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Abstract

The classical moving co-ordinate frame approach and Hamilton’s principle are employed to derive a
distributed-parameter mathematical model to investigate the dynamic behaviour of deep mine hoisting
cables. This model describes the coupled lateral-longitudinal dynamic response of the cables in terms of
non-linear partial differential equations that accommodate the non-stationary nature of the system.
Subsequently, the Rayleigh—Ritz procedure is applied to formulate a discrete mathematical model.
Consequently, a system of non-linear non-stationary coupled second order ordinary differential equations
arises to govern the temporal behaviour of the cable system. This discrete model with quadratic and cubic
non-linear terms describes the modal interactions between lateral oscillations of the catenary cable and
longitudinal oscillations of the vertical rope. It is shown that the response of the catenary—vertical rope
system may feature a number of resonance phenomena, including external, parametric and autoparametric
resonances. The parameters of a typical deep mine winder are used to identify the depth locations of the
resonance regions during the ascending cycles with various winding velocities.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Ropes and cables are among the oldest tools and structural elements used in engineering. Thus,
it is not surprising that the behaviour and mechanical properties of these elements have been
studied extensively for many hundreds of years, and these studies have resulted in the introduction
of a number of well-known theories and techniques. For example, Stevin in 1586 instituted the
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triangle of forces by experimenting with loaded strings, Beeckman in about 1615 solved the
suspension bridge problem, and James and John Bernoulli between 1690 and 1691 established the
foundations of the catenary theory [1].

Cables, due to their low bending and torsional stiffness, and due to their ability to resist
relatively large axial loads, have been widely used in towing operations, to support structures, to
conduct signals, and to carry payloads. In this latter application, cables have played a vital role in
industrial hoisting installations, and particularly in deep mine hoist systems. A common
arrangement in these systems, referred to as a single-drum system, is shown in Fig. 1. It comprises
a driving winding drum, a steel wire cable, a sheave mounted in headgear, and a conveyance. The
cable passes from the drum over the sheave, forming a horizontal or inclined catenary, to the
conveyance constrained to move in a vertical shaft, and forms the vertical rope hanging below
the headsheave. A cable storage mechanism on the winder drum is applied in order to facilitate a
uniform coiling pattern. This system can be treated principally as an assemblage of two connected
interactive, continuous substructures, namely of the catenary and of the vertical rope, with the
sheave acting as a coupling member, and with the winder drum regarded as an energy source. An
important feature of this systems is that the hoisting cable is of time-varying length. However, the
variation is small over a time period corresponding to the fundamental frequency of the system
and the length is said to vary slowly. Consequently, the dynamic characteristics of the system vary
slowly during the wind, rendering the system non-stationary.

Other different configurations of the hoisting system are used in various industries. For
example, double-drum systems operate at higher depths. These systems are formed essentially by
two mechanically coupled single-drum systems, with one system acting as the overlay and the
other as the underlay installation. However, the majority of hoisting systems usually can be
modelled as a simple single-drum installation. The dynamic behaviour of this typical hoisting
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Fig. 1. A single-drum hoisting installation.
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installation, hereafter referred to as the catenary—vertical rope system, is addressed in this study.
The importance of this subject cannot be overestimated, especially in the context of the mining
industry, where the safety of personnel and profitability rely on stable designs.

Thus, it is not surprising that numerous aspects of the dynamic behaviour of hoisting cables, in
particular in elevators and in mine hoists, have been studied in the past. In early research
attempts, the scope of the studies was limited to the longitudinal dynamic behaviour of a vertical
rope of fixed length with end mass [2-5]. More recently, Goroshko and Savin [6,7] studied
longitudinal and transverse oscillations of a vertical rope with slowly varying length. In this study,
the dynamic response due to the acceleration and deceleration inertial loads was investigated
applying integro-differential equations with time-varying intervals and kernels. Following the
fundamental concepts for non-linear oscillating systems with slowly varying parameters
established by Mitropolskii [§], they developed an innovative and efficient approach to model
one-dimensional systems with time-varying length. Kotera [9] treated free and forced vibrations of
a vertical rope with time-varying length and a concentrated mass attached to its end. In this
research, an analytical method based on the method of separation of variables was proposed to
solve the problem. Marczyk and Niziol [10] analyzed the influence of longitudinal oscillations on
the lateral behaviour of vertical hoisting ropes, and applied methodology developed by Goroshko
and Savin [6] to construct an asymptotic solution to analyze parametric resonance occurring in
the system. Klich [11] considered the non-stationary dynamics of winding ropes together with the
driving electrical system. The problem of optimal control of the driving system was analyzed and
modelling techniques were discussed. Mankowski [12] carried out a computer simulation of the
dynamic behaviour of a typical hoisting cable system. A lumped-mass model of the system was
developed to describe the lateral motions of the catenary cable and the longitudinal dynamics of
the vertical rope due to a kinematic excitation arising at the winder drum. Constancon [13] re-
addressed the problem as stated by Mankowski and proposed a distributed-parameter model
describing the lateral-longitudinal dynamics of the system applying the theory of travelling cables
formulated by Perkins and Mote Jr. [14]. In this study, a stationary model was used to investigate
the stability of linear steady state motion in the context of the non-linear equations of motion of
the system by applying a harmonic balance method, and a laboratory experiment was conducted
to verify the results. Besides, the non-stationary nature of the system was accounted for in a
numerical simulation of equations of motion.

More recently, Kumaniecka and Niziol [15] presented interesting results on parametric
resonance in a longitudinal-transverse model of a vertical rope with dry friction, material non-
linearity and slowly varying length. They applied the method of harmonic balance to identify
parametric combination resonance regions, and found that as a result of non-linear coupling
between the longitudinal and transverse modes, parametric resonance was possible, but only at
high amplitudes of longitudinal motion. Non-stationary parametric resonance was considered
also by Terumichi et al. [16]. They analyzed passage through resonance in a model of a high-rise
building elevator and studied vibrations of a vertical string with time-varying length and a mass—
spring system attached at the lower end. The upper end was subject to a harmonic motion.
Influence of the axial velocity on the transverse amplitude was examined and was shown that the
amplitude decreased when the velocity was increased.

In this paper, the coupled lateral-longitudinal dynamic response of the catenary—vertical rope
system during a winding cycle is investigated. The classical moving frame approach and
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Hamilton’s principle are applied to formulate the mathematical model of the system. The dynamic
response is defined in terms of a set of non-linear partial differential equations that accommodates
the fundamental non-stationary nature of the hoisting installation. This enables one to analyze the
non-linear transient resonance phenomena occurring in the system.

2. Vibration model

The dynamic response of hoisting cables is usually classified as lateral and longitudinal
vibrations in the catenary and the vertical rope [17]. Steel wire cables can also respond in torsion
to applied axial load, and the torsional response is coupled with the longitudinal response [7,18].
The torsional vibration may occur in cables of certain construction, for example in the triangular
strand winding ropes. The wires in the strands in these ropes are bent over a triangular centre
wire, as shown in Fig. 2. Due to the large effective cross-sectional area, this type of rope is suitable
for multi-layer coiling on drum hoists [19], and has become the industry norm for mine hoisting
installations. However, it was shown by Hamilton and Greenway [20] that the effect of the
torsional coupling on the dynamic response of the triangular strand rope was not significant, and
that it can be neglected in the dynamic analysis of hoisting cables.

The winding cable vibrations are caused by various sources of excitation present in the system.
The most significant sources are load due to the winding cycle acceleration/deceleration profile
and a mechanism applied on the winder drum surface in order to achieve a uniform coiling
pattern. In this mechanism, the path of the first cable layer in contact with the drum is prescribed
in such a way that the pattern for the following layers is also imposed. Thus, typically the winder
drum surface is covered by parallel circular grooves with two diametrically opposed cross-over
zones per drum circumference, as shown in Fig. 3. In this arrangement, R, denotes the drum
radius, d is the cable diameters, and f represents the angle defining the diametrical arc
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Fig. 2. A strand cross-section of the triangular strand winding rope.
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Fig. 3. The winder drum cross-over zones.

corresponding to the cross-over zone. Each zone offsets the grooves by half a cable diameter until
the cable reaches the drum flange. Then a guide forces a layer change, and the spooling continues
in the opposite direction. In this process, when the cable passes through a cross-over, additional
lateral and axial displacements relative to the nominal transport motion occur. Other sources may
include motions of the headgear, shape imperfections and eccentricity of the winder drum and
sheave, misalignment in the shaft steelwork, and aerodynamic effects. Some of these sources may
be manifested as external excitations in the system, and appear as inhomogeneities in the
governing differential equations, and some may lead to parametric excitations, which appear as
coefficients in the governing differential equations.

The lateral vibration is usually associated with the catenary. It leads to the catenary whirling
motion referred to as “‘rope whip”. This resonance phenomenon may cause miscoiling at the
winder drum, may lead to the cable jumping out of the sheave groove, and also to damage caused
by impact of the cable against the frame of the headgear structure or against the winding house
openings. It should be noted that the catenary section of the hoisting cable may be treated as a
taut string element, and many dynamic phenomena reported as occurring in resonant motions
of strings are pertinent to the catenary dynamic behaviour. These have been studied extensively
[21-30], and include primary, secondary and combination external resonances, principal and
combination parametric resonances, and internal (autoparametric) resonances.

The primary sources of the catenary oscillations are the periodic excitation due to the coil cross-
over motion and the layer change pulses. The transverse vibrations are also noticeable in the
vertical rope, mainly at the upper level of the shaft. Mankowski [12] noted that they were of small
amplitude and of a wide range of frequencies, and may be induced by the misalignment in the
shaft steelwork or irregularities at the sheave. Also, the rope transverse vibration may result due
to a parametric excitation when the dynamic tension fluctuations in the catenary are transmitted
to the vertical section via the headsheave.

The longitudinal vibration is usually associated with the vertical rope. This vibration affects the
motion of the conveyance introducing the so-called “yo-yo” type oscillation, and may also be
observed at the headsheave. The inertial load due to the winding cycle acceleration/deceleration
profile is primarily responsible for the longitudinal transient response. Longitudinal pulses arising
due to coil cross-over zones, and also due to the cable layer change at the winder drum, cause
additional longitudinal response.
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Interactions between various types of vibration within the catenary and the vertical rope
exist. The sheave inertial coupling between the two subsystems also facilitates extensive
interactions between the catenary and the vertical rope motions. The nature of these inter-
actions is strongly non-linear. The lateral vibration of the catenary induces the longitudinal
oscillations in the vertical system and vice versa. Also, significant coupling between the
lateral vibration of the vertical system and the lateral motion of the catenary can be
observed [13].

The hoisting cable system is essentially a non-linear non-stationary oscillatory system with
slowly varying natural frequencies and mode shapes, which is due to time-varying length of the
vertical rope and consequently due to slow variation of the mean catenary tension. Furthermore,
it is known that the natural frequency of each mode of an axially moving continuous member
decreases with the transport speed [31]. Thus, the catenary, essentially representing a translating
string, has also its natural modes influenced by the winding velocity. It is evident that the dynamic
behaviour of this system is very complex, and a passage through various resonance conditions
may occur during its operation.

An efficient model which adequately accounts for the fundamental features, to simulate the
dynamic response of the system, is of importance in the present analysis. Two main approaches
can be distinguished in modelling of the dynamics of cable-hoisting systems. In the first, a motion
of the winder drum is assumed to be prescribed, usually through a known velocity or acceleration
profile. In this model, the driving system, usually an electric DC or AC motor, is not taken into
consideration. In the second approach, in order to define the transportation motion, the dynamic
characteristics of an external source of power are included into the studies. This means that
additional differential equations describing the driving motor dynamic characteristics must be
added to the governing differential equations of the system which result in additional degrees of
freedom. However, the advanced control systems used in modern installations allow accurately
prescribed velocity and acceleration profiles of the winder drum to be realized. Therefore, the first
approach is often well justified, in which the system power supply is considered to be unlimited.
The winder drum is then treated as an ideal source of energy, and the system is referred to as an
ideal system.
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Fig. 4. A model of the catenary—vertical rope hoisting system.
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A model of the cable-hoisting system is represented in Fig. 4. In this model, the cable is divided
into a horizontal catenary® of length OC=L,. passing over a sheave of radius R, and of mass
moment of inertia /, and into a vertical rope with a mass M, representing the conveyance mass
and payload, attached to its bottom end. The end O; of the cable is moving with a prescribed
winding velocity V(¢) due to the cable being coiled onto a rotating cylindrical drum, so that the
entire system translates axially, with the mass M being constrained in a lateral direction. The
section /= Q0 represents a time-varying length of this part of the cable that is already coiled onto
the winder drum. The cable has a constant effective cross-sectional area A4, a constant mass per
unit length m, and an effective Young’s modulus E.

In order to describe the oscillations of the cable, the classical moving frame approach is applied
[32]. Two frames of reference are established: a coordinate system O;X y Z attached to, and
moving with the upper end of the cable, and a stationary inertial system OXYZ. The following
fundamental assumptions are made: (1) the system is an ideal system; (2) the cable material is
uniform; (3) the winder drum, headgear, sheave, conveyance, and shaft steelwork are perfectly
rigid; (4) there is no cable slip on the winder drum or across the sheave; (5) the effect of torsional
coupling on the dynamic response is not significant and can be neglected; (6) the catenary cable is
taut and flat in its initial equilibrium configuration®; (7) only longitudinal motion in the vertical
subsystem is admitted.

The dynamic deformed position P of an arbitrary section of the cable during its motion is
defined in the inertial frame by the position vector

R(s, 1) = Ro, (1) + R'(s) + U(s, 1), (1)

where s denotes the Lagrangian (material) co-ordinate of P, representing the dynamically
undeformed position of the cable section, and measured from the origin O;. In this representation
the axial transport motion is treated as essentially an overall rigid-body translation, and
the dynamic elastic deformations are referred to the moving frame associated with this motion.
The entire cable is prestressed, and all dynamic characteristics of the cable are functions of the
independent variables (s, 7), with s being referred to the prestressed state and the moving frame.
The vector Ry (f) = [/, 0, 0]" represents the position of the origin O, in the inertial frame,
R =15, 0, 0]' defines the initial reference position P of the cable section, U=
[u(s, ), v(s, 7), w(s,?)]" is the dynamic displacement vector from the reference configuration, with
u, v, and w representing the longitudinal, in-plane lateral, and out-of-plane lateral motion,
respectively. The upper bar denotes vectors referred to the moving frame. Upon assuming that the
modulus E of the cable material is high, the strain of the cable wound around the drum can be
neglected [7], and the length / is then given by

1) = 10)+ /0 V(&)de, )

2 Using the justification that the effect of gravity due to a catenary inclination is small in comparison to the total
quasi-static tension, this model is valid also in the case of a system with an incline catenary cable. This approximation
results in a uniform mean catenary tension.

3The catenary profile lies very close to the chord between the drum and the sheave under the normal loading
conditions due to the payload and mass of the vertical cable. Thus, the catenary tension is high and it is assumed that
the catenary cable forms the limiting configuration of a taut string, with its initial curvature being, by definition, zero.
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where signs “+” and “—‘“correspond to ascending and descending, respectively, and /(0) is the
initial length®.

Taking into consideration the assumption that there is no lateral motion in the vertical rope,
and denoting the longitudinal dynamic deflection in the catenary and in the vertical rope as u.(s, t)
and u,(s, 1), respectively, the deformed position vector is defined as

R_{m+mma—hwa&wmaﬂl<s<Lb}

T (3)

[s + uy(s, t) — 1,0,0)] ,L; < s < Lo,
where L;=/+L,., and L, denotes the total length of the cable in the reference configuration. The
continuity of deflection across the sheave requires u.(Li,t) = u,(Li,t) = u;, and the dynamic
elastic deflection at the vertical rope bottom end is u, = u,(Lo, f). The velocity vector of a cable
particle P is then determined as

Ve = [tes, ) = I, vi(s,0,wi(s,0] "1 < s < Ly

R= U
Vll = [uv,l(sv t) - l,0,0] ,Ll < N < LO

; 4)

where the overdot indicates total differentiation with respect to time, and ( ), denotes partial
derivatives with respect to time.

This Lagrangian formulation enables one to derive efficiently the equations of motion of the
catenary—vertical rope assembly. The details of the derivation are presented in what follows.

3. Equations of motion
3.1. Free motion

The equations governing the free undamped response of the system can be derived by applying
the variational approach of analytical mechanics. In this approach, Hamilton’s principle can be
used which requires that the time integral of the difference between the kinetic and potential
energies shall be stationary. Hence, the Hamilton formulation applied to the catenary—vertical
rope system yields

t
/ (OF — 811, — 811,)dt = 0, (5)

t

where E, 1., and II, denote the system kinetic energy, the cable elastic strain energy, and the
system gravitational potential energy, respectively. Upon assuming that the dynamic deflections

“The exact geometric relationship should read I(¢) + u(l,f) = + fot V(&)dE, where u(/, t) denotes a longitudinal
deformation of the cable wound around the drum. This expression can be differentiated with respect to t, so that
I(t) = V(1)/(1 + (Bu(l, 1)/8s)), and consequently /(£) = /(0)+ f(;(V(f)/(l + ou(l, &)/os)dé. For cables of high Young’s
modulus, for example for steel wire cables, the longitudinal strain is small, namely ou(/,#)/ds«< 1, so that the
approximation (2) can be applied.
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of section OO, of the cable can be neglected, the kinetic energy of the system is expressed as

L] LO
E= / E(ues,v,0,w,)ds + / Ey(up)ds + E(q1) + Em(q2), (6)
/ L
where
. . A S .
E.= %mVL *V., E, = %mvb °V,, E;= %ﬁq%, Ey = %Mqﬁ, (7a-d)

where ¢; = u, (L1, 1) — [ and G> = up (Lo, t) — [, with g1, ¢» representing the total displacements at
the sheave and at the conveyance, respectively.
The elastic strain energy of the cable is

. L A Lo A
He = Hé + Hc(uc,s, Vs, W,s)ds + Hv(uu,s)dsa (8)
I} L

where IT/ is the strain energy in the reference prestressed configuration, and
I, = (T + LEAe)e,, [, = (T! +1EAe,)e,, (9a,b)

where ¢, and ¢, represent the strain measure in the catenary section and the vertical section
of the cable, respectively, 77, and 7' represent the quasi-static tension in the catenary, and
in the vertical cable in the reference configuration, respectively. Using the large displacement
approach [33], the catenary strain measure resulting from Green’s symmetric strain tensor is

given by
& = Ues + %(Ui + W’zs), (10)

where () ; denotes partial differentiation with respect to s. In this non-linear strain measure, large
displacements generated by the rotations are accounted for, with the assumption that the axial
deformations remain small. The strain measure in the vertical rope is given in the classical linear
straight bar form, where both rotations and displacements are assumed to be small, namely

& = Uyy. (11)

The gravitational potential energy of the cable expressed in terms of the dynamic deflections is
given by

. LO
I, = H; —/L mgu,ds — Mgq», (12)

1

where I1 ; is the gravitational potential energy in the undeformed reference configuration.
Hamilton’s principle requires also that any virtual displacement, arbitrary between two instants
t; and t,, vanishes at the ends of the time interval, so that

ou.=ow=00w=0, I<s<Ly, ou,=0,I<s<L;, g1 =3¢ =0 (13a-¢)
at t=1t; and #,. Inserting Egs. (6), (8), and (12) into Eq. (5), taking into account Eq. (10) and (11),

assuming that the operators ¢ and 0/0t, as well as J and 0/0s, are commutative, and also that
integration with respect to ¢ and s are interchangeable, integrating by parts where necessary, both
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with respect to s and ¢, accounting for Egs. (13a)—(13c), and noting that
ouc(l, 1) =dov(l,t) = ow(l, 1) =0, Sv(Ly,t) = ow(L,1) =0,
5“(‘([’15 t) = 5“12([‘13 t) = 66[15 5uU(L0: t) = 5q25 (14)

yields the system of equations for the dynamic deflections as

Mey — 1) — EAfues + 3% + w2l — Ty =0, I<s <Ly, (15)

mvy — EA{uqs + %(v’zs + w’zs)]v,s}js — TZU,ss — TC’:’SU,S =0, | <s <L, (16)
mw y — EA{[u.s + %(1)2s + Wi)W’S]}’S — Tc"szs - Té,sw’s =0, I<s< Ly, (17)
My — ) — EAuys — Ty —mg =0, Ly <s<Lo, (18)
() RO (ot + ttoil)y—p, — [ + EA(ec — &)y + (T, — T))—g, = O, (19)
MI(ttoi)yg, — I+ EAGuys),_p, + (T, — Mg = 0. (20)

In this non-linear system, Egs. (15)—(18) describe the dynamics of the catenary and the vertical
rope, Eq. (19) represents the balance of forces across the sheave, and the last Eq. (20) defines
motion of the end mass.

The equations governing the reference configuration can be extracted from system (15)—(20) by
setting all time derivatives and the dynamic strain components to zero resulting in the conditions

T, =0, T, ,+mg=0, (T.— Ty, =0, (T}),—p, — Mg=0. (21-24)

Eq. (21) indicates that the mean catenary tension is uniform over its entire length. Integrating
Eq. (22) and accounting for conditions (23) and (24) allows the expression for the catenary tension
to be expressed as

Ti(l) = Mg+ mg(Ly — Ly). (25)

Consequently, the vertical rope tension is given as
Ti(s) = Mg+ mg(Lo—s), L1 <s < L. (26)

It is possible to reduce the differential equations of motion (15)—(20). The longitudinal inertia
term m(uc; — I) can be neglected in Eq. (15) upon assuming that the catenary cable stretches in a
quasi-static manner [34]. This simplification, applied also by Luongo et al. [35], and Watzky [36],
is a consequence of the fact that the longitudinal wave speed is large, and greatly exceeds that
of the lateral waves. Therefore, taking into account condition (21), Eq. (15) can be integrated once
to give

Ues + %(vi + wi) = e(1), (27)
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where e(f) represents the spatially uniform catenary strain. Hence, the equations describing the
lateral dynamic response of the catenary are

mvy — EAe(t)v s — TCI.U,SS =0, mwy — EAe(t)w 4 — TgwM =0 (28,29)

and are defined over the spatial interval / <s< L, with 0 < ¢ < co. It is assumed at this stage that
the lateral motions, both at the drum and the sheave ends, are not allowed. This results in trivial
boundary conditions for v and w at s =/, L;, respectively.

Treating the sheave and the end mass M as additional inertial loads applied to the system, and
using conditions (22-24), the dynamic model of the vertical rope subsystem is

p(s)uv,tt - EAuU,SS - P(S)Z'— MS”U,SIIS(S - Ll)a (30)

where L} <s<Lar , 0 <t < oo, with the boundary conditions

EAle(t) — uy(Ly,1)] =0, EAu,s(L{,t) =0, (3la,b)

where Mg=I/R* is the effective mass of the sheave, e(7) is given by Eq. (27), & is the Dirac delta
function, L; denotes the point immediately to the left of Mg, L] is the point immediately to the
right of M, and the mass distribution function p(s) is defined as

p=m+ Mgd(s — L)+ Md(s — Ly). (32)

Thus, in this formulation the vertical subsystem is modelled as constrained by the catenary at
s =Ly, free at s = L, and acted upon by an inertial load due to the axial transport motion.

3.2. Boundary excitation

The cable cross-over motion at the drum results in additional longitudinal, in and out-of-plane
lateral displacements at s=1/, relative to the overall rigid-body translation. This results in a
boundary excitation, which can be accounted for by suitable formulation of boundary conditions
at s = [. Thus, for the longitudinal motion the boundary condition should read

uc(l, 1) = ui(2), (33)
and for the lateral motions the boundary conditions are formulated as
u(l,t) = o), w(l, 1) = wi(1), (34)

where u;(¢), v)(¢), and w(¢) are periodic functions prescribed by the geometry of the cross-over
zones.

The inertial loads in the in and out-of-plane lateral directions due to the cross-over geometry
can be accommodated via a suitable coordinate transformation, with the cross-over displacements
being regarded as additional rigid-body translations. Since the catenary is constrained in the
lateral directions at the sheave end, these translations vary from v; and w,, respectively, at the
drum, to zero at the sheave. Thus, the absolute displacements v and w can be expressed as

v(s, 1) = (s, t) + vi(1 — (s = )/ L), w(s,t) = w(s,t) +wi (1 —(s—1)/L,), (35)
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where 7 and w represent displacements relative to the rigid-body motions in the lateral directions.
Inserting Eq. (35) into Egs. (28) and (29), respectively, the catenary dynamics is described by

mby — Ty = EAe(t)b g + Fi(s, 1), (36a)
mw g — TC’IW,SS = EAe(t)W g + F, (s, 1), (36b)

defined over the spatial interval /<s< Ly, with trivial boundary conditions for & and w at s =
[, L;, and where the inertial loads F, and F,, are defined as

Fy(s, 1) = —mli(1 — (s — )/ Le) + 26,(I/ L) + vi(I/ L)),

. . 37
F(s,t) = —m[y(1 — (s — I)/Lc) + 2w (I/L.) + wi(I/L.)]. 37

Furthermore, the catenary strain e can be determined from Eq. (27). Integrating, and using the
boundary condition (33) gives

1 N
u(s, 1) = w(t) + (s — De(r) — 5/ (vi. + W’Zs)ds. (38)
i
Consequently, when the continuity of longitudinal deflection across the sheave is accounted for,
1 1 (b
=1 [uv(Ll, D-w@+y [ @+ wi)ds} : (39)
¢ 1

When the boundary conditions (34) are used, together with transformations (35), the catenary
strain is given as

1 1
e(t) = L [“v(Lla 0 —u + 2/,

L

1 1
(U] +w?) — T (v + wpv)ds|. (40)
cJl

L
( 2L,

oy 4 w)ds +

This result can be accommodated in the boundary condition (31a) as
keu(Ly 1) — EAup(Ly, 1) = k[ui(1) — fe(D)], (41)

where k. = EA/L., and
L,
fut) = % / (@, + w)ds +
!

1 b

1
0 +w?) — — (0105 + wpw 5)ds. (42)
2L L),

Consequently, the dynamic model of the vertical rope is formulated as

p(Stost — EAutyss = p(5)] + {kelun(t) — fo(0)] — Misttyul }3(s — L) (43)
for Ly <s<Lg, with the homogeneous boundary conditions
keuy(Ly, 1) — EAu, (L7, 1) =0, EAu,(LJ,t) =0, (44a,b)
S
/ ke c y ‘ M
O | OV%AIA " ]
L
L

Fig. 5. The vertical (longitudinal) system.
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Hence, the undamped response of the hoisting cable system is defined by Eqgs. (36a) and (36b) for
the catenary cable (/ <s< L), with trivial boundary conditions, and by Eq. (43) for the vertical
system (Lj <s<Lg), with boundary conditions (44a)-(44b). In this formulation, the vertical
system, as depicted schematically in Fig. 5, is modelled as a system constrained at s = L; by a
linear spring of constant k., representing the longitudinal elastic catenary effects, and free at
s = L. This system is acted upon by an inertial load due to the transport motion, and is subjected
to the boundary excitation and to an elastic force resulting from the catenary lateral strain.

3.3. Damping model

The correct definition of damping in the system presents a difficult problem, as both lateral and
longitudinal damping mechanisms in hoisting steel wire cables are complex phenomena. However,
it is a recognized practice to replace resisting forces of a complicated nature by equivalent viscous
damping for purposes of analysis [37,38]. The equivalent damping coefficients can then be
determined from energy considerations and experimentally. For example, Kumaniecka and Niziol
[15] considered the combination of viscous and dry friction damping in a steel wire rope, and
found the equivalent viscous damping coefficient from the equality of the energy dissipated by dry
friction forces, and the energy dissipated by the equivalent viscous damping forces over one period
of vibration.

The viscous damping distributed force in a continuous structural member can be given in the
form

F.=—-%lU,], (45)
where % is the proportional damping operator, and U denotes the displacement. Following this
approach, the catenary lateral damping forces are introduced as

Foo = =% [v,], Foo = —C1[W,], (46a,b)
where %, denotes the lateral proportional damping operator and is defined as
€ = —iT(0*/0s%) + Jam, (47)
where 4; and 4, are constant coefficients of lateral damping. Similarly, the vertical rope damping
force can be expressed as
Fou = —Bult1), (48)
where %, denotes the longitudinal proportional damping operator given as
Gy = — EA(@* /05 + pap, (49)
where w; and u, are coefficients of longitudinal damping.

Thus, when the damping terms are taken into consideration, the response of the system is
governed by

mﬁ,tt - )vl T(l:ﬁ,sst + /12”’”_),1 - T({l_),ss = EAe(l)ﬁ,ss + FU(S, Z): (50)
mw gy — A T(’:w,m + Aomw, — TélT/,ss = EAe(t)W g + F,u(s, ), (51)

PUytt — ,UlEAuv,sst + M pUy — EAuv,ss = pl+ {kc[ul(t) —ﬁ(l)] - MSuv,stl'}S(S - Ll)’ (52)
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where the lateral equations of motion (50) and (51) are defined over /<s<L; with trivial
boundary conditions, and the longitudinal equation of motion (52) is defined over Ly <s<L;
with the boundary conditions remaining in the form of Egs. (44a) and (44b).

Thus, the equations of motion of the catenary—vertical rope system are non-linear in nature.
The source of non-linearity in this system is the large displacement catenary approximation, and
therefore is of geometric kind. Besides, these equations are defined over time-dependent spatial
domain rendering the problem non-stationary. Hence, the exact solution to this problem is not
available, and recourse must be made to an approximate analysis. In what follows, the spatial
variation of displacements is assumed in terms of the linear slowly varying undamped natural
modes of the system, and the Rayleigh—Ritz procedure is employed to obtain a set of non-linear,
non-stationary, coupled second order ordinary differential equations describing the temporal
behaviour of the system.

4. Discrete mathematical model

The equations of motion (50), (51) and (52) can be discretized by applying the Rayleigh—Ritz
procedure. Hence, the dynamic response of the catenary (lateral) system is approximated by the

expansions
Nias Niar

b= Z; B, (s, Dpa(t), W= Z; @, (s, D) gn(2), (53a,b)

where p, and ¢, are generalized (modal) coordinates, and &,, are linear free-oscillation modes of
the corresponding undamped stationary system. The in-plane and the out-of-plane modes @,, are
assumed to be identical, and equivalent to those of a taut string, which in the co-ordinate system

used are given as
&, = sin[(nn/L.)(s — I)]. (54)

The corresponding natural frequencies are defined as @,(/) = (nn/L.)¢, where ¢ = /Ti(l)/m,
with the mean tension 7' given by Eq. (25). An approximate dynamic response of the vertical
(longitudinal) system is represented by the series

thy

= (s, Dza(0), (55)
n=1

where z,(7) are generalized co-ordinates, and the shape functions Y, are given as free-oscillation
modes of the corresponding system constrained at s = L; by the catenary spring, with the
parameter / considered to be instantaneously frozen, as shown in Fig. 5. These modes are given by

Y, (s,0) = cos y,¥(s,[) + ((1/Lcy,) — y,(Ms/m))sin y,y(s, 1), (56)

where y, = w,(l)/c, with ¢ = \/EA/m, and w, represents the longitudinal natural frequency, and
y =5 — L. The eigenvalues y, are determined from the frequency equation

1 M M . M .
(E - msyi> (COS VnLL - Eyn sin ’))nLL> —Vn (Eyn Cos ynLU + sin Van> = O, (57)

where L, = Ly — L.
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Consequently, expansions (53a), (53b) and (55) result in the expressions for partial derivatives
of the lateral and longitudinal displacement functions:

Llul Nla
0P, L /0D,
By = Z( =t ¢npn>, W, = Z( = lan+ Gann), (58)
n=1 n=1
N[al Nlal
Uy = ;Pn, Wy = Z gann: (59)
n=1
N/al 2
o~ oD, 6
by = "P " —Ipy + Py 60
b= 2 K o2 T )p a1 Pn T b ] (60a)
N/ut 2
o od oP
= "2 ") g + 2=l + Puijn |, 60b
Nla! Nlat
ﬁ,ss = Z QSZPm w,ss = Z 45”%, (61)
n=1 n=1
Ny / Nig /
oD . oD .
Uy = Z( alnlpn + (D:,pn> y Wy = Z( al”lQn + q’;Qn)a (62)
n=1 n=1
Niar 7 Niar 7
] od! . N\ oa! .
Vst = Z;( al lpn + @;/1/ n> s Wisst = 2( ol ZQn + @an>’ (63)
N/m‘
0Y,;
Uy = Z( = “za+ Y, zn>, (64)
Nlong 2 Nlany
0%, oY, GY
=) [( opy O z) 2l + Y, zn], s =D Vi (6560

Niong Nion
g aY/ g GY//
Upst = Z( alnl n+ Y/Zn>, Upsst = Z( 6lnl n+ Y;i/ n) (67)

n=1

where the primes denote partial derivatives with respect to s. Furthermore, it can be also found
from Eq. (56) that

lel = _yn[Sin Yn)y — (1/(Lc‘yn) - (Ms/n’Z)’))n)COS yny]a (683)

oYy (9, Cos Y,y + 1 _Ms, sin
al - dl yn yn yny LC m ’yn Vny

d . M
—ﬁ[sm Tt 20, cosyny], (68b)
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so that

By substituting series (59) into the expression (40) the discretized form of the catenary strain e can
be obtained. This is accomplished by finding directly from expansions (53a) and (53b) that
Niat Niar Niat Niar

=) > pn ¥, W= > qig P, (70a, b)
=1 j=1 i=1 j=1

so that, when the orthogonality properties of the lateral modes are applied,

L 2 Nigt
/1 ( —i—w )ds—zL Zn 2+ 4. (71)

L L
/ Uy = / ws =0, (72)
/ i

and applying series (55) with eigenfunctions (56) to express the deflection at the sheave as
R - . .
u(L1,1) =Y, z,, the expression for the catenary strain results is

Noting also that

thg N]m
)= F+ 7>zt S RO+ ) (73)
¢ n=1 n=1

where Fi(1) = (1/L){(1/QL)GHD) + wi(D] — u(0)} and f, = nu/2L..

By substituting expansions (58)—(63) together with the strain given by Eq.(73) into the
differential equations of motion (50) and (51), and by applying the Rayleigh—Ritz procedure, the
discretized lateral equations are obtained as

Nigs

Pr + 20cdrpi + @y, [1 + < ) Fl(t)}Pk = ——12 Cinbn
Nlut

- m_Z(l‘szn + len - j~llTClBkn + ;LZlen)pn

n=1
( )
C
N/al

2
i + 20k drgi + @ [1 + ( ) F/(l)} i = ——12 Cinn

N, long

1 Zzn+zﬁi1 n+qn)

Pi + Pr(2), (74)

1 N/ut
-— Z(FDkn + ICly = 2T Biw + 721 Crn) g

my s

- (el

N, long N, lat

Zzn+2ﬁ v+ 4,

gk + Ox(2), (75)
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where k = 1,2, ---, Ny, and

A L
Go=(non+2). mo—m [ atas (76a,b)
Wi !
a @ L L P
B = / rds, Cpy =m / ¢k ndS Dy =m / Op—-ds, (76c-¢)
.l ol?
1 L| 1 Ll
Po=1 / Fy(s,0ds, O = — / F (s, 1)ds. (76F, 2)
my J; mi Ji

Similarly, the non-linear longitudinal equation of motion (52) is discretized by using the
expansion (55) together with (53a) and (53b). Noting that this transforms Eq. (42) into the form

1 Nlat n2 2
SO =57 | 2 Wt )+ e (7
the Rayleigh—Ritz method yields
) ' 5 Nlom/ . . 1 Ms 5 )
5 i+ 0’z = — Z 2ICY, — EAA,, + Ml T I
’ n=1 ¢ m
N[am/

- — Z(FD’,’,, +1Ct, — EAIB, + ,ICE, + MsIPT )z,

Nias

Zﬁ vr+43) + F()| + (78)

CL

rn’ )n’

where r = 1,2, -+, Nj,ny, and the non-stationary coefficients m?, I',, A,,, and the

excitation term Z, are defined as

Ly Lo 1
m’ = / p(s)Y?ds, B° = / 1y Y—2ds, (79a,b)
L Ly l

1

Ly a Ly
C, = / p(s)Y,——ds, D! = /
L] l Ll
Msd Lo I o
Iy = Yu\ Vn — ettt s Am = / Y, Y”dsa Z, = _/ p(S) Y.ds. (796'g)
m dl L " m:’ L

It should be noted that the lateral coefficients and excitation terms (76b)—(76g) can be determined
directly, and are given as

rn’

= (79¢, d)

(80a, b)

2 knd[(— 1)+ — 1] k+n
my :%mLc, By :{ (L) = s

0, k=n,

ikl 1)’*”-1 0, k#n
Co = { SOt k#n}’ Dy — { } (80c, d)

n
O,k:n mZL,k—n
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Pe= o (204 o )[( b - 11},

[
0=~ (20w i - 11

However, the longitudinal coefficients and excitation terms appearing in the longitudinal equation
(78) depend on the non-stationary eigenvalues y,, and must be calculated numerically following
the procedure outlined in the appendix.

It should be noted that the lateral natural frequency in Egs. (74) and (75), as well as the
longitudinal natural frequency and coefficients in Eq. (78) depend on the non-stationary
parameter /, and are varying slowly. Hence, their variation can be observed on a slow time
scale defined as t = ¢T', where ¢ is a small parameter. This parameter can be defined in terms of
the winding velocity, so that it is directly related to the rate of change of the vertical rope length
[39]. Moreover, T denotes the fast scale given as T = wgt, where wy is the initial fundamental
frequency of the entire system. Consequently, a variation of the generalized co-ordinates py, ¢y,
and z, are observed on the fast scale. By assuming that the damping is small, the lateral and
longitudinal damping coefficients are ordered as

ii = 8/1:3 Ui = 8.“;, (815 82)

(80e, f)

where i = 1,2. Consequently, the lateral damping ratios are given as
5/(:851‘;’ k:172,"':N/at (83)

Therefore, by noting that /= we(d//d), [ = w3e*(d*l/de?), and by substituting the time
derivatives of the in- and out-of-plane, and longitudinal temporal co-ordinates given as

dpe . Hd%pk
Pre = ®o g P = Oy g0 (84)
i qk .. »d qk. . % .o zdzzr
qk — deTv qk - CUOdes Zy = deT, Zy = OdT2 (85’ 86)
fork =1,2, -+, Ny, ¥ = 1,2, -+, Nipny respectively, into Eqgs. (74), (75), and (78), results in:
d2 dpl de/ﬂf
T+ 20|+ (5) B = o (5 )
NIom/ N/mlq
-(3) wkm[ D2t 3 B+ ) Pt Pu(e.T) + O (87)
d? ) d d
a1 1 (5) A= ot (v G )
(88)

(&) | LS n + S B+ ]+ Qe T+ 06
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Where k - 1325 "'aNlatad)k = a/\)k’ P 2’ Qk Qk and
(o)) 0
d2 ~2 le dZN[ong
a2 "o =y ( ar v Tdr >
EA Nlut
Z B0 + ¢3) + FAT)| + Z.(x, T) + O(e?), (89)
a)om”(r)
where r = 1,2, -+, Njoug, &, = 0, /0o, Z, = Z,/w} and
1 dl de dp dpk 1 di dq dgr
p_ | 2 Y n _ n
A 2[mk dT; Corg + Gy |» S = Z Corgye + Gedbieg |- (90a.b)
Nlnm *
. 1 X dl EA 7 di/1 Mg ,\|dz, p,dz
F— — A A M—(—— 22 ) =2 -2 90
Iy mg(r);[ a4 n T Mg (Lc m y”)]dT w0 dT’ (90c)

where A (1) = LLI 1Y, Y"ds.

The discrete model equations (87)—(89) form a non-linear slowly varying ordinary differential
equation system. It describes the interactions between lateral oscillations of the catenary cable and
longitudinal oscillations of the vertical rope in the hoisting cable system. In the catenary (lateral)
system, a quadratic coupling between the lateral and the longitudinal modes exists, and a cubic
coupling arises between the in- and out-of-plane lateral modes. In the vertical rope (longitudinal),
system a quadratic coupling with the lateral modes results. The lateral and longitudinal natural
frequencies change with time, and linear coupling terms due to the non-stationary nature of the
natural modes arise. The lateral system equations contain parametric excitation terms. Terms
representing the inertial load due to the axial transport motion, and the cross-over external
excitation are present in both systems.

5. Prediction of resonance and modal interaction phenomena

The mathematical model defined by Egs. (87)—(89) illustrates the true dynamic nature of the
catenary—vertical rope system, and can be used to predict and analyze important resonance
phenomena that arise when certain frequency tuning conditions take place. These phenomena
may include external, parametric and autoparametric (internal) resonances, as well as non-linear
modal interactions and an energy exchange among the modes.

Consider an ascending cycle of a typical deep mine system with the fundamental parameters
given in Table 1. Both the longitudinal and lateral natural frequencies of the system vary slowly
during this cycle, as shown in Fig. 6. The first four longitudinal and lateral natural frequencies of
the system, and the first and the second harmonics of the excitation frequencies corresponding to
winding velocities V. = 14, 15, 16, and 19.5m/s, given as

Q. =2n(V./Ry), n=1.2, (91)
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Table 1

Kloof system parameters

Total winding cycle time (s) 156
Acceleration/deceleration time (s) 19.7
Nominal hoisting velocity V. (m/s) 15

Total hoisted mass M (kg) 17 584
Sheave wheel moment of inertia I (kgm?) 15200
Winder drum radius R, (m) 2.14
Sheave wheel radius R (m) 2.13
Cable diameter d (m) 48 x 1073
Cable linear density m (kg/m) 8.4

Cable effective steel area 4 (m?) 1.028 x 103
Cable effective Young’s Modulus E (N/m?) 1.1 x 1011
Catenary length L. (m) 74.95
Maximum depth of winding L, ,,,,, (m) 2100

are shown in this figure versus the vertical rope length. The longitudinal frequencies increase, and
the lateral frequencies decrease, with the decreasing length of the rope. It should be noted that the
natural modes are widely spaced with the largest spread between the longitudinal and the lateral
natural frequencies taking place at the end of the wind when the third and fourth longitudinal
frequencies (curves labelled as 3,,,, and 4,,,,,, respectively) become very high. Thus, the problem is
numerically stiff, and in order to solve Eqgs. (87)—(89) the application of special algorithms would
be required.

Taking into consideration the quadratic coupling between the longitudinal and lateral modes,
and the cubic coupling between the in- and out-of-plane lateral modes, a number of resonance
conditions arise during the wind. One-to-one (1:1) lateral internal resonances occur throughout
the wind since the in- and out-of-plane lateral natural frequencies are the same. Upon close
examination of the frequency chart given in Fig. 6, one can notice that interesting frequency
tunings occur in the depth region L,=900-700m At the depth L, ~900 m the fourth longitudinal
and the second lateral natural frequencies are in the ratio 2:1, and a two-to-one (w4 ~ 2@, ) internal
resonance condition takes place. At the nominal winding velocity of V,.=15m/s a primary
external resonance exists simultancously with this condition, since at this level the second
harmonic of the cross-over motion €, = 28.04 rad /s directly excites the fourth longitudinal mode
(.Qz = 604).

Furthermore, at the depth L, ~750m the second longitudinal frequency is near twice that of the
first lateral natural frequency (w; ~2@®;), so that another two-to-one internal resonance arises. At
the same time, the second longitudinal frequency is tuned closely to the second lateral frequency
(wy ~ @), implicating also a one-to-one internal resonance. At the nominal winding speed, at this
depth the model is also involved in primary external resonances, since the first harmonic of the
cross-over excitation (2, = 14.02) rad/s is near the second longitudinal natural frequency and the
second lateral frequency (2, ~ w, = @;), and also the second harmonic of the excitation is near
the fourth lateral natural frequency (€2, & @4). Principal parametric resonances of the first and the
second lateral modes occur at the same time, namely the resonances Q; ~2@; and €, ~2d,, and
also the summed combination resonance £, ~w, + @, exists. In addition to these conditions, the
primary resonances Q; ~ w3 at L,~ 1500 m, and @, ~ w3 at L,~500 m occur during the wind.
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Fig. 6. The longitudinal frequency w, (curved solid lines, 7,,,,) and lateral frequency @, (inclined solid lines, ny,,) plot
for Kloof Gold Mine winder (ascending cycle). The horizontal lines denote the first and the second harmonics of the
excitation frequency: at the nominal winding velocity V.=15m/s, (—)and at V.=14(...), 16 (—- --) and 19.5(— —)m/s,
respectively.

When the winding velocity is changed some resonance locations are shifted. This is due to the
fact that the frequencies of excitation depend directly on this velocity, as shown in Eq. (91). For
example, when the winding velocity is decreased to 14my/s the first and second harmonics of the
cross-over excitation are Q; = 13.08 rad/s and Q, = 26.16 rad/s, respectively. Consequently, at
the depth L, =400 m the second lateral mode is tuned to the fundamental harmonic of the
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excitation, and simultaneously the fourth lateral mode is tuned to the second harmonic of the
excitation. Hence, the primary resonances Q ~ @, and Q, ~ @, take place. Since the second lateral
natural frequency is twice the first lateral natural frequency (@, = 2@;), and the fourth lateral
natural frequency is twice the second lateral natural frequency (&4 = 2@>), the catenary cable is
simultaneously involved in the principal parametric resonances Q; ~2@; and Q,~2@,. Besides,
passages through longitudinal primary resonances occur during the wind. In particular, the third
longitudinal mode is directly activated by the fundamental harmonic of the excitation (Q; ~ w3) at
the depth level L,~1700 m, and later by the second harmonic of the excitation (2,~ws3) at
L,~550m. Also, at L,~ 1000 m the fourth longitudinal mode tunes to the second harmonic of the
excitation (£, ~wy), and at L,~800 m the second longitudinal mode tunes to the fundamental
harmonic of the excitation (2| ~,). When the winding velocity is increased to 16 m/s, the first
two harmonics of the cross-over excitation are Q; =14.95rad/s and @, =29.9 rad/s,
respectively, and consequently the primary and parametric catenary resonances are shifted
towards the halfway depth level, and occur at L,~ 1150 m. The catenary resonance can be
avoided throughout the main part of the ascending cycle if the winding velocity is further raised.
This is illustrated in Fig. 6 for a velocity of 19.5m/s. However, as one can notice, it is not possible
to evade the longitudinal resonances within the winding cycle, and autoparametric interactions
between the in- and out-of-plane lateral modes will occur throughout the wind despite the winding
velocity modifications.

6. Conclusions

A typical deep mine hoisting cable installation has been modelled as a distributed-parameter
system with discrete inertial elements, resulting in the catenary—vertical rope model.
Consequently, the partial differential equations of motion of this system have been derived.
The large displacement catenary approximation has been used so that the non-linear coupling
between the lateral and longitudinal oscillation modes are accounted for in the mathematical
model. The lateral and longitudinal natural frequencies change during the wind due to the time-
varying length of the vertical rope, rendering the system non-stationary. The type of non-linearity
of the system is revealed when the Rayleigh—Ritz procedure is used to formulate the discrete
model. This leads to a system of slowly varying ordinary-differential equations with quadratic and
cubic non-linear terms.

The response of the catenary—vertical rope system may feature a number of resonance
phenomena. These phenomena include external, parametric and autoparametric resonances, and
the parameters of a typical deep mine winder have been used to demonstrate the depth locations
of the resonance regions during the ascending cycles with various winding velocities. It has been
shown that when the winding velocity is changed the resonance locations are shifted.
Consequently, the catenary resonances can be avoided, to a large extent, if the winding velocity
is increased, or decreased, to an appropriate level. Still, despite this winding strategy, the
longitudinal primary resonances and autoparametric interactions between the in- and out-of-
plane lateral modes will take place during the wind.

This can be confirmed by solving the equations of motion. It has been demonstrated that the
natural modes of the hoisting system are widely spaced, so that the problem is numerically s¢iff.
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This stiff nature of the system means that the complete solution to the problem will consist of slow
and fast components. Thus, an appropriate solution strategy would have to be used in order to
determine the system response during the winding cycle. It is evident that due to their complexity,
the equations of motion cannot be solved exactly. Therefore, an approximate solution would have
to be sought in order to predict the time response levels during the wind. Consequently, a
numerical analysis with efficient stiff integration algorithms will have to be employed to simulate
the dynamic behaviour of the system and to achieve stable results. This analysis is presented in the
subsequent article Part 2.

Acknowledgements

The support received from the University of Natal Research Fund is gratefully acknowledged.

Appendix A
The coefficients and excitation terms appearing in system (78) depend on the non-stationary
parameter /, and are defined by Eqs. (79a)—(79g) in terms of the eigenvalues 7,,, the eigenfunctions

Y,, and their derivatives. The eigenvalues y,, are found from the transcendental frequency Eq. (57)
which is solved using the modified regula falsi method. The partial derivatives of Y,, with respect

to / are giVCl’l as
“ Vn ! et COS) — sin

(
<

oy, d%y dy,/ 1 Mg
z_n_ n )

TR ){cﬂ( 7w )T
d 1 Mg\ .

— Vn Loy I, sin y,y + €08 ),y
MS dzyn 2 [(dy, 2 .
L.y? dr L3\ dl Sy
dy, 1 Ms\dy,

The derivatives of the eigenvalues y, with respect to [ are obtained through differentiation of the
frequency Eq. (57), and are calculated as

612

dy,/dl = Nu(D)/ Do), d*p,/dI = (1/Dy)(AN, /DD, — Ny(dD,/dD)), (A3,A4)
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where
1 2 1 Ms \M
Ny=7,9 |—— (Ms+ M)y—” siny, L, +7,| | — — —Syi —+ l|cosy, Ly ¢, (A.S)
L, m L. m
1 M MsM 2
D, = [—(Lv +—> -3 52 72 — (Mg + My, + l]sinyan
L, m m m
1 M M
+ {Z(MS + M)y—" + [(— — —Sy,21> + 1] ynLv}cosynLv, (A.6)
m L, m
dN, dy,[[1 A 1 Ms ,\M
L Mg+ M L, —_——— 1 L,
T dl{[ - (Ms+ M) }smvn +Vn{<Lc T )7L cosy,
o T g+ M) Dy Veosy L
yn Lc S dl YH v
Ms+ M dy dy, 1 Mg \M
) —— dl Y i —|— 1|cosy, L,
MsM d]} 1 MS 2 M dy .
— 2 —cosy, L, —_——— 1| (2L, — v. Ly o ¢, A7
V{[ P gy OSTnle + <Lc o )t il Vo | SINY, (A7)
and
dD, MSM dy 1 Mg+ M dy .
= — n —_— — 2_nLl; - LU
AT _6 w2 ar TLT vn< AT Va | [SINY,
[1 M M M Mg+ M d
+ |—(L,+— 5 yi s+ yzL +1 y"L — v, |cosy,L,
L. m T om? m d/
2 d})n MsM B
— 2 Mg+ M — L,
+ {m d/ ( s+ mo
(1 Mg \M dy,
— 2y | —+ 1| 2L, — L,
(-5 | (e ) feosn
Mg+ M 1 Mg 5 M d))n .
R R —_———= 1|y, L, ——L, — o A.
{ e KL w)m + ]vn }(dl Vu |SINY, (A-8)
Subsequently, noting that
Y) = —yn Y,, 0Y, /ol =—y,2(dy,/d)Y, +7,(0Y,/dl)), (A.9,A.10)

expressions (79a)—(79 g) are evaluated numerically.
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