the pipe at the point of ¢ = 0.82 will be taken down when the velocity of the pipe
at the point of £ =1 be zero, i.e.,

W1, 1) = ¢1(1)¢1(2) + @2(1)ga(z) = 0.
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Fig. 7. Phase portraits simulated directly from Eq. (6). (a) u=9.4, k; =52; (b) u=9.7, k1 =155; (¢) u=9.83, k1 =55.72; (d)
u=9.85, k1=158; (¢) u=9.89, k1=59.5; (f) u=9.7, k1 =159.5; (g) u=9.4, k;=59.2.
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Table 1

Relationships between Figs. 2, 4 and 7

Figure 4 1 2 3 4 5 6 7
Figure 7 a b d e f g
Figure 2 1 2 7 7 v I II

N XD
~ 01T R B
i S 0 g 0 AN
& -0.17 _15t
NJ
~0.08 0 008 ~0.12 0 012 ~0.015 0 0.015
(@ x, (b) W (0.82) © w )

Fig. 8. A quasi-periodic motion of the system for u=9.82915, k; = 57.5. (a) Phase portrait; (b) Poincaré map for trigger
1; (c) Poincaré map for trigger 2.

(2) The state of the pipe at the point of £ = 1 will be taken down when the displacement of the
pipe at the point of ¢ = 0.82 be zero, i.e.,

W(0.82,7) = ¢,(0.82)q1(7) + ¢,(0.82)g2(t) = 0.

A quasi-periodic motion captured in the four-dimensional system of Eq. (6) in the corresponding
parameter range near the degenerate point M is shown in Fig. 8. One can see from the figure that
the Poincaré maps of the quasi-periodic motion are closed curves: double closed curves for using
trigger 1 and single one for using trigger 2.

7. Conclusions and discussions

In this paper, we have studied some local stability and bifurcation problems of a cantilevered
pipe conveying fluid with the motion limiting constraints and a linear spring support. The local
behavior of the system in the neighborhood of a doubly degenerate point was analyzed by using
some qualitative reduction methods in dynamical system theory, such as center manifold and
Birkhoff’s normal form theory. The analytical results obtained are found to be in good agreement
with that obtained by means of numerical simulations. Furthermore, the analytical unfolding
results show that the quasi-periodic motions may occur in certain parameter range in the system,
which could not be detected in the early work using numerical method [6].

In addition we found that as the parameters of # and k; vary from the point M to the sub-region
of chaotic motions (region 4) in Fig. 2 along the boundary line between the sub-regions IV and 7
chaotic motions occur as the results of the breakup of the quasi-periodic torus surface [12], as
shown in Fig. 9. It is known to be a different route to chaos from that of ““periodic-doubling
bifurcation” which has been detected in this system earlier [3,6]. A further analysis on the
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Fig. 9. Onset of chaos by breakup of the torus surface of quasi-periodic motions. (a)—(c) u=9.8302, k;=55; (d)—(f)
u=9.832, k;=50.1; (g)—(1)) u=9.83218, k;=49.8; (j)-(1) u=9.8322, k;=49.62; (m)—(0) u=9.8313, k; =49.6. Where
figures (a), (d), (g), (j), (m) are phase portraits, figures (b), (e), (h), (k), (n) are Poincaré maps with trigger 1, and figures
(c), (D), (1), (1), (o) are Poincaré maps with trigger 2.

differences between these two kinds of chaos born from different routes, and about the ways by
which one develops into the other will be published elsewhere.

Note that near the Hopf bifurcation line we may determine the line of heteroclinic orbit by the
Melnikov’s method as shown in Fig. 5. It gives rise to the possibility of heteroclinc tangles among
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the stable and unstable manifolds of saddle loop. If this happens we may expect to find in this case
a thin “wedge” around the Hopf bifurcation line in which chaotic motions occur. However, in the
present system, there is a stable state with the quasi-periodic motion in that region, and so the
chaotic motions would not seem to occur near the degenerate point M. Indeed, numerical
simulations we carried out so far have not detected any chaotic motions in that region. The
chaotic motion we detected which arises at the nearest distance from the degenerate point M
(ug = 9.82,k1p = 59.4) is located in k1 = 50, and so we do not think that it can be regarded as the
chaos born from the heteroclinic tangles near the degenerate point. It should also be pointed out
that based on the two-dimensional analysis we may provide merely a information about the
possibility of chaotic motions in the system of four-dimensional equation. How the chaotic
motions associate with the heteroclinic bifurcation are created in higher dimensional system and
how the chaotic motions are created by the breakup of the quasi-periodic torus structure as the
system parameter is varied are still imperfectly understood [9,13].

Appendix A. Nomenclature

0 (0,0)"

a coefficient of viscoelastic damping

a; element of matrix A4

a; element of matrix 4, — A,

ypnp coefficient of non-linear terms

a’(yil)n » element of @,

A 4 x 4 matrix, coefficients of linear part of equation of motion

Aers Aeas Aars A 3x3,3x1,1x3and 1x 1 partitioned submatrices of 4

As 4 x 4 matrix, Eqgs. (17)

Ay matrix A

Ao matrix 4, when u = pu,

b; element of matrix A4

b; element of matrix 4, — Ay

by Jo 9:(&)0(&) d¢

Cor Jo 2(O(&) dE

Com element of matrix A

dr Jo E0,(O)0)(©) de

d;(;gzp coefficient of non-linear terms, Egs. (27)
Ds 4 x 4 matrix, equal to A4,

Dy matrix Ds when 6 =0

e 1)/ 2(Eh)

Egr bsr + dsr — Cyr

EI flexural rigidity of pipe

f coefficient of transformation, Eq. (40)
AY) non-linear term in equation of motion, (f,, ;)"
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non-linear terms in equation of motion, Eqgs. (17)
element of f

non-linear terms in equation of motion
coefficient of transformation, Eq. (40)
acceleration due to gravity

element of g and g, respectively

0(E) - 0,(E)

center manifold

coefficient of characteristic equation

sub- or superscript

Na|

imaginary part of g;

4 x 4 matrix, Jordan normal form of 4,
2 x 2 Jacobi matrices

real and imaginary parts of d((é)l

time

non-dimensional flow velocity

value of u at degenerate point

element of matrix V!

flow velocity

3x2,3x2,1x2,1x2 partitioned submatrices of V!

normalized and its adjoint eigenvectors of J, + 4., corresponding to

eigenvalue of vy

elements of v and v", respectively

elements of matrix V

4 x 4 transformation matrix

4 x 3 and 4 x 1 partitioned submatrices of V

3 x 3 matrix, Eq. (17)

—H,

non-dimensional linear and non-linear spring constants
value of k; at degenerate point

linear and non-linear spring constants

length of pipe

mass per unit length of pipe

mass of fluid per unit length

non-linear term in equation on the center manifold
element of N

motion with ith natural mode of pipe

real part of g;

variables defined in Egs. (23) and (28)

normalized and their adjoint eigenvectors of J. + A, corresponding

to eigenvalues of v, and vs3, respectively

803
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Wi, W;
WiR, WiI

* *
Wir> Wir
w
X
Xb
Xi
X
Y

Lmnp

B

ﬁmnp
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Vi

Yar> Vor
VaR> Var
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elements of w and w’

real and imaginary parts of w;
real and imaginary parts of w;
non-dimensional deflection of pipe
co-ordinate of pipe

location of constraint

element of X

variables defined in Eq. (5)
deflection of pipe

01y )"

Y4

element of YV

variables defined in Eq. (15)

variables defined in Egs. (23), (28) and (32)
the value of z at equilibrium

real and imaginary parts of dézlz)

non-dimensional coefficient of viscoelastic damping
coefficient of non-linear transformation, Eq. (28)

M /(M +m)

coefficient of non-linear transformation, Eq. (28)

(M + m)goL? /(ET)

coefficient of non-linear term in normal form equations, +1
coefficient of non-linear term, Eq. (44)

real and imaginary parts of y,

real and imaginary parts of y,

(81,02)"

Dirac delta function

u— U

ki — ko

coefficient of non-linear term in normal form equations, +1
coefficient of non-linear term, Eq. (44)

real and imaginary parts of &,

real and imaginary parts of &

real part of eigenvalue v,

U1

coefficient of non-linear term in normal form equations
coefficient of non-linear term in normal form equations
ith eigenvalue of cantilevered beam

(u,ky, o, )T

(o, k10,2, )" )

eigenvalue of J, + 4.
non-dimensional co-ordinate of pipe
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& non-dimensional location of constraint
0, P variables defined in Eqgs. (32) and (29b)
0 the value of p at equilibrium

o coefficient defined in Eq. (3)

T non-dimensional time

@ phase angle of solution

®i(S) ith eigenfunction of cantilevered beam
®rs Q1> PR coefficients defined in Eq. (45)

@o \/ H3/H1

w1 imaginary part of v,

Q, Q, eigenvalues of 4,
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