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1. Introduction

Uniform beams on several resilient supports (usually approximated with sets of linear
translational and rotational springs) occur in engineering applications. Several investigators have
derived the frequency equations of special and degenerate cases, a few of which are briefly
described here: Chun [1] — one end spring-hinged and the other end free, Goel [2] — both ends
spring-hinged, Maurizi et al [3] — one end spring-hinged with a translational spring at the other
end. Afolabi [4] — cantilever with resilient root, Lui et al [5] — resilient supports with in-span
particles, Maurizi and Belles [6] — cantilever with translational spring-sliding end. Rao [7] derived
the frequency equation of beams on resilient supports and tabulated the first five frequencies for
several combinations of the four spring stiffness parameters but did not include the frequencies of
any special or degenerate cases. Register [8] added rigid bodies at the ends but presented results
for symmetrical cases. Kang and Kim [9] considered complex stiffness parameters.
Investigators who have used numerical methods and publications include: Venkateswara Rao

and Kanaka Raju [10] — finite element method for spring-hinged at one end, Sundararajan [11] —
one term Galerkin solution for a beam spring-hinged at both ends, MacBain and Genin [12] —
finite difference, Justine and Krishnan [13] — matrix iteration for resilient support at one end,
Karmeswara Rao [14] — Galerkin method, Kim and Dickinson [15] — Rayleigh–Ritz and Abbas
and Irretier [16] — cantilever with resilient root by finite element method.
Wang and Lin [17] and Li [18] discussed solutions based on Fourier series and the rates of

convergence of the solutions.
Bapat and Bapat [19] used the transfer matrix method to tackle a beam with several

translational and rotational springs but the only result listed was the frequencies of a cantilever
with one resilient in-span support. The frequency equation of a clamped–clamped beam with one
in-span translational support, was derived by Karmeswara Rao [20]. Wu and Chou [21]
considered a cantilever carrying oscillators and translational springs.
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The first case considered in the present paper is an uniform Euler–Bernoulli beam on five
resilient supports (including ends). Combinations of ‘general’ and degenerate resilient types of end
supports are classified into 81 types (which included the classical clamped, pinned, sliding and free
boundary conditions). Degenerate in-span supports are not considered. The frequency equation is
expressed as a fourth order determinant equated to zero. A scheme is presented to compute the
elements of the determinant of the frequency equation. A ‘search’ followed by an iterative process
based on linear interpolation is used to obtain the roots of the frequency equation. The first three
frequency parameters for a selected set of the three in-span support locations, sets of the three in-
span spring stiffness parameters and 81 types of end supports are tabulated. Computations were
in Fortran77 in double precision, on a VAX under VMS operating system. Numerical problems
were not encountered. The method was modified to tackle beams on four, three and two resilient
supports and the corresponding first three frequency parameters are tabulated. The method may
be used to calculate the frequency parameters of beams on any number of resilient in-span
supports.
The tables of frequency parameters may be used to judge the quality of frequencies obtained by

numerical methods.

2. Theoretical considerations

2.1. Beam on five resilient supports (including ends)

Fig. 1 shows the uniform Euler–Bernoulli beam O11O21 of length L, mass per unit length m,
flexural rigidity EI, on resilient supports at the ends O11, O21 and at three in-span locations O12,
O00 and O22. The in-span supports are of the ‘general’ resilient type shown in Fig. 2;. The ‘general’
type of resilient support at the ends O11 and/or O21 is shown in Fig. 2;, the classical clamped (cl),
pinned (pn), sliding (sl) or free (fr) in Fig. 2a–d and the ‘degenerate’ resilient supports in Fig. 2e–h.
The beam portions are of length R11L, R12L, R22L and R21L, the support location parameters are
R11, R12, etc. The dynamics of the portions of the beam between consecutive supports were treated
separately. The co-ordinate systems at O11 and O12 are in the same direction but the systems at
O22 and O21 are in contra-direction to the aforementioned systems.

Fig. 1. The uniform beam on five ‘general’ resilient supports (including ends) and the co-ordinate systems.
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For free vibration at frequency if yj(xj) (j = 11, 12, 22, 21) is the amplitude at abscissa xj (0p xj

p RjL), then based on the Euler–Bernoulli theory of bending, the bending moment Mj(xj),
shearing force Qj(xj) and the mode shape differential equations are

MjðxjÞ ¼ EI
d2yjðxjÞ

dx2
j

; QjðxjÞ ¼ �EI
d3yjðxjÞ
dx3

j

;

EI
d4yjðxjÞ
dx4

j

� mo2yjðxjÞ ¼ 0: ð1Þ

To write Eqs. (1) in dimensionless form, introduce the variables Xj (0 p Xj p Rj) and Yj(Xj),
operators Dn

j and define the dimensionless bending moment Mj(Xj), shearing force Qj(Xj),
frequency O, frequency parameter a and the translational and rotational spring stiffness Kt,j and
Kr,j (for use later in the text) as follows:

X1j ¼
xj

L
; YjðXjÞ ¼

yjðxjÞ
L

; Dj ¼
d

dXj

; Dn
j ¼

dn

dX n
j

; MjðXjÞ ¼
MjðxjÞL

EI
;

QjðXjÞ ¼
QjðxjÞL2

EI
; X2 ¼ a4 ¼

mo2L4

EI
; Kt;j ¼

kt;jL
3

EI
; Kr;j ¼

kr;jL

EI
: ð2Þ

Eqs. (1) in dimensionless form are

MjðXjÞ ¼D2
j ½YjðXjÞ�; QjðXjÞ ¼ �D3

j ½YjðXjÞ�;

D4
j ½YjðXjÞ� � X2YjðXjÞ ¼ 0: ð3Þ

The dimensionless mode shape of the beam portions are

YjðXjÞ ¼ C1j sin aXj þ C2j cos aXj þ C3j sinh aXj þ C4j cosh aXj ð4Þ

in which C1,j through to C4,j are the constants of integration.

2.1.1. The mode shape of portion O11O12

Consider the ‘general’ type of resilient support shown in Fig. 2i. Compatibility of moments and
forces acting on the beam element at O11 shown in Fig. 3a will lead to the following equations in

Fig. 2. The classical, degenerate and the ‘general’ type of resilient end supports.
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dimensionless form:

D2
11½Y11ð0Þ� ¼ Kr;12D11½Y11ð0Þ�; D3

11½Y11ð0Þ� ¼ �Kt;12Y11ð0Þ: ð5Þ

The dimensionless mode shape of the portion O11O12 is

Y11ðX11Þ ¼ C1;11sin aX11 þ C2;11cos aX11 þ C3;11sinh aX11 þ C4;11cosh aX11: ð6Þ

Eq. (6) must satisfy Eqs. (5) which enables two of the constants of integration in Eq. (6) to be
eliminated leading to the mode shape of O11O12

Y11ðX11Þ ¼ A1U11ðX11Þ þ B1V11ðX11Þ ð7Þ

in which A1 and B1 are constants and U11(X11) and V11(X11), the ‘modified’ mode shape functions
are

U11ðX11Þ ¼ sin aX11 þ G1 cos aX11 þ H1 cosh aX11;

V11ðX11Þ ¼ sinh aX11 � H1 cos aX11 � G1 cosh aX11 ð8Þ

in which G1 ¼ 0:5 a3=Kt;11 � Kr;11=a
� �

and H1 ¼ 0:5 a3=Kt;11 þ Kr;11=a
� �

or the alternative form

U11ðX11Þ ¼ cos aX11 þ G2 sin aX11 þ H2 sinh aX11;

V11ðX11Þ ¼ cosh aX11 � H2 sin aX11 � G2 sinh aX11 ð9Þ

in which G2 ¼ 0:5 �a=Kr;11 þ Kt;11=a3
� �

and H2 ¼ 0:5 �a=Kr;11 � Kt;11=a3
� �

:
For the classical cl, pn, sl and fr end supports shown in Fig. 2a–d and the ‘degenerate’ types of

resilient end supports shown in Fig. 2e–i, the functions U11(X11) and V11(X11) are listed in
Appendix A.

2.1.2. The mode shape of portion O12O00

The dimensionless mode shape of O12O00 is

Y12ðX12Þ ¼C1;12 sin aX12 þ C2;12 cos aX12

þ C3;12 sinh aX12 þ C4;12 cosh aX12: ð10Þ

Fig. 3. The forces and moments on beam elements at O11, O12 and O00.
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Continuity of deflection and slope and compatibility of the forces and moments on the beam
element at O12 shown in Fig. 2b results in

Y11ðR11Þ ¼ Y12ð0Þ; D11½Y11ðR11Þ� ¼ D12½Y12ð0Þ�;

D2
1½Y11ðR11Þ� þ Kr;12D11½Y11ðR11Þ� ¼ D2

12½Y12ð0Þ�;

D3
1½Y11ðR11Þ� � K1;12Y11ðR11Þ ¼ D3

12½Y12ð0Þ�:

ð11Þ

When Eqs. (7) and (10) were substituted into the set of Eqs. (11) and the four constants C1,12

through to C4,12 were eliminated, the following form of the mode shape of the portion O12O00

results:

Y12ðX12Þ ¼ A1U12ðX12Þ þ B1V12ðX12Þ; ð12Þ

where A1 and B1 are the same constants which appear in Eq. (7) and the functions U12(X12) and
V12(X12) are

U12ðX12Þ ¼G1;12sinaX12 þ G2;12cosaX12 þ G3;12sinhaX12 þ G4;12coshaX12;

V12ðX12Þ ¼H1;12sinaX12 þ H2;12cosaX12 þ H3;12sinhaX12 þ H4;12coshaX12 ð13Þ

in which the coefficients G1,12 through to G4,12 are

G1;12 ¼
D11½U11ðR11Þ�

2a
�

D3
11½U11ðR11Þ� � Kt;12U11ðR11Þ

2a3
;

G2;12 ¼
U11ðR11Þ

2
�

D2
11½U11ðR11Þ� þ Kr;12D11½U11ðR11Þ�

2a2
;

G3;12 ¼
D11½U11ðR11Þ�

2a
þ

D3
11½U11ðR11Þ� � Kt;12U11ðR11Þ

2a3
;

G4;12 ¼
U11ðR11Þ

2
þ

D2
11½U11ðR11Þ� þ Kr;12D11½U11ðR11Þ�

2a2
: ð14Þ

The coefficients H1,12—H4,12 are obtained by inserting V in place of U in the above equations.

2.1.3. The mode shapes of portions O21O22 and O22O00

The mode shape of the portion O21O22 may be expressed in the form

Y21ðX21Þ ¼ A2U21ðX21Þ þ B2V21ðX21Þ ð15Þ

in which A2 and B2 are constants and the functions U21(X21) and V21(X21) are obtained by
replacing the subscript 11 with 21 in Eqs. (8) and (9). Consideration of continuity of deflection
and slope and compatibility of bending moment and slope at O22 will lead to the mode shape of
O22O00

Y22ðX22Þ ¼ A2U22ðX22Þ þ B2V22ðX22Þ ð16Þ

in which the functions U22(X22) and V22(X22) are

U22ðX22Þ ¼G1;22 sin aX22 þ G2;22 cos aX22 þ G3;22 sinh aX22 þ G4;22 cosh aX22;

V22ðX22Þ ¼H1;22 sin aX22 þ H2;22 cos aX22 þ H3;22 sinh aX22 þ H4;22 cosh aX2; ð17Þ
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where the coefficients G1,22–H4,22 were obtained by replacing the subscripts 11 and 12 with 21 and
22, respectively, on the right side of Eqs. (14).

2.1.4. The frequency equation

The forces and moments acting on the element at O00 is shown in Fig. 3c. Continuity of
deflection and slope (bearing in mind the contra-directions of X12 and X22) and compatibility of
moment and shearing forces lead to the following equations in dimensionless form:

Y12ðR12Þ ¼ Y22ðR22Þ; D12½Y12ðR12Þ� ¼ �D22½Y22ðR22Þ�;

D2
12½Y12ðR12Þ� þ Kr;00D12½Y12ðR12Þ� ¼ D2

22½Y22ðR22Þ�;

D3
12½Y12ðR12Þ� � Kt;00½Y12ðR12Þ� ¼ �D3

22½Y22ðR22Þ�:

ð18Þ

When Eqs. (12) and (16) are inserted into Eqs. (18), the coefficient matrix of the four equations
which results must be singular. This leads to the frequency equation

U12ðR12Þ V12ðR12Þ �U22ðR22Þ �V22ðR22Þ

D12½U12ðR12Þ� D12½V12ðR12Þ� D22½U22ðR22Þ� D22½V22ðR22Þ�

D2
12½U12ðR12Þ�

þKr;00D12½U12ðR12Þ�

D2
12½V12ðR12Þ�

þKr;00D12½V12ðR12Þ�
�D2

22½U22ðR22Þ� �D2
22½V22ðR22Þ�

D3
12½U12ðR12Þ�

�Kt;00U12ðR12Þ

D3
12½V12ðR12Þ�

�Kt;00V12ðR12Þ
D3

22½U22ðR22Þ� D3
22½V22ðR22Þ�

���������������

���������������

¼ 0: ð19Þ

Without loss of generality one may choose

R11 þ R12 þ R22 þ R21 ¼ 1: ð20Þ

2.1.5. The system parameters for five support beam
For sample calculations the following system parameters were chosen: support location

parameters: [R11 R12 R22 R21]=[ 0.2 0.2 0.3 0.3], the end support spring stiffness parameters: [Kt,11

Kr,11]=[10 20] and [Kt,21 Kr,21]=[100 200] and the in-span spring stiffness parameters: [Kt,12

Kr,12]=[Kt,00 Kr,00]=[Kt,22 Kr,22]=[10 2]. In Tables 1–4, the boundary conditions are represented
by (B, C) where B and/or C=1, 2, 3,y,9 denote the types of supports shown in Fig. 2a–i,
respectively. For the ‘general’ type of resilient end supports, i.e., (9, 9) all the system parameters
will be used. For the other types of supports, the stiffness parameters are selected from this set as
required. For example, in the case of (5, 7) type, Kr,11 and Kt,21 are not required, (1, 6) type will
not require Kt,11, Kr,11 and Kr,21 and so on.

2.1.6. Natural frequency calculations
Account is taken of the type of support at O11 and O21 in the choice of the functions U11(X11),

V11(X11), U21(X21) and V21(X21) from Eqs. (8) or (9) for ‘general’ resilient support or for classical
or ‘degenerate’ resilient support from Appendix A. The functions are all transcendental and their
derivatives are obtained by straightforward differentiation. For a trial a = 0.1 (say), U11(R11),
V11(R11), D11[U11(R11)], D11[V11(R11)], etc., were calculated and inserted into Eqs. (14) to get the
coefficients G1,12 through to H4,12, followed by U12(R12), V12(R12), D12[U12(R12)], D12[V12(R12)],
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etc. from Eq. (13). Similarly U22(R22), V22(R22), D22[U22(R22)], D22[V22(R22)] were calculated and
hence the elements of the determinant of the frequency equation (19). The determinant was
expanded by inductive development [22]. The trial a was changed in steps of 0.1 and calculations
were repeated till a sign change in the value of the determinant was observed. This gives a ‘range’
in which a root lies. Calculations were repeated in this ‘range’ in steps of 0.01 to narrow the
‘range’. At this stage an iterative procedure based on linear interpolation was invoked to find a
root to a pre-set accuracy. The procedure was repeated from this root to locate the second root
and so on. The first three frequency parameters for the selected set of system parameters are
tabulated in Table 1.

2.2. Beams on four resilient supports (including ends)

For sample calculations the following system parameters were chosen for the beam on two in-
span supports: [R11 R12 R21] = [0.4 0.3 0.3] and [Kt,11 Kr,11], [Kt,12 Kr,12], [Kt,00 Kr,00] and [Kt,21

Kr,21] were the same as in Section 2.1.5. The frequency equation was obtained by replacing the
subscript 22 with 21 in Eq. (19). The first three frequency parameters are tabulated in Table 2.

2.3. Beam on three resilient supports (including ends)

For sample calculations the following system parameters were chosen for the beam on one in-
span support: [R11 R21] = [0.7 0.3] and [Kt,11 Kr,11], [Kt,00 Kr,00] and [Kt,21 Kr,21] were the same as in
Section 2.1.5. The frequency equation was obtained by replacing the subscript 12 with 11 and 22
with 21 in Eq. (19). The first three frequency parameters are tabulated in Table 3.

2.4. Beam on resilient end supports

Rao [7] tackled a beam on the ‘general’ type of resilient end supports but did not present any
results for the degenerate types of resilient supports. To fill this shortcoming, the first three
frequency parameters of the beam on end supports (spring stiffness parameters [Kt,11 Kr,11] and
[Kt,21 Kr,21] are the same as in Section 2.1.5), are tabulated in Table 4. The boundary conditions (9,
9) were considered in Ref. [7], (7, 4) in Ref. [1], (7, 7) in Ref. [2], (7, 6) in Ref. [3], (9, 4) in Ref. [4]
and (5, 4) in Ref. [6].

3. Concluding remarks

Transverse vibrations of uniform Euler–Bernoulli beams on up to five resilient supports
(including ends) were considered in this paper. A total of 81 combinations of classical, degenerate
and ‘general’ types of resilient end supports were considered. Degenerate in-span supports were
not considered. The frequency equation was expressed as a fourth order determinant equated to
zero Schemes to express and calculate the elements of the determinant and then to compute the
roots of the frequency equation are presented. Tables of the first three frequencies for one set of
the system parameters are presented for three, two, one and nil in-span supports.
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The method may be extended to tackle any number of resilient supports provided the in-span
supports are not degenerate. The frequencies tabulated may be used to judge the frequencies
obtained by numerical methods.

Appendix A

The functions U11(X11) and V11(X11) are for classical and ‘degenerate’ resilient supports at
O11.For the classical cl, pn, sl or fr supports at O11 shown in:
Fig. 2a: Kt;11-N;Kr;11-N ðclÞ

U11ðX11Þ ¼ sin aX11 � sinh aX11;V11ðX11Þ ¼ cos aX11 � cosh aX11: ðA:1Þ

Fig. 2b: Kt;11-N;Kr;11 ¼ 0 ðpnÞ

U11ðX11Þ ¼ sin aX11;V11ðX11Þ ¼ sinh aX11: ðA:2Þ

Fig. 2c: Kt;11 ¼ 0;Kr;11-N ðslÞ

U11ðX11Þ ¼ cos aX11;V11ðX11Þ ¼ cosh aX11: ðA:3Þ

Fig. 2d: Kt;11 ¼ 0;Kr;11 ¼ 0 ðfrÞ

U11ðX11Þ ¼ sin aX11 þ sinh aX11;V11ðX11Þ ¼ cos aX11 þ cosh aX11: ðA:4Þ

For the ‘degenerate’ resilient supports shown in:
Fig. 2e: Kt;11a0;Kr;11-N

U11ðX11Þ ¼ cos aX11 þ
Kt;11ðsin aX11 � sinh aX11Þ

2a3
;

V11ðX11Þ ¼ cosh aX11 þ
Kt;11ðsin aX11 � sinh aX11Þ

2a3
:

ðA:5Þ

Fig. 2f: Kt;11a0;Kr;11 ¼ 0

U11ðX11Þ ¼ sin aX11 þ
a3ðcos aX11 þ cosh aX11Þ

2Kt;11
;

V11ðX11Þ ¼ sinh aX11 �
a3ðcos aX11 þ cosh aX11Þ

2Kt;11
:

ðA:6Þ

Fig. 2g: Kt;11-N;Kr;11a0

U11ðX11Þ ¼ sin aX11 �
Kr;11ðcos aX11 � cosh aX11Þ

2a
;

V11ðX11Þ ¼ sinh aX11 �
Kr;11ðcos aX11 � cosh aX11Þ

2a
:

ðA:7Þ

Fig. 2h: Kt;11 ¼ 0;Kr;11a0

U11ðX11Þ ¼ cos aX11 �
aðsin aX11 þ sinh aX11Þ

2Kr;11
;

V11ðX11Þ ¼ cosh aX11 þ
aðsin aX11 þ sinh aX11Þ

2Kr;11
:

ðA:8Þ
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