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Abstract

There is a wealth of evidence to suggest that the bearing cables of cable-stayed bridges may experience
large-amplitude oscillations, attributed in general to parametric resonance with the girder vibrations. A
common coutermeasure consists of connecting the principal stays together with secondary cables to form a
network and, here, optimal cable arrangments will be discussed when such a network is uniform and
triangular meshed. The present approach is qualitative, and basically consists of homogenizing the cable net
to an orthotropic elastic membrane, and then considering an auxiliary structure where the bridge girder,
instead of being supported by the cable network, is supported by wedge-shaped membranes. The elastic
solution under uniformly distributed loads, found using Lekhnitskii’s approach, is the starting point for the
discussion of the system in dynamic equilibrium. Having established a correspondence between the cable-
net size and shape and the elastic moduli of the homogenized membrane, simple formulas are obtained
to describe the global bridge vibration, as well as the local oscillations of the cables. It is then possible to
estimate the girder and cable-net characteristic frequencies, to evaluate those conditions possibly leading
to parametric resonance and, with respect to these variables, to determine optimal cable arrangements.
This method is finally applied to the paradigmatic example of the Normandy Bridge.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Consideration of recent problems provides evidence that the bearing stays of cable-stayed
bridges can undergo large amplitude vibrations [1]. For example, important oscillations were
observed in the stays of the Brotonne Bridge [2] just after its opening and, despite the fact that
the girder oscillations were hardly perceptible, the dynamic cable sag was of the order of meters.
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To shore them up, truck dampers were placed at the base of the stays, but the precariousness and,
somehow, the brutality of the adopted countermeasure, testifies to how unexpectedly the problem
occurred. The phenomenon has been observed by long-term monitoring of other modern cable-
stayed bridges, as in the case of the Annancis [3], Faro [4], Tjorn [5], Tampico [6], Helgeland [7],
Ben-Ahin and Wandre [8] bridges, to mention just a few examples in Europe.

Although there is no universal agreement about the causes of vibration, possible explanations
essentially follow two different ways of thinking. According to the first rationale, vibrations are
due to external environmental actions acting directly on the stays. In particular, the wind-tunnel
experiments by Hikami and Shiraishi [9] have shown that it is the combination of rain and wind,
rather than their separate action, that provokes aerodynamic instability. The excitation is due to
the change in shape of the stay-sheath profile, produced by the wind-induced formation of a water
rill at the extrados of the cable. A completely different explanation points instead to an interaction
between the vibrations of the stays and the oscillations of their extremities anchored to girder and
pylons [10]. If some resonance conditions are satisfied, energy can flow to the stays and provoke
their large-amplitude oscillations. Each of these aspects has been the subject of careful
investigations [11], in many cases followed by laboratory and in situ testing [12].

In this paper, only this second type of instability will be explicitly considered, but some of the
deductions that follow might also be applied to the rain—wind-induced vibrations. In particular,
the discussion will focus on the advantages of a countermeasure commonly adopted in the design
practice, which consists of linking the stays together with secondary inter-ties, sometimes referred
to as counter-stays, to form a cable network. Many important bridges, likewise Leonhardt’s
proposal for the Messina strait crossing [13] or the Normandy bridge [14—-16], make use of such a
system of secondary cables, connecting intermediate points of the main stays to the girder.

To illustrate this, reference will be made to the classical layout of a three-span bridge, of the
type represented in Fig. 1. Here, the girder is attached to pylons by a triangular-mesh net, formed
by three orders of parallel elastic cables firmly connected at the intersection points. This scheme
derives from a traditional cable-stayed bridge of the harp type whose stays, referred to as the
principal stays (emphasized in bold lines in Fig. 1), are connected by two sets of parallel wires,
referred to as the secondary cables, inclined at a fixed angle with respect to the principal stays.

In order to treat the problem in analytical form, the following hypotheses are introduced:
(i) the secondary stays have been properly pre-tensioned, so that they can withstand limited
compressive loads as tension decreases; (ii) the cables are small in diameter and very numerous;
(iii) the principal stays, as well as the secondary cables, respectively, have a constant cross-section,

P N

M

Fig. 1. Typical network cable-stayed-bridge layout.
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and are equidistant; (iv) the bridge girder is axially stiff and perfectly flexible in bending, while the
pylons are rigid.

Hypothesis (i) reflects the common practice in most cable-stayed bridges with counter-stays (see
for example Ref. [13] or [15]). In fact, for safety and durability requirements, the counter-stays are
pre-tensioned to avoid their slackening under live loads. Condition (ii) is almost a rule in modern
design: for many reasons, first of all maintenance feasibility (i.e., stay replacement), it is preferable
to have many small-diameter stays rather than just a few large-diameter cables [17]. Postulating a
continuous ‘curtain’ will provide the basis for an analytical approach to the problem.

Hypotheses (iii) and (iv) may appear less realistic, since in most bridges the stay cross-sections
are usually not constant, deck flexural inertia is not negligible and pylon deformation may be
considerable. However, there are at least two cases in which such conditions are acceptable:
medium-span slender-deck bridges and long-span bridges.

During the last decade, the new design “‘concept” of slender-deck cable-stayed bridges has proved
to be both economical and aesthetically pleasing for medium-span bridges (around 200 m) [17].
From a static point of view, a slender deck is useful for reducing the bending moment under live
loads, but slenderness enhances bridge deflection. This, however, is not an insurmountable problem,
since the bridge sag under dead loads can be compensated by a properly designed camber, while the
sag under live loads can be limited by strengthening the bridge pylons (either increasing their inertia,
or connecting the back stays to massive anchorage blocks). In medium-span bridges, the deck is
usually reduced to a simple concrete slab (30-50 cm thick), with considerable advantages for both
construction and long-term durability (the Diepolsau bridge in Switzerland [17] is a paradigmatic
example). In bridges of this kind, a large deck cross-sectional area is associated with a negligible
flexural inertia, as well as stiff pylons. Moreover, the heaviness of the concrete deck results in dead
loads that usually exceed live loads. Since dead loads are uniformly distributed, in bridges of the
harp-type the principal-stay cross-sections are practically constant.

Similar considerations also hold true for long-span cable-stayed bridges. Now, structural
feasibility, aeroelastic stability, serviceability and—why not—aesthetics, force the limitation of the
girder-beam height to a small fraction of the main span of the bridge. For long-span cable-stayed
bridges, which meet the aforementioned characteristics of medium-span slender-deck bridges,
hypotheses (iii) and (iv) may thus be considered, albeit approximately, verified.

These assumptions will allow the conception, through homogenization of the cable-net, of an
ideal model in linear elasticity to study the structural scheme of Fig. 1. The continuum approach
will provide simple formulas for the rapid calculation of the most important dynamic parameters,
to be used in the preliminary design phases. Of course, this method does not intend and cannot
replace an FEM analysis, which should always corroborate the final design. Nevertheless, a
closed-form solution, though approximate, may be helpful to the designer, since it allows a
comprehensive and concise view of the role played by the various parameters, in particular by the
cable-net shape and size.

The outline of the present paper is the following. In Section 2, germane to the analysis of the
continuum model, the phenomenon of parametric resonance is introduced for the case of one
vibrating stay. In Section 3, a correspondence is established, through homogenization, between a
real bridge and an ideal boundary value problem in linear elasticity, i.e., that of a uniformly
loaded flexible beam suspended by an anisotropic elastic wedge-shaped membrane. For this elastic
model a closed-form solution is calculated, which will be used in Section 4 for determining the
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system’s natural frequencies. In Section 5, the dynamic behavior of the model is further
investigated in response to pulsing loads acting on the girder, with emphasis on possible
parametric resonance conditions. Because of the established correlation between the elastic
moduli of the membrane and the shape and size of the cable network, it will be possible to
investigate optimal cable-net arrangements to contain stay oscillations in a real bridge. Finally, in
Section 6, the continuum approach will be applied to the representative example of the Normandy
Bridge.

2. Preliminaries. Parametric resonance for one vibrating stay

Parametric resonance instability occurs when one of the parameters that influence the system
natural vibrations varies with time due to the action of external causes. This phenomenon has
been mentioned by Kovacs [10] to explain the large amplitude oscillations of the stays, in which it
is the variation of their axial stress due to girder movements that provokes the instability. Kovacs
considers one stay isolated from the remaining structure and, neglecting the cable slope, examines
a problem similar to that of Fig. 2. Here, a vertical linear-elastic string, of length L, cross-sectional
area A, mass-per-unit-length p and Young’s modulus E, is suspended at the upper extremity,
while it supports a mass M, representative of the deck, and its lower end. Since M > pL, in static
equilibrium the cable is vertical and its axial force N, is approximately constant and equal to My
(g 1s the gravity acceleration). Kovacs models the effect of the anchor-point movements as an
equivalent pulsing vertical load P = Py sin(29¢), applied at the cable lower extremity as in Fig. 2.
Such movements are due to the girder oscillations, caused in general by environmental or traffic
loads.

Despite the resulting model being very well known [18], it is now recalled in detail because the
classical hypotheses used in the one-dimensional case will be naturally extended to two
dimensions (2-D). With reference to the system (x,y) of Fig.2, let u = u(x,7) and v = v(x, 1)
represent the displacement components in the x and y directions for particles initially at x
for t = 0. The partial derivative of u(x, ) with respect to x and ¢, respectively, will be denoted
by u, and u,. Then, the crucial hypothesis, due to Kirchhoff [19], consists in assuming that when
the string moves from the vertical reference equilibrium configuration, its axial strain is
approximated by

8:1,[,)6—{—%1)’2 (1)

so that strain energy reads

L L )
U=N, / (u,x + % vjzx>dx + % EA / (u,x + % vi) dx. (2)
0 0

Thus, assuming still under Kirchhoff [19] that u,(x, f) <v,(x, ) in the kinetic energy, a standard
application of Hamilton’s principle with the boundary conditions

w0,1) =0,

v(0,7) =0,

u(L, 1) =0 (3)
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Fig. 2. The vibrating stay model.

gives the field equations

0
EA—(uy+51v’)=0 4)
ox ”
—pv,,+Novw—|—EA£[vx(ux+lv2)] =0 (5)
5 , X0 ax B 5 27X
and the natural condition
EA[u (L, t) + L (vx(L, 1)*] = Py sin(2Q1). (6)

From Eq. (4), it is easily seen that EA(u . + % v’zx) is a function of ¢ only and, from Eq. (6), this
equals Py sin(2€2¢). Thus, eliminating u(x, ¢) in the resulting system of equations, the problem is
governed by

—pvy + [No + Py sin2Q0)]v . = 0 7)

to which the boundary conditions (3), and (3); must be added.
To solve Eq. (7), the solutions are expanded in uniformly convergent sequences in the form
v(x, 1) = Y02, wi(x) q(?). Inserting the resulting expressions into Eq. (7) and requiring that all of
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the terms of the sequence are zero, one obtains the eigenvalue problem
wi + Gowre =0,
pdi + L[No + Po sin(2Q0)]gi = 0. (8)

From the first of these equations, taking into account Egs. (3), and (3);, it is immediately found
that {; >0 and wy = Cj sin(knx/L), which represents the kth modal shape. The corresponding
kth eigenvalue takes the form
kK*m?
Y
so that Eq. (8), reduces to

k*n? .
g + m [No + Py sin(2Q0)]qx = 0.

Let now wy denote the quantity

kzﬂzN()

2 )

Wj =
which represents the natural frequency of the string now supposed fixed at its extremities.
Introducing the normalized variable t = (Q2¢ — n), one obtains the canonical expression for
Mathieu’s equation

& , .
a2 & + [k — 2 sin(27)]gx = 0, (10)

where the parameters 4, and y,; are given by

2 2

o M = @m

Since Eq. (10) is a linear differential equation with real periodic coefficients, the general theory
by Floquet assures that it supports solutions unlimited in time depending upon the values of the
coefficients 4, and g, [18]. The corresponding instability conditions are summarized in stability
charts of the type represented in Fig. 3, where the instable regions in the plane (4, i) are hatched in

the picture. From Eq. (11), notice that, for fixed Ny and Py, the points of interest in the (4, 1) plane
lie on the lines

(11)

)uk =

2Ny

Ik = Py 1 (12)
Now, condition Ny> Py is certainly verified for a vibrating bridge-stay. This means that the
lines (12) are almost vertical (dotted line in Fig. 3). It thus follows from Fig. 3 that the system
oscillations become unbounded when /; is in a neighborhood of the values 1, 4, 9 and so on. The
first instability condition occurs when A; ~ 1, corresponding to the case in which w; ~, i.c., the
frequency of the external load is twice the kth natural frequency of the string, supposed fixed at its

extremities.
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Fig. 3. Stability chart for Mathieu’s equation.

Similarly instability occurs when A; ~4, i.e., when the frequency of the pulsing load and the
natural frequency of the cable coincide. However, this second condition is to be considered less
dangerous than 4, ~1, because for the same value of the ratio Ny/ Py, the range of As for which
instability occurs (see Fig. 3) is larger in a neighborhood of /2 =1 than in a neighborhood of
A = 4. Recall that, here, the pulsing load P, sin(2Q2¢) models the action transmitted to the stay
anchor points by the oscillations of the whole girder which, depending upon traffic or
environmental loads, are usually randomly variable in time. Of course, the smaller the resonance
interval is, the less is the probability that the frequency @ remains in that interval for a time
sufficiently long to enforce large amplitude oscillations. A similar reasoning can be repeated for
the other resonance intervals in neighborhoods of 4 =9, 16, etc.

In general, environmental or traffic loads may provoke large-amplitude girder oscillations only
when in resonance with the overall bridge vibration modes, which implies that 2Q may be assumed
of the same order of the fundamental bridge eigenfrequency. Therefore, the rule of thumb,
commonly employed in the design practice, consists in checking that the fundamental
eigenfrequency of the bridge is sufficiently distant from twice the fundamental eigenfrequency
of each stay, the latter being calculated by supposing the anchorages as fixed points and neglecting
the stay bending stiffness and internal damping. Such a criterion is employed in the preliminary
design phase also when the principal stays are connected by inter-ties. In this case, it is customary
[14] to assume that the net nodes are fixed and consider the free vibrations of the cable portions
comprised between two contiguous nodes. This procedure, however, certainly over-estimate the
stiffness of the network, considered as a whole and, consequently, the comparison with the
fundamental bridge eigenfrequency has to be questioned on theoretical grounds.
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3. The continuum model and the auxiliary problem

In order to consider the complex interactions of the various parts of the system (stay, girder and
inter-tie), a qualitative approach may be attempted through an equivalent continuum model,
obtained by homogenizing the suspension cable network. A “‘representative-volume-element” #
for such a net is drawn in Fig. 4. The group of fibers drawn horizontally, corresponding to the
harp-arranged principal stays of Fig. 1, will be referred to as the principal cables, to distinguish
them from the secondary cables, represented by the two sets of inclined parallel inter-ties.

If the cable net is tight meshed (i.e., formed by numerous small, evenly distributed little cables),
one may assume that when it undergoes a small strain accompanied by small rotations, in any
region of dimensions comparable with those of # the strain is homogeneous and the rotation
uniform. The corresponding axial force in each of the elements in # can be easily calculated and,
following a well-known procedure sometimes employed in technical applications, one can imagine
“smearing” the forces in the fibers onto the boundary of the representative-volume-element # and
consider an equivalent continuous material. Recall from the Introduction that cables have been
properly pre-tensioned, so that they can withstand compressive loads as tension decrements. In
other words, the net is equivalent to a truss for what its structural response is concerned and,
because of its symmetry, the homogenized material results to be an elastic homogeneous and
orthotropic membrane, with the orthotropy directions parallel to the vectors e; and e, of Fig. 4.
Assume that cables are made of a linear elastic material, with Young’s modulus E, and let their
cross sections be equal to 4; and A, for principal and secondary cables, respectively. Using
standard notation [20, Chapter 9], the constitutive equations for the equivalent continuum, when
referred to a system (x, y) parallel to the axes of orthotropy (Fig. 4), take the form

1 V1
Exx = E Oxx — E Gyy,
V2 1
&y = E Oxx + E, Oyy
1
by = 56 " (13)

& 4\/\/?\ Idl
_I4el d, X

Fig. 4. A representative volume element for the suspension cable net.
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where

1 d] 1 dl d]
—=—h, —= — + — |5
E,  EA, E, EAysin"ytany EA;tan®y

Vi Vo dl 1 dl

n_w_ &4 4, 14
E, E, EA tan’y G EA,cosysin®y (14

Here 4 is a reference thickness, whereas parameters d, y and d, = d; cot y, which define net shape
and size, are indicated in Fig. 4.

When the suspension net in Fig. 1 is replaced by homogenized triangle-shaped membranes, an
ideal “web bridge” is obtained, whose dynamical response may be evaluated analytically.
Information about the original network suspended bridge can afterwards be derived through the
correspondence established by Eq. (14).

Germane to the dynamical analysis, consider first the static equilibrium of a web bridge
subjected to the uniformly distributed load ¢y. For, as mentioned in the Introduction, assume that
the bridge is of the slender deck type [17]. In the borderline case where the girder has no bending
stiffness but is axially rigid and the pylons are stiff, using symmetry considerations, the problem
may be simplified as in Fig. 5. Such structure is obtained by connecting a horizontal beam to a
wedge-shaped orthotropic elastic membrane, clamped on the vertical side and free on the oblique
side. The beam is drawn with many hinges to recall that it is assumed to be perfectly flexible but
axially stiff. The elastic problem consists in determining the stress field in the wedge when a
vertical, uniformly distributed, load ¢y acts on the beam.

For convenience, introduce the reference system (x, y) and polar co-ordinates (r, 0), such that
the orthotropy directions of the wedge-shaped membrane are parallel to axes x and y,
corresponding to 0 =0 and 0=7% Let {u,v},{0x, 0,7y}, {&xx&y,6x) represent the
displacement, stress and strain components in the (x, y) reference system, while their counterparts
in polar co-ordinates will be denoted by {u,, vy}, {0:r, 599, Tr9} and {e,, g9, &0}. In the following,
cartesian or polar reference system will be indifferently used whenever more convenient. The

\

X orthotropy

0 directions
o

1 —

SO LI Itk s

%
| L |

Fig. 5. The auxiliary problem for the wedge-beam assembly.
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boundary conditions for this problem take the form
g0 = —qo/h, &-=0 for 0= —o,
gg9 = 0, Tro = 0, for 0 = 0,
u =0, vp=0 atr=L/cos(0+ a),—a<0<O0. (15)

Solutions for anisotropic wedges have been discussed, with different approaches, by several
authors (see for example Ref. [21], in particular Art. 8.5 of [22], and references therein reported).
Despite formalism and solution techniques have been continuously improving [23,24], here
reference is made to the original method by Lekhnitskii [20], whose notation presents the great
advantage that the material elastic properties can be summarized in just a few parameters (the
complex parameters), strictly correlated with the cable-network size and shape.

Following Ref. [20], Art. 5, a plane problem in homogeneous anisotropic elasticity is confined
to the selection of a complex stress-function F that verifies the differential equation

DD, D3D4(F) = 0, (16)
where, in polar co-ordinates, the differential operator Dy reads
0 10
D, = (sinf — 0)— 0 inf)-—, k=1,...,4 17
= (sin 0 — 08 0) = + (cos 0 + pysin 0) ~—, - (17)
Here, ., k=1, ...,4, denotes four complex numbers, in the following referred to as the complex
parameters. Since they turn out to be the roots of the characteristic equation:
o= (L) Lo (18)
W= " \¢ ") "E "

they synoptically describe the material elastic properties. Once F is known, the stress components
in polar co-ordinates are given by

Tror 2% =" T g \r)
By considering a stress function of the form
E(r,0) = r*®(0), (20)

one finds that the boundary conditions (15), and (15), result from Eq. (19) automatically satisfied.
Moreover, the solution that can be obtained from Eq. (20) can be considered sufficiently accurate,
provide one accepts an approximation for what condition (15); is concerned. Such an
approximation is legitimate if the wedge is so long to be considered infinite.

The explicit expression for @(0) is found by inserting expression (20) into Eq. (16) and
integrating four times successively. As a result,

®(0) = A cos(20) + Bsin(20) + Cop(0) + D, 1)

where the constants 4, B, C and D are found from the boundary conditions (15); and (15),. In
general, the expression for ¢(0) Ref. [20, Art. 7] varies according to the possible nature of the
roots of the characteristic equation (18). Two different cases must be distinguished.

In case I, the complex parameters are pure distinct imaginary numbers, say p; = if, @, = 10,
Uy = gy and py = fip, with f#4. In this situation, after some calculation, one finds that the general
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solution for Eq. (16) implies

p

ﬁ2_52

@0) = — (cos 0 — §° sin? ) arctan(d tan 0)

+ ﬁ (cos® O — p* sin® 0) arctan(f tan 0)

po

2 )
—i—msinecos(ﬂncos 0+ f sin” 0

cos? 0 + 8°sin 0

(22)

In the second case (case II), in which the complex parameters are of the form u;, = ¢ +in,
p = —&+in, p3 = fi and py = [, denoting 4> = & + 2, one finds

2 2 win? . 5
2
p(0) = — 5i6cos(20) In K sTnz 0+ fS%n 0 cos 6 + cos= 0
H u? sin” 0 — 2& sin 6 cos 0 + cos? 0
4n 1 cos 0

— ——arctan -
ué wsin 0 + & cos 0

2_ 2
X [2112 cos 0 (sin 0+ % cos 6> + f(sin2 0+ % sin(20) + : 1 T cos? 0>]
It It It
4en n cos 0
* ue arctan 2 sin @ — & cos 0

2 . é -2 5 . 52 - ’12 2
X [2n7cos 0| sin0 — = cos 0 | — ¢ sin” 0 — —=sin(20) + ——;—cos" 0 | |. (23)
It It 1

The borderline case when the complex parameters are pure imaginary, but pairwise equal, i.e.,
U = W, =1p, u3 = uy = f;, can be obtained by a proper limit of the above expressions. In
particular, when the material is isotropic, corresponding to u; = u, =1 and p3 = py = —1, one
easily finds ¢(0) = 6.

For a better characterization of the problem, it is useful to introduce the quantities

A A A
p_dl’ q_

= . 24
drsiny djcosy 24)
Their significance is clear from the fact that, denoting with .o/ = %LH the area of the wedge in
Fig. 5, the total volume of the material used for the cables is given by (p + ¢).«/, whereas p.«Z and
q</ represent the material quantities used for the principal and secondary cables, respectively.
Expressions (14) then become

1 1 1 1 1
hE,  pE h—&_Eqsin4y+Eptan4 y’
v 1 1 1

U A N . 25
hE, hE, Eptan’y’ hG  Egcos?ysin’y @)
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and the characteristic equation (18) takes the form

4 1 2 1 1
“—+( — 2>u2+_ + =0. (26)

p gcos?ysin’y ptan?y gsin*y ptanty

In general, it is clear that the principal stays must be much stronger that the secondary cables,
since the formers directly sustain the bridge girder, while the latter are usually introduced for a
subordinate purpose, (i.e., to inhibit the stay vibrations). Therefore, one may limit consider about
the case in which the amount of material used for the principal cables is much greater than that
used for the secondary ones, that is p>g¢. Under this assumption, Eq. (26) can be simplified by
neglecting high order terms in

4 2 1

I + —0. 27)

P gcos?ysin’y gsinty

The discriminant of this equation is positive when p>¢. Consequently, the characteristic
parameters, iff and id, are pure imaginary numbers as in case I. Neglecting higher order terms,

they take the form
1 1
B —.\/’E, B . (28)
cosysmnyl\ ¢q tany

It should be noticed that the parameter 6 practically depends solely upon the geometry
of the network (Fig.4), whereas [ takes into account also the distribution of material
between the principal and secondary cables. Indeed, the convenience of Lekhnitskii’s notation
lies in this direct correlation between the characteristic parameters and the network shape
and size.

Determining the constants 4, B, C and D appearing in Eq. (21) from conditions (15); and
(15), is not easy, even in case I. A more convenient way to handle the problem is to introduce a
complex potential of the generalized complex variables z; = x + iff and z; = x + i0. Following the
generalized complex-variable technique outlined in Ref. [20], the expression of stress, strain and
displacement take a concise, convenient form. The corresponding calculations are reported in the
appendix for the reader’s convenience. The result is that the Cartesian components of the stress
field read

I
[

26 sin® S
Oxx = 40 [1 + K> — ml(l (5 arctan 2 — f arctan ﬁy)]
X

hsin® o B> — )
Oyy = —%Kl (5 arctan By _ B arctan 5_y>,
h(p~ —0%) x x
2 2.2
Ty = qOﬂé __DPC_ gn w, (29)

h(B* — 5% X2+ %2
where K| and K, are constants. Recalling that i and i are the roots of the characteristic equation
(18), so that
E,

El 262 2 2
— = 2
5 po°, o= B+, (30)
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the quantities K; and K, can be written in the form

K, = (B — 6°)(cos? o — v; sin® oc)/{(ﬁé sin o cos )

: 1 + p* tan® o
X [(B + 6°) sin® o + 2 cos® o] In (%)
+ 2[B arctan(d tan o) — 6 arctan(f tan o)][>6* sin* & — cos* oc]} (31
and
K, = ﬁzzi(léz {5(/32 sin® o — cos” &) arctan(f tan o)

: : 1 + 7 tan?
— B(6% sin” & — cos® &) arctan(d tan o) — 0 sin & cos o In <w> } (32)
1 + 6~ tan? o
Having assumed p> ¢, one has from (28) that > 1. Consequently, expanding in Taylor’s series
(31) and (32), one obtains

cos? o — vy sin’ «

K, =
1 + p tan?
dsin’ o [25 sin o arctan(d tan o) 4+ cos o In (W)]
1 + 6 tan? o
1 i t t 1 1
" (ﬁ) L os? sin o arctan(f8 ano¢)1 — <2> +0<2> (33)
20 sin o arctan(d tan o) + cos o In <w) b B
1 + 6" tan® o
and
1
K, = K; [25 sin® o arctan(f tan o) + O (B)} . (34)
Notice that both K| and K, are positive and their order of magnitude is
1 1
K =0l-— K, =0 . 35
=o(gmg) ©=0(5i) G
Consequently, it follows from Eq. (29) that, as expected
sl ) o =e(7)
Oxy=———+40|=]|, o,=0l=], 9 =0-]. 36
R h San o (ﬁ2> yy <ﬁ2 Y ﬁZ ( )

It is easy to verify that in the borderline case when p/g— oo and, consequently from Egs. (25)
and (28), E,—0, G—0, vy >0 and f— + oo, the state of stress is given by
o= g =0, Ty =0 37)
hsin” o
This condition corresponds to the vanishing of the set of secondary stays, i.e., the bridge is a
traditional cable-stayed one of the harp type.
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For the following considerations, it is necessary to calculate the displacement field. It should be
noticed that in a solution of type (20) the two conditions (15); and (15), are precisely fulfilled,
whereas Eq. (15); can only approximately be verified. In order to eliminate the indeterminacy of
rigid-body motions, one requires instead of Eq. (15); that

ucosa —uvsina =0 at (x,y) = (0,0),

u=0 at (x,y)=(Lcosa,—Lsina),

u=0 at (x,y)=(L/cosua,0). (38)
Calculations can be simplified using the theory of complex potential of generalized complex

variable. Referring to the appendix for more details, the displacement expressions for p/¢> 1, and
consequently > 1, take the form

L
u(x,y) = #{(I—I—Kz)(x ytdna_cosa)
1

¥+ pAy?
L2(cos? o + f3? sin® o)

+ K ypd sin® o In

. . 1
+2K;0 sin o | x sin o arctan @ —ycosaarctan(ftanwo)| + O = | ¢, (39)
X B>

v(x,y) = L {(1 + K>) (—Vly + xtano — L)

Eihsin sin o
2 52 2 5
— Kixpd sin® o In Xt Jz) —— + 2K, B2y sin® o arctan—y
L2(cos? o+ B~ sin” o) X

1
—2K;dsina [y (6% 4 v}) sin o arctan ﬁ—; — x cos o arctan(ff tan oc)} + 0 <P> } (40)

From these formulas, what is important is to calculate the displacement of the horizontal side
y = —xtana of the wedge, where this is connected to the beam. In particular, the vertical
displacement # of the beam is given by

n = —(usino + vcosa). (41)

For, introducing the co-ordinate s such that (Fig. 5) the horizontal beam has the parametric
equation

x=scosa, y=—ssina, O0<s<L, (42)

one obtains after simple, though time consuming, calculations

q0 L 52 1
= Eyhsin® o (1+kK co +0<ﬁ>] +)

To realize how the presence of the secondary stays influence the deflection of the bridge,
consider p/g =10 and y =45°, for which f~6.5, 6~1, K; =0.232 and K, = 0.086. This
example may be compared through (43) with the borderline case of a classical harp-type cable
stayed bridge (with no inter-ties), characterized by K; = 0 and K, = 0. The corresponding graphs
are juxtaposed in Fig. 6. As expected, since the beam has no bending stiffness, the deformation of
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Fig. 6. Girder deflection with and without secondary cables (L = 150 m).

the bridge when K; = K, = 0 is a straight line. The deformed shape with secondary cables is
always above this line, since any addition of material can only increase the stiffness of the bridge.
However, notice that the girder sag close to the bridge mid-span is practically the same in the two
conditions, an evident sign that the secondary cables have only a limited influence upon the bridge
deflection.

4. The vibrations of the bridge

The influence of the secondary cables upon the vibrations of the whole bridge is now
investigated by studying the natural vibrations of the system in Fig. 5. Let p represent the mass
per unit area of the homogenized orthotropic wedge, and let m be the mass per unit length of the
beam connected to the wedge on the horizontal side. Since in any bridge the girder is much heavier
than the stays, one may assume pLH /2 <mL. In other words, the overall natural vibrations of
the system may be accurately calculated by neglecting the mass of the wedge even if, of course,
the influence of p will result fundamental when analyzing local oscillations (this will be done in the
next section).

The fundamental vibration frequency of the system is estimated using Rayleigh’s method. The
first oscillation mode of the bridge is approximated by its deformed shape due to a load myg,
uniformly distributed along the girder. From Eq. (43), neglecting terms of higher order than 1/p,
recall that the girder deflection takes the form

_ mg L—s .3 s
=——7|(1+K K Bo In— 44
77(s) Esin’ (I+ 2)cosoc+ 1Bos sin” o N5l (44)
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where f,0, K; and K, have been defined in Egs. (28), (31) and (32). The first natural frequency w
of the bridge is consequently estimated by

o lymads i) ds

=g =g . (45)
[rmip(s)yds [T P(s)ds
Introducing the quantities
1+ K
A=UHK) B ssinta (46)
cos o
Eq. (45) becomes
&ZEEMWa (4 — B) )

2 mL (942 — 154B+8B?)

Now, in the borderline case where the secondary cables are absent, since K; = K> = 0, it results
in

A=—— B=0 (48)

and the natural frequency wq reads

, 3Eh sin’ o cos o

49
“0 2 mL (49)
In the general case, observing from Eq. (35) that
1 1 1
A= B=0(—

cosa | 0(/3 In ﬂ) ’ O(ln ﬁ) ’ (50)

and using Eq. (45) one finds that
1

But, recall from Eq. (28) that f=~(1/cosysiny)+/p/q, where p and g, representative of the material
used for principal and secondary stays, respectively, have been defined in Eq. (24). Since the case
of interest is when p/g>1 and > 1, from Eq. (51) it is then clear that the set of secondary cables
has only a limited influence upon the first natural frequency of the bridge. This finding is not
surprising since, as noticed from Fig. 6, the secondary cables do not produce noteworthy
modifications of the girder deflection curve.

As an example, consider the following data, taken from a real bridge: m = 2 x 10* kg/m,
L =135 m, o = arctan(1/2.5), y = 45°. Moreover, assume that the tensile stress in the principal
stays, of Young’s modulus £ = 2 x 10" N/m?, is 6y = 4 x 108 N/m?. When the secondary cables
are absent, it results in

A mg

p=—= 5 hE]ZPE (52)
di  gysin”

and consequently, from Eq. (49), wy =4.335rad/s. On the other hand, for ¢/p =0.001, a

reasonable value for a real bridge, one finds from Eq. (28) f = 63.24, and from Egs. (31), (32), (46)

and (47), o = 4.463 rad/s, corresponding to an increment of less than 2%.
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In conclusion, for the cases of interest (p/¢>1) the secondary cables have only a limited
influence on the first natural vibration mode of the system. Consequently, while estimating the
first natural frequency, not a significant error is made if the presence of the secondary cables is
neglected. In other words, the network suspension bridge may be considered as an ordinary cable-
stayed bridge.

5. The vibrations of the stays

The following analysis, based upon the continuum approach, describes the vibration of the
network as a whole, allowing one to evaluate the efficiency of the inter-ties in reducing the natural
oscillations of the principal stays.

5.1. The model

Consider the problem represented in Fig. 7. The structural scheme is equal to that in Section 3,
with the exception that now the beam is subjected to a uniformly distributed pulsing load
Py sin(2Q1) in addition to the dead load myg. The cyclic action models the excitation due to traffic
or environment, or at least may be thought of to be the first term of a Fourier’s expansion. As
already mentioned in Section 2, recall that the pulsing part of such actions are usually so feeble
that they may induce significant girder oscillations only when in resonance with the overall bridge
vibration. This implies that 2Q2 is of the same order of the fundamental bridge eigenfrequency,
which can be estimated through the analysis of Section 4.

While studying the dynamic equilibrium of the wedge-shaped membrane, its mass-per-unit-area
p cannot be neglected. Hamilton’s principle will be used to derive the equations governing the
system vibrations, considering the equilibrium configuration under permanent loads as the
reference state. To reach a closed-form solution, a few simplifying hypotheses will be introduced,

R—Rr—r —1

TR AR IR AR AR AR
P,sin(20t)

|
| L |

Fig. 7. The wedge-beam model to investigate the parametric resonance phenomenon.
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which represent the natural extension to this 2-D case of Kirchhoff hypotheses for the vibrating
string, discussed at length in Section 2.

First of all, similarly to Eq. (1), one can surmise that the incremental strain of the wedge,
measured from the stressed reference state, is given by

U2

8.\‘,‘( ; u)X + %7 'ny ; uay +UJX 9 8)/)/ ; va 9 (53)
where u(x,y) and v(x,y) represents the incremental displacement components in the x and y
directions, respectively (Fig. 7). Motivation for this is that the principal cables, parallel to the
x-axis, are much stiffer than the secondary ones, so that, since v,, > u, , the second order term v,fc

may become comparable with the others. The incremental stress components {o, Gy, Ty} are
given by

Oxx = Al1éxy + )v128yy:

Oyy = A28k + 1228},},,

TXy = :uyxy (54)
with [20]
E E E
M= p=——, Ip= . u=G, (55)
1*\)1\)2 1*\11\12 1*\11\)2

where E;, E,, vi, v, and G are related to the cable-net shape and size of Fig. 4 by Eq. (14).

The expression of the potential energy must account for the fact that the system reference
configuration is not natural. Denoting with {¢?, 02y> ‘L'gy} the stress state in the membrane under
permanent loads, one may assume

W) = ¢ =0, =0 (56)
hsin” o ’

These expressions directly follow from Eq. (36) and represent an approximate elastic solution for

the system subjected to the dead load myg, uniformly distributed along the beam. Consequently,
the potential energy U can be written in the form [25, Section 2.5]

1
U=h /j 0 encdxdy + h A (Z11&, + Anéy, + uy3,) dx dy
+ / mg[sin o u(s cos o, —s sin o) + cos o v(s cos o, —s sin a)] ds, (57)
r

where % denotes reference domain of the wedge, I is its horizontal boundary (where the wedge is
connected to the beam) and the co-ordinate s is defined in Fig. 7. Similarly to Section 2, where the
weight of the string was neglected with respect to the weight of the suspended mass M (Fig. 2), the
term

h/ pg(usino + vcosa)dxdy
Q

has not been considered in Eq. (57).
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Moreover, since the stiffness of the principal stays refrains motions in the x direction, we expect
that v,>u,. The kinetic energy 7 is thus approximated by

h
=2 [ dxdy
Q

+ % / [(u (s sin o, —s cos 0))* + (v4(s sin o, —s cOs ))?] ds. (58)
r
Finally, the work done by the uniformly distributed pulsing load P; sin(Qt) reads
W=— / Py sin(2Q1)(u(s sin o, —s cos o) sin o + v(s sin &, —s cos o) cos o) ds. (59)
r
Using expressions (57)—(59) in Hamilton’s principle
o(T —U)=90W, (60)
the final result is the system of differential equations
Oxxox TTapsy = 0, (61)
Txypox +0 L 'a(av)—v =0 (62)
XYsX Yysy I//lSiI’IZOC XX Iax xxYsx p N7
with boundary conditions
at y =0, Oyy = 0, Tyy = 0,

at y=xcota— L/sina, u=0, v=0,

. (63)
{ucosoc—vsmoc: 0,

at y = —xtanao, . 0 .
—mw ;, — Py sin(2Qt) 4+ h(o},v,, sin ocos o + a,,) = 0.

For simplicity’s sake, in Eq. (63);, the beam displacement component in vertical direction is
denoted by w = —(usin« 4 vcosa), while 6,, (= oy sin®o — 21,y Sin o COS & + gy, oS o) repre-
sents the normal component of stress in the membrane on the line y = —x tano.

What should be noticed is that the non-linear effects in Eq. (62) are due to the term a% (OxxUsx ).
A simplified though accurate analysis can be obtained if, here, one considers for o, the stress
corresponding to the static solution for the distributed load P;sin(2Q¢). Recall that this
hypothesis is similar to that commonly accepted for the vibrating string: in Section 2 the
incremental axial force in the string coincided with the static solution for a straight cable under the
action of the pulsing load Py sin(2Q¢) (see Fig. 2). Referring to the analysis of Section 3, using
Eq. (36) one may write

0 Py sin(2Q1)
2 (OxxUox ) =5 Upxx - 64
ox (0xx72) hsin® o 64
Consequently, Egs. (61) and (62) reduce to the linear system of differential equations
O xxsx +Txyay = 0: (65)
mg + Py sin(2Qt
Txysx TOppsp J 1 ( ) Uoxx =PVt = 0. (66)

h sin’a
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Regarding the boundary conditions, referring again to the simplifications used in the 1-D case,
instead of Eq. (63);_4, the alternative conditions

u=20 }
at y = —xtana, (67)

v=20
having a strict analogy with Eq. (3),_;, where the end points of the string were considered to be
fixed and the axial load variable in time. Here, the end points of fibers y = const are constrained
but, nevertheless, possible variations in the stress o, are included through the pulsing term
Py sin(2Q1) appearing in Eq. (66). It is the presence of such a term that may give rise to the
possibility of parametric resonance.

In summary, the problem is governed by the system of differential equations (65) and (66), with
boundary conditions (63),, (63), and (67). From this equations, adding proper initial conditions,
the system motion is determined.

5.2. Qualitative solutions

Before addressing the general problem, it is useful to consider first a few borderline cases.

5.2.1. Absence of secondary cables
The simplest case is when the secondary cables are absent. Letting 4, —0 in Eq. (14), one
obtains from Eq. (55)

im=Ey, Anp>~0, Ap=>~0, v;~0, [|n|<o.
System (65), (66), taking into account Egs. (54), (55) and expressions (53) for &y, ¢, and y,,

reduces to

0
L futiod) =0,

mg + Py sin(2Q1)

sin” o

— phvy = 0. (68)

No partial derivatives with respect to y appear in these expression, so that one can consider the
problem separately on the lines y = const. In fact, it is clear that when the secondary cables
are vanishing, every fiber disposed parallel to the x axes can move independently from the
surrounding ones. In other words, it is as if the wedge was made of independent, parallel wires.

The one-dimensional solution of Section 2 is thus easily recovered. Following the method of
separation of variables, consider

v(x,y, 1) = Y (x, )Py, 1), (69)
which, after substitution in Eq. (68),, gives

mg + Pl Sln(th) ql,xx h @,”
—p

=0
sin’o v )
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and the following eigenvalue problem
lPaxx

) =0, (70)
L R L C) FR (71)
phsin“o

for some unknown function { = {(y). From Eq. (70), the general expression for ¥ is

P (x,y) = A(y) sin(x/{(y)) + B(y) cos(x+/{(»)) (72)

and the boundary conditions (63), are automatically satisfied. In order to respect Eq. (67), A(y)
and B(y) in Eq. (72) must satisfy the system

A(y) sin KL + ytan oc) \ /{(y)] B(y) cos [(oi + ytan oc) A /C(y)} =
A(y) sin[—y cot a/L(y)] + B(y) cos|[—y cot oy /()] =

Requiring that the determinant of this system is zero, one obtains

(o Tmems) VEO] =0

S o COS o

which gives

kn kn
VIO = (i jeosa) 1 (fsimacosa)) ~ 0 "

where k is an integer number and
L y
cosa  sinacos o

) =

evidenced in Fig. 7, represents the length of fibers parallel to the x-axis at y. Consequently ¥(x, y)
now reads

Y(x,y) = A(y) sin [I*(Y) (coLs + ytano — x)]

where A(y) represents the (undetermined) amplitude of the oscillations of the fiber at y. The
analogy with the vibrating string problem is immediate.

The displacement component u(x, y, t) can be found a posteriori from Eq. (68),. Supposing it is
of the form

ulx,y,1) = E(x,y) ¢y, 1), (74)
where @(y, 7) is the same as in Eq. (69), one finds that Z(x, y) is the solution of the differential
equation

10
xx — T A _(Ta‘c)

[n

with boundary conditions (63), and (67).
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Observe that by posing P; = 0 in Eq. (71), recalling Eq. (73), one obtains that fibers at position
y = const vibrate with a cyclic frequency given by

2
) mg kn
=7 . 75
o hp sin’a <l*(y)> (75)

This represents the natural fiber frequency. The correspondence with Eq. (9) is easily seen.
The stability of the fibers at y = const is then governed by the Mathieu’s equation (71) which,
because of Eq. (73), becomes

: 2
mg+ Py 31n(2Qt)< kn > =0 (76)

¢9tt I 2 I*O/)

hp sin“o
The corresponding discussion is analogous to that presented for the unidimensional problem in
Section 2 through the stability chart of Fig. 3. In particular, the cyclic frequency 2 of the pulsing
load has to be compared with w, defined in Eq. (75).

5.2.2. Secondary cables slightly inclined to the main stays

As a second case, suppose that the angle y that the secondary cables forms with the
principal ones is very small, i.e., y—>0. From Eq. (14), the order of magnitude of the elastic
moduli is

1
Ex=E0G", +-=00% vn=0". G=EOG) (77)
and consequently, from Eq. (55)

in = O(E), 7n=7m00%, Jn=7100%, w=71100". (78)
Thus, recalling (53) and (54), neglecting higher order terms, expression (65) reduces to

5 2
a<u,x +“7> —0. (79)

Concerning Eq. (66), one observes that since y is assumed very small, one may anticipate that
exx <¢&y,. Consequently, because of Eq. (78), the stress component o), results to be very small. For
the same reasons, it is natural to expect u,,, <v,,. Consequently, keeping only the leading terms
in Eq. (66), the following equation is obtained:

mg + ph sin’a + P sin(2Qr)
) Uoxx — Ut = 0.
phsin“o

(80)

It is immediate to recognize that Eqgs. (79) and (80) are perfectly analogous to Egs. (68), and
(68),, provided one substitutes the quantity mg with (mg + uh sin’e). Moreover, observe that no
partial derivative with respect to the y variable is present in Egs. (79) and (80), so that v(x, y, f) can
still be though of as written in the form (69). Repeating the same analysis of Section 5.2.1, one
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obtains a condition analogous to Eq. (73). A posteriori, in proximity of the free edge, Eq. (63),
can still be considered identically satisfied up to higher order terms.
Therefore, in this case the stability condition can be discussed by examining equation

myg + ph sin’or + P; sin(2Q1) (kn> 2@ _0

@, A " (81)

ph sin’a
which takes the place of Eq. (76).

The fact that any fiber parallel to the x-axis can be thought of as vibrating independently
from the neighboring ones, is a consequence of the assumption y<1. If y is very small (Fig. 4),
the resistance that the secondary cables offers to the mutual approaching of any two con-
secutive principal stays is consequently reduced (recall that from Eq. (77) one has E, = O(%)).
Moreover, by comparing Eqgs. (76) and (81), it follows that the effect of the secondary cables
is equivalent to an apparent tensile-stress increase in the principal stays, percentage-wise
equal to

ph sin’o 4+ mg

iy, = (82)
mg
This effect is in favor of the stability of the system.
5.2.3. Secondary cables orthogonal to the main stays
A third important case is when y = %71: Now, since d| = d, tan y, it follows from (14)
EA EA
Eh=—"L Eh="22 vy =w=0, G=0, (83)
d dy

so that, using Eq. (55),
im=E, in=E, ip=u=0.

Again, it is logical to expect u,,, <v,.,. Neglecting higher order terms, the governing system of
differential equations reads

0 v,%
5<uax + 2 > - Oa (84)
P sin(2Q¢
Jonhv,y), 4 my Si;ilan( ) Vsxx —phv =0 (85)

with boundary conditions (63), _, and (67). In particular, the second of Eq. (63), is automatically
satisfied, whereas o), = 0 implies v,, = 0 at y = 0.

What should be noticed in Eq. (85) is the term Axhv,,, which, on the contrary to the preceding
cases, establishes that the fibers at y = const cannot vibrate independently one another. The
secondary cables should thus give a strong contribution in enhancing the stability of the system.

The analytic discussion of system (84) and (85) is not immediate. One may tentatively
investigate solutions of the type

v(x, y, 1) = A(x, p)P(2).
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Table 1

Parameters C; and G, for different values of the wedge angle o

Cot o 1 1.5 2 2.5 3 3.5

C 10.00 13.63 15.45 16.45 17.04 17.44
G 10.00 13.55 37.03 61.24 91.54 127.71

Multiplying Eq. (85) by A and integrating other the domain Q, and noticing that because of the
boundary conditions the identities

/E(A,XA) da:/ (A,x A)n,dl =0,
20X oB

/ag(A,y/l)da: 7 (A,x A)nydl =0
20) 0%

hold, one obtains
Py sin(2Q¢ .

(zzzh / (A, da+ 90 jm( ) / (A, ) da> @ + phd / A2da = 0. (86)

B S~ o B B

Following Rayleigh’s method, A(x, y) may be selected in the form

L x \?
A(x,y) = 41_1(7);2 + X7 tan” o) [J’z + <m ~an a> ] . (87)

The evaluation of the integrals that appear in Eq. (86) presents no difficulty and can be easily
performed either analytically or numerically. Table 1 gives C; and C, as functions of the angle «
of the wedge, where

JyAn)da 5 [,(4,) da

C, =IL? : : 88
: [, A% da [, A*da ®%)
The system vibration is thus governed by Mathieu’s equation
Cy,  mg+ Ppsin(2Q1) C, ..
Jnh— — | P+ ph® = 0. 89
( nhs+ sinZa 72)PTP (89)

The natural vibration frequency wq of the cable net, considered as a whole, may be obtained by
posing P; = 0 in Eq. (89), to give

, c
ol = p_<mhcz + 'S"gz ‘). (90)

This value can be compared with that given by Eq. (75) in Section 5.2.1, corresponding to the
absence of secondary cables. For, recalling that parameters ¢ and p of Eq.(24) indicate the
quantity of material employed for the principal and secondary cables respectively, from Eqgs. (55)
and (14) it follows, as an order of magnitude

A

Eyh = Jyph = an mg=0oaudm d_l = OadmpD> (91)
1
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where 0,4, represents the design stress in the principal stays. Thus, from Eq. (91),

@ _ 0<%Gadm> )
mg E

Observing that for steel cables E/c,4, = O(10%), the great efficiency of the secondary cables in
enhancing the natural vibration frequencies of the stays is clear.

The stability analysis from Mathieu’s equation (89) is straightforward. Introducing 1 = Qt, the
canonical form

dz@ izzCz mg C] > P] C] . :|
— 4 + sin(27) | @ =0 92
dz? KszL2 hp sin®aQ>L? hp sin’oaQ? L2 2 62

is obtained. Recalling Eq. (90), this expression can also be written in the form

d2¢ o 2 (o) 2p 1 .
— — ] +2 <—> — 21)| @ =0,
az t [(Q) * ( Q N)Sm( T)] 0
where N is a characteristic parameter, having the dimension of a length, equal to

_ 2w}hpL? sin*

N
C

2
= a (AnhC, sino + mgCh).

The corresponding discussion is analogous to that of the unidimensional case and can again be
done referring to the stability chart in Fig. 3. Also in this case, it is important to check that the
cyclic frequency 2Q is sufficiently far away from twice the natural frequency wy.

5.2.4. Approximate solution for the general case

The analytical study of the system of equations (65) and (66) in the most general case is so
difficult that in general a numerical approach should be envisaged. An engineering approach, that
has proved to be satisfactory in some practical case, is to give an approximate solution consisting
in a combination of the two limit cases analyzed in Sections 5.2.2 and 5.2.3. Despite that all the
elastic moduli are now different from zero, one may imagine that, according to the analysis of
Section 5.2.2, the presence of the u modulus is equivalent to an apparent increase in the stress
acting in the principal stays according to Eq. (82). In practice, one sets u = 0, but conventionally
increase the permanent load mg to the ratio r defined as

ph sine 4+ mg
r=——-
mg

It follows that the resulting system of differential equations is analogous to that considered in
Section 5.2.3. Repeating the same analysis, considering again a shape function A(x, y) of the form
(87), the natural cyclic frequency of the cable net is given by an expression analogous to Eq. (90),
but where myg is substituted by rmg. The discussion of the stability of the system follows the same
rationale leading to Eq. (92).
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6. Example and discussion

To illustrate the practical use of the continuum approach in one example, the method is now
applied to the layout of the Normandy Bridge. Recently, built in France [14-16], with its 856 m
main span the structure represents one of the grandest cable-stayed bridges in the world. Due to
its daring size, a particular attention had to be paid to the stay design since, apart from
technological problems, their length constituted the bridge vulnerable point. To mention just one
aspect, 55% of the transverse bridge gabarit is formed by the stay sheaths: only considering
he wind pressure, one can imagine the order of magnitude of the transverse forces transmitted to
the stays. The risk of parametric-resonance-induced cable vibrations had been evidenced from
the beginning, by comparing the natural frequencies of the whole structure, obtained by modelling
the cables as truss members, and the natural frequencies of the stays, calculated supposing them
fixed at their anchorage points.

For medium-span bridges, the cable vibrations may be reduced by dampers but, on the
Normandy Bridge scale, the efficiency of such a countermeasure is limited and the only
practicable solution is a system of secondary inter-ties. These were preliminarily designed by
considering the nodes fixed and calculating the axial force in the resulting cable portions due to
wind action, modelled as a static pressure of 3 kN/m2 [14]. This preliminary study, later
corroborated by more refined numerical analysis [14], suggested the use of only four secondary
cables for each stay plane, according to the scheme of Fig. 8. Of course, the secondary cables have
no effect if the stays vibrate at right angle to the plane in which they are contained, but practical
experience has shown that this vibration mode is much less frequent than in-plane oscillations.
This is probably due to the stay initial sag under its own weight, which causes the stay to
straighten and start moving in the vertical plane, when the anchorage points are displaced apart.

Many different layouts were considered for the secondary cables. At first, pseudo-curvilinear
profiles, similar to Leonhardt’s design for crossing the Messina strait [13], were proposed. Later,
this solution was disregarded due to the difficulties in regulating the cable tension in the
construction phase. The rectilinear disposal of Fig. 8, with secondary cables almost at right angle
to the principal stays, was definitely selected. A precise program was followed to progressively
tension the secondary cables to avoid their slackening, and a particular sheathing was conceived
to increase the intrinsic cable damping [14].

It is now discussed whether the assumptions of the continuum approach of Section 5.1 do apply
to this structure. The Normandy bridge is of the slender deck type, since the girder height, for
aerodynamic reasons, is contained in only 3 m (1/285 of the bridge main span). Thus, at least as a
first order approximation, the girder flexural inertia, as well as its axial deformation, can be
neglected. On the other hand, the pylons constitute quite a rigid constraint, since they are
anchored by robust back stays to side spans, which are further stiffened by intermediate piers at a
fair distance one from the other (see Fig. 8).

< Honfleur Le Havre &>

T
Fig. 8. Layout of the Normandy Bridge (France, 1994).
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As far as the stays are concerned, they were pre-tensioned to avoid slackening under live loads.
However, neither the cross section of the principal stays is constant, nor the stays follow the harp
pattern (the layout is of the semi-harp type). Notice, however, that the longest stays are sensibly
parallel one another and their cross-section almost constant. Now, the bridge deflection, as well as
its dynamical response, is governed by the elasticity of the stays anchored in proximity of the mid-
span, while the short stays play a side role, since they connect the girder where it already rests on
pylons. Therefore, when considering the homogenized web-bridge, one may tentatively pretend
that the layout determined by the longest stays is ideally prosecuted throughout the bridge. In
other words, the original layout is approximated by a harp-type layout, where cables are parallel
to the longest stays and maintain the same cross-section.

Under these hypotheses, it is possible to correlate the real bridge with the auxiliary problem of
Fig. 5. The following data are taken from Refs. [14,15]. Let 2L = 856 m represent the length of
the bridge main span, H = 161 m be the height of the pylons above the girder and o =
arctan(H /L) = 20.6° be the angle formed by the longest stays with the horizontal. Let i = 19.65 m
denote the relative distance between stay anchor points to the girder, m = 6.5 t/m the mass per
unit length of half of the girder (i.e., that portion supported by each one of the two stay planes of
the bridge) and Ly~ L/cos o = 457 m the length of the longest principal stay. Let 4; = 74.20 cm?
be their cross-sectional area (they are composed of 56 steel 0.6”-tendons) and m; = 8000 x 74.2 x
10~* = 59.36 kg/m the corresponding mass per unit length. Consider then a triangle-shaped cable
net as in Fig. 4, for which d; =isina = 6.92 m represents the interaxial distance between
principal stays.

Neglecting the girder flexural stiffness, the axial load in the principal stays is approximately

myi

y = = 47.94 kN /em®.
7 A sina 79 fem

Thus, from the analysis of Sections 2 and 5.2.1, the circular frequency corresponding to the first
natural vibration mode for the longest stay results

. JogAj
L\l my

= 1.68 rad/s (93)

Wy =

and the corresponding period 7Ty = 3.75 s.
In order to evaluate the natural frequencies of the whole bridge, we refer to Section 4. When no
secondary cables are present, formula (49) applies, to give

__ E
wy = m =2.10rad/s, To=29s. (94)

When, in general, secondary cables are added, Eq. (47) should be used instead, but when p/g> 1
(the only case of interest), since the complex parameter § becomes very large (recall Egs. (24) and
(28)), the approximation furnished by Eq. (49) is satisfactory. In other words, the value in Eq. (94)
does not vary sensibly when a moderate warp of secondary cables is added.

The effect of inter-ties upon the vibration of the cable net is established using the results of
Section 5. First consider the layout of the real bridge, sketched in Fig. 8. From Ref. [14], the
following data have to be considered for the net (see Fig. 4): 4, = 2.80 cm? as the cross-sectional
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area of each secondary cable; y = n/2 as the angle formed by the secondary cables with the
principal ones; d, = 57.1 m as the interaxial distance of the secondary cables.
Recalling Egs. (24), (25) and (55), it is easily found

EA
Jih = Eth = d—ll = 2144 kKN/em, A12h=0,
EA
Joph = Esh = d—2 =98 kN/em, uh=0,
2

where /4 is the reference thickness of the equivalent continuous wedge-shaped membrane.
Moreover, from Eq. (24),

A
p= d_l =0.1072 ecm?/em, ¢ =——2

2 _49x%10*cm?/em, L =219.
1 d> siny q

Thus, the assumed estimation p/¢> 1, which justified the asymptotic expansions for f— co and
0—0, is very well verified in this case.
Now, the wedge density p is given by

ph=8000 (p + ¢q) = 8.62 kg/m”.

Since H/L = 161/428, using Eq. (88) the values C; = 16.67 and C, = 70.15 are calculated. The
natural cyclic frequency can thus be estimated, from Eq. (90), as

1
2 ) 2
0" =—=|AnC +—— ] =43.58 + 5.42 = 49.00 rad/s",
PL2< 2 hsin2a> /

® = 17.0 rad/s, (95)

to which corresponds the natural period 7' = 0.9 s. What should be noticed, in any case, is the
great efficiency of the secondary cables in enhancing the natural frequency. Recall that in absence
of any connection, the frequency of the longest stay is, from (93), w, = 1.68 rad/s (Tp = 2.9 s).

To investigate further, consider an alternative layout where secondary cables, while maintaining
the same interaxial distance, are each formed by one 0.6” tendon at an angle y = /36 (~ 5°) with
respect to the principal stays. From Eq. (24) it is found that

A
dy siny

P

A =2.03 x 107} cm?/cm, =5,

p=—-=01072cm’/em, g =
1

and from Egs. (25) and (55)
;Lllh = 2184 kN/cm, /112}1 =0.306 kN/cm,

Jmh = 0.00234 kN /cm, uh = 0.306 kN /cm.

Recall, from the analysis developed Section 5.2.2, that when y is very small the vibrations of the
principal stays are practical independent one from the other. Using Eq. (82), the first natural
cyclic frequency of the longest stays reads

h'sin®
W, = — Mjmcx = 1.73 rad/s. (96)
L phsin“o
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Comparing this value with w; = 1.68 rad/s (75 =2.9s) in Eq.(93), with no inter-ties, it
immediately follows that the obtainable benefit is very small, i.e., arrangements with y small are
not very efficient.

As a third possibility, imagine now that secondary cables are placed at an angle y = /4, still
maintaining fixed ¢> = 57.1 m. In this case

p=0.1072cm?/cm, ¢=693x10"*cm?/em, p/q =155 p=8.63kg/m’,
Eih=21445kN/cm, FE)h=3421kN/ecm, v; =1, vy=0.0016

Aith = 2148 kN/cm, A;ph = 3.427 kN/em,  Jph = 3.427 kN/cm,  wph = 3.465 kN /cm.
Using the results of Section 5.2.4, the first natural cyclic frequency of the stay plane is equal to
(mg + phsin’«)C,

h sin’u

1
w? <;L22 G +

= = 15.20 4 5.41 + 3.65 = 24.6 rad /s°, (97)
pL?

corresponding to w = 4.95 rad/s and T = 1.27 s. Comparing this value with Eq. (95), one notices
that this disposal is better than the previous one, but the layout actually used for the Normandy
Bridge (y~m/2) is still stiffer.

As a final example, the case with ¢, = 57.1 m and y = /3 is analyzed for which:

p=0.1072cm?/em, ¢ =5.66x10"*cm?/cm, p/q=189.3, p=8.62 kg/m?,
Eih = 21445 kN/em, E)h = 6.340 kN/cm, v; =0.333, v, =9.85x10"*
Aith = 2145 kN/em, A;ph = 2.120 kN/cm,  Jph = 6.342 kN/cm,
ph = 2.120 kN/cm.

Still referring to Section 5.2.4, the cyclic frequency is now given by

(mg + ph sin’a)C,

h sin’a

w? = p—(/lzzCz + > =28.16+5.42+2.24 = 35.82 rad/sz, (98)
corresponding to w = 5.98 and T = 1.04 s. This value is intermediate between those obtained for
y =mn/4 and 7/2.

The synthetic approach, which allows for a synoptic comparison of different configurations of
the secondary cables, can be of help in designing optimal cable stay arrangements. In particular,
this study seems to confirm that when the angle that secondary cables form with the principal stays
is small (y=~0), the efficiency of the connection is limited. The principal stays may vibrate
practically independently from one another, and the effect of the secondary warp is only equivalent
to a virtual (small) increment of their normal tensile force, as stated by Eq. (82). The stays’ natural
frequencies are enhanced most when the secondary cables are placed almost at right angle to the
principal stays (y=~m/2). For intermediate values of 7, the efficiency of the secondary cables can be
estimated to be between these two borderline cases, increasing in general with increasing 7.

Checking against the risk of parametric-resonance-induced cable vibrations consists in verifying
that the principal eigenfrequency of the whole bridge, given by Eq. (94), is sufficiently distant from
twice the fundamental eigenfrequency of the stay. In this respect, the efficiency of different
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configurations of secondary stays may be immediately evaluated by comparing Eq. (94) with
Egs. (93), (95)-(96), (97) or (98).

In conclusion, the simple and concise formulas obtained from the continuum approach allow a
ready determination of the order of magnitude of the characteristic parameters governing the
dynamic response of the bridge. In particular, it is possible to take into account the interaction
between contiguous stays when connected by secondary cables and to conceive optimal layouts to
enhance the overall natural frequencies of the network. Concerning the latter point, the
conclusions are in agreement with the cable arrangement adopted for the Normandy Bridge, for
which an orthogonal mesh was selected.

Appendix

The solution of a plane problem in anisotropic linear elasticity theory can be obtained using a
generalization of Gousart’s complex representation method. Referring to Ref. [20, Chapter II] for
a résumé of the technique, here just a few results are recalled. When the complex parameters,
solutions of the characteristic equation (18), are pure distinct imaginary numbers, say u; = if,
U, =10, uy = fi1 and uy = [, (case I of Section 3), the generalized complex numbers

z1=x+1fy, z; =x+1idy (A.1)

are defined. Then, it can be verified that the complex potential F(x, y), introduced in Eq. (16), can
be expressed as the real part of the complex function F(z,z7), i.e.,

F(x,y) = 2Re[F(z1, 2)]. (A.2)
For example, for the case of Section 3, one can directly verify that F, previously expressed in polar
co-ordinates by Egs. (20) and (21), assumes the simple form

F(x,y) = 2Re[F(z, Zz)]

_ ﬁ 5. P23 + 071 A 25—
=2Re 2(ﬁ ) + Bi 45 + Cp(z1,20) + D—2—"L_ Z(ﬂ )’ (A.3)
where
o(z1,22) = ﬁ (Bz3Inzy — 627 In zy). (A.4)

Here, the principal representation of the logarithm where the anomaly is comprised in the interval
(—=, ) has been selected.

The theory of generalized complex variables [20] furnishes the expression of the stress
components

oo — 2Re [(lﬂ) it °r }

2

2F PF
—2Re [6 0 ]

_l’_
82 82%
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2 f 2 f
= —2Re 1Ba 56—2 (A.5)
0z5
and the displacement field
u= 2Re[alg+a2 8F] — oy + uy,
521 0 ZD
F F
v=2Rel|b) — 0 +b28 + wx + vy (A.6)
0z 02>
with
L R ) S
“ E Ey az_El E/
B Vi . 1 B v .. 1
h=—gWrgiy 2= 595wy (A7)

On the free edge of equation y =0 (see Fig.5), from Eqgs. (A.5), and (A.5); the boundary
conditions read

oF oF
re|OF | OF _ A.
e [621 + 622] o 0, (A.8)
Ja F
Re [lﬁ 6_ + 10 a—} =0, (A.9)
822 =X, Zy=X

from which 4 = 0 and B = 0 in (A.3). Moreover, conditions (15), become

o cos’a v sina | + 0 sin’a_ v, cos’u I Ginacosa = 0
XX - 0= iyl T T o - =
E, E| Y\ E, E; G ’

Gy SN0 + Oyy cos’a — 27, SIn 00 COS ot = %,
which, taking into account Eq. (A.5), give

. 1+ K

H qo(1 + K3)

o q0 K
- 5 b
h! 24 sin’a

(A.10)
with K; and K, defined in Egs. (31) and (32).

The displacement components can be calculated from Eq. (A.6), and give expressions (39) and
(40).
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