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Abstract

The classical optimization problems of plates and shells to satisfy a priori given geometry and dynamical
characteristics are considered. Orthotropic plates and shells with variable thickness and low transverse
stiffness are analyzed. First, some useful theorems and their proofs are given. Then the finite approximation
of the problem related to optimization of free vibrations of shells with transverse deformation and rotary
inertia is discussed. The varational iteration (MVI) and Bubnov-Galerkin (MB) methods are applied, and
their convergence and suitability for application to plates and shells analysis are discussed and numerically
evaluated.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Plates and shells of moderate thickness are often used in many engineering structures, such as
aircraft fuselages, turbine discs, reinforced aircraft bosses and wings. Free vibrations of
rectangular moderately thick plates and shells are of great importance, because the dynamic
characteristics are needed to carry out proper optimization of the geometry of their cross-section
in order to achieve the required structural performance.

Recently the control of spatial structures composed of plates and shells have attracted the
attention of many engineers and researchers. Although the concept of control appears to be
simple in theory [1,2] a new construction of a spatial structure (plate, shell) together with the
sensors and actuators made from ceramics or polymers requires both careful modelling and
numerical investigations. The use of modern smart materials such as piezoceramics and polymers
[3] as sensors and actuators modifies the shape of the spatial structure to be controlled.
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The modified spatial structure can therefore be considered as one with variable thickness. This
problem has recently been addressed in Refs. [4,5], where assumptions and hypotheses for a 3-D
theory for orthotropic shallow shells with attached masses (additives) have been proposed, and
the validity of the 2-D theories range has been estimated.

Aspects of optimization are as follows: (a) a practical realization of a construction with minimal
masses, but capable of sustaining a given dynamic load; (b) a practical realization of a
construction with a priori a specified frequency of oscillations or other dynamical properties.

Several types of optimization are described in the literature, and some devoted to optimization
of plates and shells are briefly mentioned here. The optimal shell configurations has been
illustrated and classified in Refs. [6,7], which include a bibliography up to 1991. It has been
pointed out that it is difficult for to provide a general formulation of the optimization tasks for a
class of shells, but that each situation should be solved separately. Mass optimization of ribbed
thin-walled structures has been presented in Ref. [8]. Optimization of various constructions from
the point of view of stability has been presented in Ref. [9]. Optimizations of three layers
constructions have also been presented in Ref. [10], whereas a general formulation of
optimizations of shells using FEM and non-linear programming has been given in Ref. [11].

Many fundamental problems of design optimizations have been addressed in refs. [12—-15], and
they are helpful while formulating optimization problems of constructions with shell members.

Although many optimization problems are described in books and references, many researchers
point out that the application of optimization is complicated even for a relatively simple design
and that it requires strict formulation of a rigorous mathematical background (see for example
Refs. [16,17]).

2. Free vibrations of orthotropic plates and shells with variable thickness and low transverse stiffness

In this Section different frequency spectra of shells with transverse deformation and rotary
inertia will be described and methods to analyze free oscillation solutions of rectangular shells will
be given. The theoretical results are applied to the analysis of plates with either constant or
variable thickness and with low transverse stiffness.

2.1. Frequency spectra properties of orthotropic shells with variable thickness

It is known that a shell is a continuous medium composed of an infinite number of degrees of
freedom. It means that the number of frequencies is infinite. Stiffness and curvature coefficients as
well as the thickness distribution along a plate surface have an essential influence on the frequency
spectra distribution.

Oscillations of shallow shells with transverse deformation and rotary inertia as well as shells
with variable thickness are considered below [18,19].

Suppose that a shell has a finite area Q with a border S. A kinematic model for the governing
equations for displacements using an isotropic shell with constant thickness with transverse
deformation and rotary inertia has been introduced by Naghdi [20, 21]. In the present case, free
oscillations of an orthotropic shell with variable thickness are governed by the following more
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generalized equations (see also Refs. [22, 23]):
K20 k20 (i 2)]
+3 ai [Azmh <Vy + %)] + w?hw =0
3 aﬁ [h3 (Allllz— + Allzz?;;}y)] 3 63 [A1212h3 (68)»; + %)}

ow
— %A1313/’l (Vx + a—x) + %w2h3yx =0,
0 oy oy , 0 oy, Oy,
2 2 h A g X 214 h3 X 'y
38y[ < 22226y+ llzé’x)] 38 [ 1212 <6y+6x
ow
— 3A303h (Vy + @) + 30’y =0, (1)

& LA PR\ & \OF
p annh” 22 ) T annh 37 +6y2 annh” )

82 82F ol O*F 0? 0?
h! - h! k k,w) =0.
8 3 <a2222 22 > oxoy (611212 8x6y> —(kxw) + ( W) =

Egs. (1) have been given in a hybrid form. Shear forces, moments and membrane forces F, w, 7,
7, satisfy the following conditions:

0y 7y s
My =3 A4 A=) ()
0x oy

oy, Oy PF 1
My =34 *+2) s
12 =3 1212<a +6x

= —m = ﬂalzlzmz,

s

ow 1
01 =24i33h( e+ — | Ti = sHanne + anne)  (x,).
ox 2h

The boundary conditions on S boundary will be formulated for a general case. Let
S =81+ 85, + S5, where S| is a free support, S is a roller support and S is a movable support.
Then

Qn:Mn:MIZO 01’1S1, (2)
w=M,=v.,=0 onS,, (3)
w=7v,=y =0 ondSjs, 4)
2
F
F:6—:0 onS. (5)

on?
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The following conditions related to stiffness coefficients and /(x, y) function are assumed:
(a)

0<Ap<Ajm(x, y)<Ap, O0<ayg<ajm(x, y)<as, (6)

and Aju(x, y) and ajmi(x, y) are limited functions in Q space (i,j,m,k = 1,2,3);
(b) for an arbitrary (x,y)eQ and & neR' there exists a constant ¢y > 0 such that

A (x, Y)E + 2411005, )En + A (x, Yn* = co (&7 + 1), (7

(c) there exists a constant ¢; > 0, so that for all (x,y)eQ and &, neR' the following inequality
holds:

a1 (x, )E + Qain(x,y) — apn(x, Y)En + ann(x, > = (& + 1), ®)

(d) A(x, y) is the function bounded on €, and for (an arbitrary) (x,y)e2
0<hH<h(x,y)<hB. (9)

Since the frequency w does not occur in the fourth equation of Egs. (1), then F may be reduced.
Consider separately the fourth equation of Egs. (1) with the boundary conditions (5). It may be
presented in the following form:

e\ g | Taal\ el ay ) T aa| il a

& lazF s 152F &2 &2
R IR PRVRL & R
e (amzh 6y2> oxdy (‘“2‘2h axay> gz kow) = g tkem) (10)

Let a differential operator standing on the left-hand side of Eq. (10) be G(e). The following
functional space H3(Q) is introduced, which is the closure of the function set:

O*F
V=<FeC*(Q)|F=—=0 on S;.
on?

If it is possible to prove that for an arbitrary function w from an energy space of the problem,
Eq. (10) is solvable because of Fin H3(Q), then F may be extracted from system (1) and therefore
the problem dimension may be reduced (see Appendix A).

In order to analyze oscillations of shells with transverse deformation and rotary inertia and in
order to take into account a rotation energy the following bilinear form is introduced:

b, ) = /Q [l + 2.3, + 209,7,] dQ, (11)

which is proportional to a shell kinetic energy.

It is simple to check using Eq. (11) that the form b,(#, ¥) is also symmetric, positive and
continuous.

Consider now the problem related to free oscillations of shells with transverse deformation and
rotary inertia from another point of view. The functions w, 7, 7, (which are simultaneously not
identically equal to zero) can be found such that the full energy on an arbitrarily taken and
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kinematically allowed virtual displacement ¥ = (w, Toes fy) is equal to zero. It means that

ap(ii, ) = o’by(ii, ¥) for every ve V. (12)

Therefore, the problem of finding the free vibrations spectra of a shell is reduced to the classical
problem of eigenvalues [24]. The results, which are similar to those given in Ref. [25] for a plate,
are given in Appendix B.

2.2. Finite-dimensional approximation of shells with transverse deformation and rotary inertia

2.2.1. General remarks and comparison of the methods

The definition of dynamic characteristics, and particularly of frequency spectra of free
oscillations of plates and shells using the Kirchhoff-Love model leads to a complicated problem
[25]. After transition to more appropriate models such as shells with transverse deformation and
rotary inertia the difficulties even increase. These are caused by complexity of the differential
equations. It is mainly because the latter has two more unknown functions (y, and y,) in
comparison to the Kirchhoff-Love equations.

Since shells with transverse deformation and rotary inertia have four unknowns, the
number of algebraic equations increases four times, which leads to some serious numerical
difficulties.

For all problems considered in this paper it is assumed that the coefficients A;;,, @;mi and the
curvatures k., k, do not depend on (x,y)€£, and the thickness function /(x, y) is symmetric in
relation to the co-ordinate axes which originate from the centre of a plate.

It seems that the most suitable methods of solving the mentioned problems are the
Kantorovitch method, the variational iterations method (MVI) and the Bubnov—
Galerkin method with high order approximations (MB) [25]. The first two methods reduce
the original two-dimensional problem to one-dimensional. Therefore, it is possible to decrease
the number of the algebraic equations. In order to solve one-dimensional problems, the
finite difference, as well as the finite element, methods may be used. Two important MVI
and MB methods for analysis of plates and shells with variable thickness will now be
discussed.

2.2.2. MVI approximation

The method of variational iterations applied to problems related to dynamics consists of the
following steps.

Suppose that free vibration frequencies of a shell is to be determined from the equations

Z[hli — o* M[hJi = 0, (13)

using the corresponding boundary conditions. # € Vj are kinematics allowed displacements and let
Q =10,/1] x [0, ]. Assume that the solution being sought has the following form:

N
i)~ Y d (0@, N=1,2, .., (14)
i=1
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where 4] (x)®u;(y) is the vector with the components w;(X)w;(¥), 73(x)7%(), 75(x)75,().
Substituting Eq. (14) into Eq. (13) gives

fj Z[hi} (x) @7 (y) = o’ ENj MhJi; (x) @7 (). (15)
i=1

i=1

Applying the Bubnov—Galerkin method, Egs. (15) are projected on the functions {# (x)}N , and
{L_i]?(y)} i—1- As a result, this gives 2N differential equations of the form

N

I h
S ([ zmiwein i a- o [ uiioeEo i ar) <o a9

i=1

N b h
Z( [z e ior - zo)a - o [“ sl w0 o) -
(j=1.2,...,N). (17)

In order to solve Egs. (16) and (17) the iteration method will be used. As the first step, an initial
approximation of i#!(x), i = 1,2, ..., N is carried out and then they are substituted into Eq. (16).
Thus, a set of N linear ordinary differential equations with respect to the unknown functions
iif(y), i=1,2,...,N, is obtained. The system obtained has a non-zero solution only for certain
discrete values of co,%, which can be treated as the first approximation to the free oscillation
frequencies of a shell bemg sought. The corresponding modes are denoted by {3 (y)}fv - The
obtained functions {”,k(J’)} for certain k (temporarily fixed) are substituted into Eq. (17). As a
result, N linear ordinary homogeneous equations with respect to {ul(x)} *, are obtained, which
give a)k For a fixed m number the corresponding functions {ulm(x)} ", are substituted into
Eq. (16) and then the process is repeated.

The iteration are carried out in two steps. The iteration convergence process may be controlled
during each step, or after the step when wk is obtained.

The iteration result for each k and m is o7, and the corresponding vibration modes are

im(x, y) = Zﬁ}m(x)oﬁ%k(y). (18)
i=1

Z[h] operator includes the G‘I(V’ka) one. It means that during each step of the variational
iterations the relation defined by Eq. (A.2) should be taken into account. For the approximation
of that equation the same variational iteration algorithm is used.

2.2.3. Bubnov-Gualerkin approximation
In the variational iteration method the basis functions ! (x) and #2(y) are not given a priori and
they are found by means of optimal solutions. On the other hand, the Bubnov—Galerkin method
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assumes

N
e, y)~ Y [l () @ (), (19)

ij=1
where #!(x) and iiz(y) are a priori given systems of independent linear functions satisfying specific
boundary conditions and closure properties. Substituting Eq. (19) into Eq. (13) and projecting the
system of equations obtained in #, (x)®ii§(y) the following system of homogeneous algebraic
equations are obtained:

ny | zmi om0 amen) i

_wzzf,,-/M[h )@ (y) - iy (x) @il (y) dQ = 0
ij=1 Q

(A, p=1,2.,N). (20)

The condition of a non-zero solution to system (20) gives N> approximate values of the wy,, plate
frequencies (k,m =1,2,...,N).

2.2.4. Convergence of MVI and MB approximations

Convergence of the MVI method applied to free vibration analysis problems has not yet been
investigated. The MVI convergence for positively defined and symmetric operators has been
already proved [27, 28]. The M VI convergence in the problems related to free vibration analysis is
ilustrated. Let the operators Z[/h] and M[h] be positively defined in earlier Eq. (13). According to
Theorem A.2 (see Appendix A), this condition is satisfied. It has been shown earlier that the
problem has been reduced to the definition of the eigenfunction of ordinary differential equations
(16) and (17).

Following Ref. [27] the MVI calculation step is taken from {] (x)}(p) (or {iif(y)}(p) ) to
{ﬁf(y)}(“l) (or {ii}(x)}(pﬂ)), respectively.

For a given and fixed N after p steps (analogous to Eq. (18)) free oscillation frequencies wg;lN)
and the corresponding eigenfunctions are of the form

i, y) = Zﬁ‘@ Y@ (y). 1)
They satisfy the following equations:
{ / Ziy ) @ () - i (x) d
i=1

(o) / M) @i () - i () dX} =0
(j=12,. (22)

The frequencies are estimated using Theorem C.1 (see Appendix C).
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Using the results included in Appendix C it may be concluded that in all cases where MB is
convergent, MVI is also convergent but slower than MB one (see Eq. (C.4)).

The formulated theoretical basis serves for preparation of suitable algorithms for MB and
MVI.

2.3. Algorithms for MB and MVI

In order to find the free vibrations of a rectangular Q = [0, /;] x [0, o] for shells with transverse
deformation and rotary inertia, both MB and MVI methods will be applied and the
corresponding algorithms will be formulated with the assumption that & = A(x, y).

Consider Egs. (13). Introduce the following dimensionless quantities [22, 23]:

x=x/h, y=y/b, i=U/b, h=hlhy, I =10/2h, 2= 1h/2h,
W=w/2ho, Tx= 1V Ty =220y A= Aju/Ann,
g = Qi - A1, 4 = BAi3, A = Avs, ke = ki3 /20,
k= k22, F=F/ShAun), @ =LRpw) (8 An).

The non-dimensional set of equations obtained has the following form (bars have been

omitted):
O°F O°F 0 ow - 0 ow
Ky~ + Ko + 23— |h — 2o |h — 2hw =0 23
o T g TG [(yX+GX>]+325y[ <yy+5y>}+w e 2
0 oy 67) 0 o0y, 0y,
B oo | AT A+ 1 A A e
2 ax[ g + 11225 oy + 1 1212a 6y+8x
_ 20k WY L 132023 —
SAh( yy + Ee + A o hy, =0, (24)

0 1%
ﬁ g[)uzfﬁAzzzzﬁ + h3A ay :| + 12A1212 0 l:h3< 'Yy+%>:|
oy

Oy 2 ox ox Oy
- ow
—2ioh (yy + 5) + 25wy, =0, (25)
o & & O°F OF
o ~—(kyw) + 5 ——(kx W)—|— [} almﬁ-i-h a2y 2]
P[4 82F O*F ? O*F
— 2! ——+h! — | - h'——]) =0. 26
+ e [ Clzzzzay2 + 6111226X2:| a12126x6y< 8x8y> (26)

Consider the following boundary conditions:
O*F

7l —o;
on? |

(a) a movable support: w =7y, =7y, = F =
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: O*F
(b) a rolling support: w=F =—| =0, y, = M;; =0 for x = const, y, = My =0 for y =

on?|g
const, and assume that

w=wi(x) - wa(p), 7y =@1(x) 92(0), vy =¥1(x) Y (y),

(27)
F = Fi(x)- F().
Substituting Eq. (27) into Egs. (23)—(26) gives
kXFle,yy + kszFl’xx + % lez(hgol),x + % }:1W2(hwl,x)’x

+ % )tzv,bl(hlpz),y —+ % i_zwl(hwz,y),y + w*hwiw, = 0, (28)

7Aoo )+ SAna, () + SAnny (BP), + SAnne (Pe,,)
— %/Tlhwljxwz — %i_lh(pl(pz + l'—zil_zwzh3(p1<p2 =0, (29)

SA Ao (P, + 54120, (P 0y) , + 54121200 (P ) + A0y (Y, )
— 2bhwiway — Eohy W, + 525 20y, = 0, (30)

wilksw2) ,, + walkywi) o + A ani Fa(h™ Fi) o + anmFayy (W7 Fy) o+ @i Fia(h 'R,
+ Maym Fy (h™'Fayy) y — a2i2(h™ ' FiFay) ., = 0. (31)
Let wy, @1, Y1 and F; be known. Then, multiplying Egs. (28)—(31) by wi, @1, {1, Fi, respectively

and integrating in the interval [0, 1] in regard to x, one gets the following differential equations
with respect to w,, @,, > and Fy:

1 1 1
Fz,yy/ kXF1W1 dX+F2/ kyF],xxwl dx+%ﬂt1<p2/ (h(pl)’xwl dx
0 0 0
1 1
+ %Zlm/o (hwix) wi dx + %):2 <lﬂ2/0 rywy dx)

Y

1 1
-l-%/fz <w2,y/0 hwiw, dx) +a)2w2/0 hwiwy dx = 0, (32)
B

1 1
l—lzizAun(Pz/O (h3<P1,x),x<P1 dx+1—12A1122l//2,y/0 (h3l//1),x(/’1 dx

| I
+ﬁA1212<l//z/0 P ) dx) A1 (‘/’Z,y/o e dx)
N 5y

1 1 2 1
_ - W~ _
—gzﬂpz/o ho, o, dx—%/hwz/o hwi v, dx+§;u12go2/0 Rep, dx =0, (33)
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1 1
#Amz(wz,y /0 B, dx) +%A1122(€02 /0 oy dx)
’y ’y

1 1
+11—2A1212€02,y/0 (h3€01),x¢1 dx—i‘%Amz%/o () Wy dx

B 1 B 1 w? 1
—gzm/o hy, dx—gzzwz,y/() hwi, dx+ﬁ/1221p2/0 By, de=0,  (34)

1 1 1
(wz/ kw1 F dx) +w2/ (kywi) o F1 dx+ﬂu_4a1111F2/ (h_lFl,xx),xxFl dx
0 Jy 0 0
1 1
+ allzze,yy/ (h™'F) oo F1 dx + ann <F2/ W'y o F) dx>
0 0 oy

1 1
+ /14612222 <F2,yy/ h_lFlFl dx> —dain12 <F2,y/ (h_lFl,x)nyl dx) =0. (35)
0 ’yy 0 ’})

Proceeding in a similar way, the following equation system, with wy, ¢, {; and F; being sought is
obtained assuming that w,, ¢,, Y, and F, are known:

1 1 1
Fl / kxFZ,yyWZ dy + Fl,xx/ kyFZWZ dy + %;“1 <(P1 / h(P2W2 dy)
0 0 0 X
_ 1 _ 1
—i—%/h (Wl’x/ hwawy dy) —i—%/lg!pl/ (M) w2 dy
0 X 0

i |
+ 27w / (hway) wr dy + W’ wy / hwyw, dy = 0, (36)
0 0

1 1
ﬁizz‘lml((ﬂl,x/o " 010, dy> +ﬁA1122<lﬁ1/0 hSIﬁz,yq’z dy>

1 1
+ ﬁAlzlzl/fl,x/O (h3¢2),yfpz dy + 5412100, /0 (h3€02,y),y€02 dy

X

1 1 2 1
7 T -
—%M%/O he, @, dy —%MWI,x/O hway dy + 754y 2901/0 I @y, dy =0, (37)

1 1
11—2/12142222!701/0 (h3w2,y),yl//2 der%AllZZq)l,x/O (h3q)2),ylﬁ2 dy

1 1
+s—2A1212(<p1 /0 o s dy) +s—2Am(wl,x /O s dy)

X

) 1 ) 1 e I
T /0 oty dy — Yo, /0 s dy + 2570, /0 P, dy =0, (38)
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1 1 1
wi / (kxw») ,, F> dy + (Wl/ kywa F> dy) +2 " an (Fl,xx/ h™'F,F, d)’)
0 0 XX 0 XX

I I
+ann <F1 / h™'Fy,F d)/> +a1122F1,xx/ (h™'Fy),, F> dy
0 o 0

1
+ 2 Fi(h Fayy) , Fr dy — ann <F1,x/ (h™'Fay) > dy) =0. (39)
0

X
Eight equations (32)—(39) form a non-linear system of the integral-differential equations with
respect to the unknown functions wy, ¢y, ¥, Fi, wa, ¢a, Yo, F>. In order to abbreviate the
equations the following notation in used:

dkud’”

xk dxm (40)

A(f, u, v, k, m) = /f

Integrating by parts (when it is possible), and taking into account the boundary conditions and
Eq. (40), Eqgs. (32)~(39) can be re-written in a more suitable form
FiA(ky, Fy, w, 2, 0)+ Fy o A(ky, Fa, wa, 0, 0) 4+ 34(@A(h, ¢,, wa, 0, 0))
+ (w1 A(h, wa, wa, 0, 0) , — 3oy A(h, Y, w2, 0, 1)
— 2w A(h, wa, wa, 1, 1) + @*wiA(h, wa, wa, 0, 0) =0, (41)

%A_zAllll((pl,xA(h?’s ®rs Po,s 05 O)),x +%A1122(w1A(h3: lpZ: ®2, la 0)),x
— LAy AR, Yy, @5, 0, 1) — 54100 AR, @), @y, 1, 1)
—%):1(,0114(;1, D>, P, O, 0) _%/lel,xA(ha W2, @, 0’ 0)

+ll_2)°;2w2(p2A(h3, 9029 @29 03 O) = 09 (42)

LA AR, Yy, s, 0, 0)  — SA1100, AR, @y, ¥y, 0, 1)
+ A (e A, @), ¥y, 1, ()))x—11*2/121‘122221//11‘1(}13 Yo, ¥y 1, 1)
) lﬁlA(h Yo, ¥, 0, 0) — A2W1A(h wa, Y5, 1, 0)
+ 154 0™ AR, Yy, Ya, 0, 0) = (43)

wiA(kx, wa, F2,0,2) + (w1 A(ky, w2, F>,0,0)) .
+ 47111 (FixA(h™", F, F2,0,0))
+ann(FLA(T F2, F2,2,0)) . + annFiLad(h™! Fy, F),0,2)
+ A apn FLAh ™ Fy, F2,2,2) — apia(FicA(h™ ' o, Fo, 1, 1)) = 0, (44)
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Fz,yyA(kxa Fl > W1, Oa O) + F2A (ky> Fl > Wi, 2’ O) - %j_'l (pZA(ha P, W1, 0’ 1)
- %}LIWZA(}Z, wi, Wi, 1: 1) + %120#214(}1, lpla wi, O: O)),y
+ 300 (way A(h, wi,w1,0,0)) , + @’ wyA(h, wi, wi,0,0) = 0, (45)

— 527 A1 A, 0, 01, 1, 1) — Aoy, AR, 91,0, 1)
+ 5 A Ay, 04, 1, 0),,
+ %Alzlz(@z,yf‘l(h3a ®1,91,0,0)),, — %Zl P2 A(h, ¢y, ¢1,0,0)
— 2w A(h, wi, 04, 1,0) + 50?2 >0, AR, @1, ¢1,0,0) = 0, (46)

— 11—2A12121P2A(h3a Vi, LD+ 11—2A1122(q02A(h3, oY, 1,0),
- 11_2A1212§02,}7A(h3> ®1,%1,0,1)
+ ﬁﬂuzAzzzz(lﬁz,yA(hs, V1,41,0,0) , — %/Iz Yo A(h, 51, 0,0)
— 2way A(h, w1, ¥, 0,0) + 5?45 2, ARy, 1, 0,0) = 0, (47)

(2 A(ky, w1, F1,0,0)) ,,, + waA(ky, wi, F1,0,2)
+ A an P A(h ™ FrL F1L2,2) 4+ anmFa AR FyL FyL0,2)
+ann(FA(h™ Fi, F1,2,0)),, + Zann(FoyA(h™, Fi, F1,0,0)
— app(FoyA(h™ Fi, Fi,1,1) , =0. (43)

The finite element method of the second order [26, 28, 29] is used to solve the ordinary differential
equations obtained. A detailed description of application of FEM to this problem is given in
Appendix D.

During formulation of the stiffness and mass matrices (see C; and D{ in Appendix D) it is
necessary to calculate the integrals in the rectangular spaces Q° = [0, 1] x Ae:

[ At wepaicar= [ [ o 0000 0y ax,
Ae

with the corresponding change of the variables in f (x, ). For this purpose, a two-dimensional
formula (similar to the Simpson formula) may be used.

The algorithm presented has been used to define the elements of the local matrices of stiffness
C; and mass Df.

3. Numerical results
In Fig. 1 a distribution for four elements in interval [0, 1], where ‘e’ is the element number, is

shown. For each element local numbers are given above, whereas below the global numbers are
presented below. As it has been shown (in the one-dimensional case) the global numbers are
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Fig. 1. Local and global numeration of the [0, 1] partition into 4 elements.

related to the local numbers and to the finite element number in the following manner:
ig=10+2(e—1). (49)

The above formula is used for an arrangement of the obtained elements of the local matrices Cf
and Dj obtained on the corresponding places in the global matrices C; and D; to realize their
calculation sequence. The algorithm action is composed of one iteration variational step and
FEM results in matrices C; and D; for i = 1 or i = 2. The boundary conditions are realized by
cancelling the columns and the rows corresponding to the given variable w, y,, y,, F on the
boundaries from the C; and D; matrices. The boundary conditions of the type M|, = M», =0,
&*F/on* = 0 are introduced automatically, because the algorithm uses a stationary energy
deformation. It means that the algorithm is variational.
The eigenvalues of the generalized problems are obtained from the equation

Citi; — 0*Djii; =0, i=1or i=2, (50)
1,2

where ii; = (wh, w2, .., w¥, 0!, 02, ..o, ¥l, ...y Fl, .., FN) are the functions w;, @;, ;, and F; in
the global nodes j = 1,2, ..., N, being sought.

In order to solve Eq. (50) the Schwartz iteration method has been used [30]. This method is
particularly effective for low-frequency vibrations.

Suppose that fundamental (the lowest) free vibration frequencies are to be determined.

Assuming the ﬁg") value the following equation can be solved:
ca"™" = pat”. (51)

[ad

Substituting the solution obtained again into the right-hand side of Eq. (51), gives ZZ?"”) , and so

on. In each step the approximated value of the fundamental frequency »? may be obtained from
the Rayleigh formula:

n ﬁgn+l)Diﬁ§n+l)
The process is controlled because of the difference between w; and ;. . The algorithm has been
described in detail in Ref. [24], where its convergence has been proved.

The convergence of the finite elements method results from the bilinear forms a,(i,?) and
b, (4, V) properties, proved in Theorem A.2 (see Appendix A) and the respective theorems for the
second order finite elements [28, 30].

A convergence of MB has been illustrated in Figs. 2 and 3, where a solid line corresponds to a
rolling support, and a dashed line corresponds to a clamped support.

As it is seen from the figures, the convergence is practically achieved for N = 12 for MVI and
for M = 18 for MB. However, an error of frequency determination for the MVI method with
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Fig. 2. Estimation error of fundamental frequency using MVI in relation to frequency wp defined by MB.
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Fig. 3. Illustration of MB method convergence for a clamped and free supported plate.

regard to the MB method (Fig. 2) does not tend towards zero, but it achieves 1.9% for a clamped
(stiff) support, and 2.3% for the rolling support. The reason is that in MVI only one factor in the
function distribution (29) has been taken into account.

In order to verify the applications range and to compare the free vibration frequencies of a plate
with a rolling support the calculations using the MVI and MB methods have been carried out for
the physical-geometrical parameter Z; = 4 within the interval [0.25; 2500] for v = 0.25 and 1, =
A within the interval [100,1]. The obtained dependence has been shown in Fig. 4.

Analysis of the results obtained leads to the following general conclusions. The frequencies,
obtained using the first approximation of the MVI beginning from A; = 1, = 25, differ by no
more than 5%, since only one term has been taken into account by MVI. However, for 4, =
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Fig. 4. Comparison of different methods using free support for 1€(0.25; 2500).

/2 <25 they are very close to each other and for 1; = 1, = 0.25 they fully overlap. It means that
for plates with low transverse stiffness one can apply M VI, which needs lower time computations
in comparison to MB.

3.1. Test of algorithms

In order to carry out algorithm tests relating to the free vibration frequencies obtained using the
MVI and the MB methods, first the plates with constant thickness (equal to 1) for A} = 4, = 2,5,
and for differentG3/E = Gy3/E and for G/E€[0,4;0,01] have been analyzed. The parameters
considered correspond to the properties of composite materials currently used [31], such as, for
the plastic-glass material G/E = 1 [32], for the borplastic G/E = 5z, for the graphitoplastic G/E =
25- A material for which G/E = 555 [32, 33] also exists.

During the analysis of the algorithm convergence, fundamental frequencies of a vibrating plate
with constant thickness for v = 0.25,1; = 4, = 2.5 for the isotropic material (G/E = 0.4) have
been found (Zl = ], = 2.34375).

In Fig. 2 an error dependence on the fundamental mode calculation using the MVI in the first
approximation versus the finite elements number N along the x- and y-axis, has been shown. The
wp denotes a frequency of the fundamental mode obtained using the MB for M = 27 (9 terms for
each function).

4. Plates and shells mass optimization with free vibration frequency constraints

Assume that a shell with variable thickness occupies a bounded space Q with a piecewise smooth
edge S. Free vibration of this shell are governed by Egs (1) with boundary conditions (2)—(5).
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Consider the following problem. Among all possible material distributions within a shell,
described by the thickness function A(x, y) it is required to determine the 4#*(x, y) from a given set
of functions U, (defined later) in order to minimize the shell’s mass and to get the fundamental
frequency is the same as for the shell with constant thickness equal to 1.

This problem may also be formulated in a slightly different manner. For a given shell mass n7™* it
is required to find the distribution /3(x,y) in order to achieve the maximum frequency of the
fundamental mode. It can be proved that for shells with transverse deformation and rotary inertia
the two approaches described are equivalent.

Therefore, the problem is reduced to that of minimalization with the constraints

K*(x,y) : —» min / pdQ, = wy, (53)
he Ua Q

where @ denotes the fundamental mode frequency found from Egs. (2)—(5), and wg is free
vibration frequency of the plate with constant thickness i(x,y)=1.

Using a penalty method it is possible to avoid the explicit constraint w = wy. As a result,
problem (53) is reduced to the following:

1
h:k(x,y) 1 — min |:/ ph dQ + _(CO — (UO)2 > (54)

where w again is defined by Egs. (2)—(5). Using the approach presented in Ref. [34] it can be
shown that for a defined choice of the set U, the solution /*(x, y) of Eq. (54) tends to /*(x, y) for
e—0.

However, in the majority of cases occurring in practice it is not necessary to have the exact
relation w = g, and therefore without the condition of ¢—0 there is still a practically valid
relation. Similar problems are called the g-optimization problems or the rational design problems
and they will be considered further.

Define a set of admissible functions A(x, y), called the set of admissible control

Us = {h(x.y) | he H'(Q), ], o <const,0<hy <h(x,y)<hs}. (55)

In the case of the admissible functions, the functions with piecewise continuous first derivatives
and bounded above and below are taken.

A choice of the admissible control (55) guarantees a solution to problem (54), which is defined
by the following theorem (proof is omitted).

Theorem 1. If assumptions (6)—(8) are satisfied and k. and k, are bounded on Q, then the rational
design problem (54) defined on Uy according to Eq. (55) has at least one solution for an arbitrarily
taken &> 0.

The obtained result is valid not only from the point of view of different designs, but also from
the point of view of the A(x, y) approximation. If /(x,y)e U, then during a construction of the
finite approximation /A(x, y) the approximation function is required to belong to the Uj interior.
Otherwise, the process may not be convergent.
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5. Finite-dimensional approximations of the rational design of plates and shells
5.1. Finite-dimensional approximation

The problem dealing with the finite-dimensional approximation is particularly important for
optimal design of plates and shells. It is evident that there are no analytical solutions in the
majority of tasks devoted to design [35]. The only possible solutions are approximate ones
obtained using the numerical methods.

In the following considerations problem (53) is omitted and the rational design defined by
Eq. (54) for a given ¢ is considered. A solution to problem (53), as has been mentioned earlier,
may be obtained for ¢— 0. For an engineering calculation purpose it is sufficient to take a small
number as ¢. Now, the questions considered are concerned with the occurrence of approximated
solutions on the finite-dimensional subspaces U, and their convergence.

It will be shown that the frequency of the fundamental mode of a shells with transverse
deformation and rotary inertia is a weakly continuous functional for all i€ U, (U; is defined by
Eq. (55)). Taking into account that w? is defined by the Rayleigh formula (52), this result will be
formulated as the following theorem (proof is omitted).

Theorem 2. The functional
ap(U, i)
by (i, )

2 .
= = f
oh)=w ﬁanO

is a weakly continuous transformation from Uj to R'.

Thus, the problem is reduced to a construction of the finite-dimensional subspaces of functions
from U, and having convergence properties. Otherwise, a situation may occur for which it will be
extremely difficult to achieve a minimum of the functional

J(h) = /Q ph dQ + %(coz ~ )’ (56)

Select a series of the finite-dimensional subspaces {H,},~, in such a way that for an arbitrary n

H,c H'(Q) and
lim inf |g—hil,o=0, VheUs. (57)
n—ow geH,nU; ?

In other words, an arbitrary function /; € U, should approach the norm of H'(Q) through the
functions g, € H, n U, with an arbitrarily given accuracy for n— oo. Now, reduce the problem of
the rational design of a plate in regard to its mass with a given constraint for its fundamental
frequency o to the following finite-dimensional programming problem. Find /'€ H, n U; and the
corresponding w,, #, € Vy so that

J(K) = inf J(h =1,2,... 58

() =, inf (), n=1,2 .., (58)
where J(h) is defined by Eq. (56). A rigorous discussion of solution to problem (58) is omitted
here.
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It often happens that from a point of view of technology engineering imagination and the
second order constraints, the U, set of the thickness distribution functions is chosen as finite
dimensional. It deals with those functions depending on finite numbers of parameters or the
functions represented by finite series pieces because of the known function choice [25]. At the first
glance, the cases occurring are already finite dimensional, and therefore, a question related to
convergence and approximation does not appear. However, it is not entirely true. Let us take into
account the function /(x, y) in one of the earlier discussed forms and substitute it in system (1).
Applying one of the numerical methods for the determination of w and #, the necessity of
approximating /(x, y) is approached, as is a given set of parameters which define this function.
Which conditions should be satisfied for the assumed approximation scheme? The approximation
should satisfy condition (57).

The methods which satisfy these conditions are: the finite element method, the mesh method
with O(h*) approximation, «>>1, and many others. In the case of application of the Kirchhoff—
Love model, it is necessary to apply the finite elements securing not only /(x, y) continuity but also
continuity of its first partial derivatives, which of course is difficult to be realized numerically.

6. Conclusions

The conclusions include the following main parts:

(1) Investigation of inertial effect influence: Comparing the two results obtained with the results
given in Ref. [23] (the dashed line in Fig. 4) obtained using the MB method with higher
approximations and without inertial effects related to rotation, the following conclusions are
drawn. The inertial effect related to rotation decreases the frequency by 12% for 4, = 4, = 0.25
and by 9% for J1 = J» = 2500. It means that this effect must be taken into account during
transversal-isotropic plates analysis.

Analogous results have been obtained for plates with changing thickness according to the
exponential law

h(x, y) =z + 22623(x2+y2)_ (59)

In Fig. 5 the curves of such dependences with the rolling plate support for 4, = 1,, z; = 0.4,
z5 = 0.02, z3 = 3 obtained using the MB (dashed line) and the MVI (solid line) for 4, = 4, = 2.5
and 1; = 1> €[2.5;0.0625] have been shown.

(i1) Investigation of boundary conditions influence for plates having low transverse stiffness:
Decreasing transversal stiffness should cause a decrease of the area of boundary effects. It is
expected that the influence of the boundary conditions on free vibration frequencies should also
be decreased. This behaviour of the fundamental mode for plates with 4; = 1,€[0.0625; 0.25] is
analyzed for different thicknesses and for 4, = A, = 2.5. In Fig. 6 the dependences w versus
/1 = J, for different 4 have been shown. Curves 1 are related to plates with 2 = 1, curves 2 to
plates with # = 0.25 (the solid lines correspond to stiffly supported plate, whereas the dashed lines
correspond to rolling supported plate). The results have been obtained using the MVI for N = 12.

As it can be seen from Fig. 6, decreasing the transversal stiffness for both supports, results in
the fundamental frequencies approaching each other independent of the thickness. For 1 = 0.25
they differ by 10% for &7 = 0.25 and by 1% for & = 1. Therefore, one can conclude that for thick
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Fig. 5. Frequency of vibrations of a roller supported plate and exponentially changeable thickness / using the MVI and
MB methods.
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Fig. 6. Frequency of vibrations of a plate with different thickness / defined by the MVI method for N = 12.

plates with low transverse stiffness the support conditions influence only slightly free vibration
frequencies obtained using shells with the transverse deformation and rotary inertia model.

(ii1) Investigation of plate thickness influence for different transversal stiffness: In Fig. 2, contrary
to the previous one, an example of approaching tune frequencies of the fundamental modes for
different thickness and low transverse stiffness has been presented. This effect is analyzed in detail.
In Fig. 7, the dependences o versus / for different 1, = 4, and for A, = A, = 2.5, v = 0.25 have
been shown. This case corresponds to the rolling support of the plate. Analogous dependences are
shown in Fig. 8 for a stiffly supported plate.

Analysis of the diagrams leads to the conclusion that for plates with low transverse stiffness
/1 = 7,<0.25 the fundamental mode frequency weakly depends on a plate thickness. For
instance, for 1; = 1, = 0.25 the frequencies for 7 =2 and 0.5 for plates with a rolling support
differ by 4%, whereas for plates with a stiff support they differ by 2%.
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Fig. 7. Frequency of a roller supported plate versus its thickness /.
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Fig. 8. Frequency of a stiffly supported plate versus its thickness /.

Finally, the finite-dimensional approximations of the rational design of plates and shells is also
formally discussed.

Appendix A

Theorem A.l. If conditions (6) and (8) are satisfied, then the G operator is symmetric, continuous
and positively defined in H}(€).

Proof. Because G is a linear operator, its continuity results directly from its boundness on H3(Q).
Symmetry of G is obvious, whereas a positive definition results from Ref. [34] using assumptions

(6) and (8).

O

According to Theorem 1 G is the homoeomorphism transformation from H3(Q) into H*(Q).
The inverse operator G~ is continuous and symmetric.
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Let us introduce a functional-vector space

. 3
Vo = {u = (W 707,) € (H'(Q) ‘ Wis1+5) = 0, Yoesots9) = 05 Vigsy) = 0}-

If e Vy, then we H'(Q). Therefore, for bounded in Q curvatures k, and k, we have

2

ka— 2(k w)—|— 0

(k w) e H *(Q).

Therefore, a solution (because of F) of Eq. (10) exists which reads

F=G"(Viw),

Fe

H3(Q).

Observe that Egs. (1) can be presented in the following operator form:

Z[hli — o* M[hli =

G(F) = kw

where Z[h] and M[h] are linear differential operators defined by the expressions

Ly Ly L3
ZIh = | Ly Lxn Ly |,
Ly Ly L3
mi 0 0
Mial=1 0 mpn 0 |,
0 0 msj3
[0 o(e) o(e) .
Liy = —3|5-( Ah—=—- Asyish——
1 3 _6x< 13135 o ) 8y< Py + Vi G ( ('))
0 0 (e
L= - %a_x(AUBh.)’ Ly = _3_(A2323h'), Ly = —A1313/’l é )
[0 d(e) a(e)\]
_ 2| = 3 3 g
Ln= -3 _6x<A””h o ) ay<Al nh’—— ) + 341313h(),
0 oe)) 0 a(e)\] o(e)
I = _ 2| A 3T — 4 3 L — 2A
23 3 _ax< 122h oy > + ay( 1’ — o | , 3] 2303h——= 6y
[0 o(e)\ 0 a(e)\]
L —21—(4 327 L 2 (4 3%
32 3 _8x< 1212/ 3 ) 6y< »i1h 5 ,
It oe)\ o o(e)
_2| = 3AT e 3A®) 2
L33 3 _6)(? <A1212h ax ) ay <A222 h ay + 3A2323h(.),

363

(A.1)

(A.2)

(A.3)

(A.4)
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For m;(i = 1,2,3) we get my; = h,my = my3 = 2h*/3. Let us introduce a bilinear form defining a
work on the virtual displacement v = (ﬂ/, P 37},)

2 oy O 0,07 x 0y, 0F
i,7) = AP Aynh’ =2 Ay =
ay(u, ) /Q{ [ 1111 Ox Ox + A1122 By ox + A2 Bx By

07,07 &, oy (65, O
+A2222h3M+ Apph? &4_& Gy 4 Ox
Y ox o0y /)\ox Oy

2 ow - ow ow R ow
+ 3 [A1313h (Vx + a) (Vx + a) + Ar33h <yy + @> <yy + 6_y>]

+V2G! (v@)w} 4o (A.5)

The following results related to a(#, %) hold.

Theorem A.2. Let assumptions (A.6)~(A.9) be satisfied and let k, k, be bounded in Q. Then, the
linear form (A.S) is continuous, symmetric and positive in the Vo x Vy space. It means that the
following relations hold:

| an(id, 0) | < caludl y, |0]y,, Vi, ve Vo, (A.6)
ap(u,?) = ay(V, u) Yu,ve V), (A7)
a(u,)=0 Viie Vy, ¢y = const > 0. (A.8)

Proof. (A) Continuity: From Eq. (A.5) one gets

00 <2dgh [ |Dx] | =
|a/‘l(u3 U)l 3B B( ox 0,0 ox 0,0 ay 0,Q ox 0,
il 15 ol |07
Dl |9 [T | ) 4| (61 (i), v
ay 0,2 ax 0,Q ay 0,Q 6y 0,2 ’ ’
g o+ 2 e+ D A+ 2+ L
341BIlB X N X ox ’ oy o
3 0x|g.0 oxlog | loal”  rlha
o0y, 0Oy 9y , 07
Hphy| ==+ | SE == >
+3BBax+ayO’an W loa -

The last factor of Eq. (A.9) may be transformed into the following form:
(671 (V3w), vam)| = |- (F, V3m)| = |(V2F, )],

Therefore

(671 (Vaw), V3m) |<|VEF] g 1o,
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whereas
|ViF|, o <const|Flg .

Because the operator G~ is bounded in H~%(Q)
|F|2,Q<const.|V’2kwL2’Q.
Taking into account that ‘V,ka|_259<const|w|0,g, for limited k,, k,, we get
‘ (G*l (v?kw),v?kw) ’ <consthwl o i,o. (A.10)
Then, from Egs. (A.9) and (A.10) we get Eq. (A.6). This proves boundness. Because «a;(#, ¥) is

bilinear, this property is equivalent to the continuity.
(B) Symmetry: The first seven terms of Eq. (A.5) are symmetric. Consider the last expression

/Q ViG ! (Viw) i de = /Q G (V3w) V3 de = - /Q FV% i de.

Eq. (A.2) yields

/ FV3wdQ = — / FG(F) dQ = — / G(F)F dQ,
Q Q Q

and consequently one gets

/Q VG (Viw)w de = /Q G(F)F dQ = /Q ViwG (Vi) de = /Q WG (Vi) de.

This proves the symmetry of the last term of Eq. (A.5).
(C) Positiveness: Let i = . Then ay,(id, u) presents a deformation energy

2 &y 7,07, )\’
ah(%“)Zg/Q{h A1111<a ) +24112 2x Oy + Axn <8_;> ]
3y, 0 aw\’
—1-141212}13(6/J -I-&) +A1313h< ) +A2323h<yJ 5;) }dQ

+/Qv,%G1<v?kw>w do.

However, the last term is equal to [, G(F)F dQ and is positive according to Eq. (8). The
positiveness of the other terms results from Egs. (6) and (8). O

Appendix B

Theorem B.1. The eigenvalue problem (12) has a discrete series of non-negative eigenvalues {J;} .
The eigenfunctions (modes) related to different eigenvalues are orthogonal.

Proof. The discreteness of spectra of (12) results from the symmetry of the bilinear forms a;(, ¥)
and b, (#, V), and also from the existence of an inversed operator to M[A]. It is an analogous to the
proof given on page 266 in Ref. [25].
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Let us prove the positiveness of 4;,,i = 1,2, .... Let 4; be a certain eigenvalue and let #; be the
corresponding eigenfunction. Then, taking ¥ = %;, we obtain

Clh(ﬁ[, ZTil) - )"ibh(ﬁi, ﬁl) = 07

or
L= ah(”—iiv 1’_[1)
' b/’l(ﬁb 1’71)
Because a;(u;, u;) >0 and by (u;,1u;) > 0, 4;=0forall i = 1,2, .... Let é; and i, be the eigenfunctions
corresponding to Z; and 4;, and 4;# /;. Then we get
ap (I/_il', ﬁj) — )bibh (17,‘, ﬁ]) = 0, (Bl)
ap (ﬁj, ﬁ,) - ijbh (ﬁj, ﬁ,) =0. (B2)

Finding Eq. (B.1) from Eq. (B.2) and taking into account the symmetry of the bilinear forms we
get
(Aj — /li)bh (ﬁi, ﬁj) =0.
Because 4;# 4,
by (L_i,-, i) = 0. (B.3)
Observe that for the eigenvalue problem (12) the following Rayleigh’s formula holds:
ay(u, i)

)"i == m
iie Voii Luy by(d, u)

i=1,2,..; j=1,2,...,i—1. (B.4)

The sign | denotes the generalized orthogonal operation in the sense of Eq. (B.3), i.e.,
i Lid;j< by (i, 1) = 0.

Eq. (B.4) yields the lowest eigenvalue 4; (or the lowest vibration frequency w? = 1,) defined by

0. (B.5)

N
u

= min
ieVy bh(ﬁ, ﬁ)’

The values of F corresponding to a certain vibration mode are defined by Eq. (A.2) and have

the form
Fr=-G"(Vm),

where w; is the first component of the displacement vector #; corresponding to 4; = w?. O

Appendix C

Theorem C.1. Let Z[h] and MIh] be positively defined operators Yhe Uy in the corresponding
‘energy’ space H(Q) (D(M)=D(Z)= H(Q)). Then, the frequency series a)(lpl’N) do not increase in
relation to p for an arbitrarily taken number N. It is bounded from below. The exact value of the first

shell free vibration frequency is equal to frequency !, (a case of higher frequencies is not considered
here).
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Proof. Consider Eq. (22) for k = m = 1. Let us multiply it by # l(p )(y) then make a sum because of
j and integrate it because of y in the interval [0, ,]. We can arbltrdrﬂy take [24]:

L b
/ MnEsNEeN dx dy = 1, (C.1)

and we get

(wﬁf;f” / / 2N av dx dy.

According to the minimalization of the fundamental frequency we have
L ph
@I < (o) < [ [ Zmsce e dx d,
0o Jo

for an arbitrarily taken (x, y) with shape (21). It holds only if for ¥(x, y) the norm condition (C.1)
is satisfied. In particular, when we take ¥(x,y) = u“ lN)(x »),

Lo b 2
N - 1,N) -l 1,N -1,N
(wgﬁ )) </0 i Z[h]u(ﬁ )u(lpl ) dx dy = (wﬁﬁ ))
or
2 % ~1.3)
() <(@%™) < (of) (C2)

This proves the theorem. [

Corollary 1. If each element of the base space system H(2) has the form 2] x, )= ,~(x)®lz (),

where ¢;€ H([0, 1]) and l;iEH([O, b)), and {@(x)} or {lZ,-(y)} are taken as the initial functions, then
for an arbitrary number of MVI steps the following inequality is satisfied:

(wﬁl’lm) << (;;N>> , (C.3)

(‘7 ™ is the fundamental frequency, obtained using the M B method during a projection on the

where )
basis system {@ (e, Y i

Proof. According to Eq. (C.2) it is sufficient to prove Eq. (C.3) for p = 1. Let us take
N
@V p) =Y B0 @i ().
i=1

(1 N)

Then, in order to define w|;"’ and % i3, (y) the following equations hold:

N

E{ O'Z[h]ai(x)w,-l@)-aj(x) dx— (i) / MU3,()®T0) - ) dx}

i=1
G=1,2,..,N).
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From the above we get

b N
((uv) / / Z[ﬁ]ZCﬂP:(X)@!//(y)ch(p,(x)@)lp,(y)dxdy,

for the arbitrary series {c,~}i:1 whose combination Zi:l ci(pi(x)®¢i(y) satisfies Eq. (C.1). Let
¢; = ¢J be the coefficients defined by the MB method. Then we get

2
(oA < (o)’

and the inequality (C.3) is proved. [J

Corollary C.1. If MB convergence is proved for problem (13), then for arbitrary p values MVI
method also converges with N — 0.

Proof. Linking inequalities (C.3) and (C. 2) we get
2 S A 2
(@f))" < (w(f’lN)) <(@f) w12 (C.4)

If the convergence of the MB method is proved, then a)(ﬁ’N)aa)lTl for N> oo and,

independently of the iteration number, one obtains

Appendix D

In order to apply FEM, we divide the [0, 1] interval into N finite elements (see Fig. 1). On each element
(‘¢ denotes the element number) the functions w;, ¢;, W; and F; (i = 1,2) are presented in the forms

wi(xi) = :Zl Wi Cie(xi), (D.1)
@i (xi) = ; P Ci(x:), (D.2)
Wilxi) = 23: Wi i (xi), (D.3)
Fo(x;) = Z € E(X)), (D.4)

where x; = x fori=1 and x; = y for i = 2.
Above & (x;) denote modes defined by the following relations:

. 2Xx; i
- (13) (-3)

4)(?1 X e Xi 2X,‘
() =5 < ‘AT)’ ) = <1‘E>’

where A, is the interval length with e, the element number.
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The first function corresponds to the interval beginning, the second one to the middle of the
interval, whereas the third one corresponds to the interval end.

In expressions (D.1)~(D.4) by w$, ¢4, ¥, F; the functions w;, ¢;, ¥; and F; being sought are
denoted in k node on the eth interval. Substituting Egs. (D.1)~(D.4) into Egs. (41)—(48) and
making a projection on & (x;), the following algebraic equations system with regard to w9, ¢4,
Vi, F5. for the finite element e are defined:

%Zzwtfk/A A(h,wa, wo, 1, 1)5252; dy + %lefk/A A(h, wa, w2, 0, O)éi,yﬁlerlz,y dy
e, /A Alh, 2,2, 0,058, , dy + Faviy /A Ah Y 92,0, DELE, dy
o Flek/ A(ky, FZ; W, 0’ O)éz,yyéf'/l dy — Flek/ A(kxa F2, wa, 2, 0)&262 dy
Ae Ae

- cozwj’k/ A(h, wa, w2, 0, 0)52&,‘;’, dy =0, (D.5)
Ae

i /AeA(h, w2, 02,0,008,65, dy + f5A10120 /AEA(/& 0202, 1, DEE, dy
+ 2195, /Ae A(h, @3, 95,0,0). &, dy
+ 542 4105, /Ae AR, 95, 05,0, O)ile(,yéem/,y dy
+ S5A12Y 5, /AEA(/P, Vo, 00, 1, 0)51‘;551 dy
LA, /A A 2,020,108, 85, dy

— LTt /A AP, @3, 02,0,0)52%, dy = 0, (D.6)

%EZW?k /Ae Alh, w, s, 1,0)5251‘1 dy + ﬁAnzzwﬁ)k /Ae AR, 09,5, 0, l)éf},yéf,; dy
+hionel [ G 03 105, Oy
+ 522 Ay, /Ae AU s 2, 1, 1DEE, dy
Sl [ A 0,088, dy
+ 54120, /Ae AR 5,05, 0, 0)5z,yéi,y dy

a2 [ A0 0.0 dy =0, ©7)
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W, /A eA(kx, wa, Fy,0,2)E 8¢ dy 4w, /A eA(ky, wa, Fa,0,00£48, , dy
+ 2 bann FG, /A )A(h",Fz,Fz,O, 0)Ef 1y &gy A
+ anzzka/A Ah™!, By, Fy,2, O)éliéf;;,yy dy
;
FarmF, /A A PP 0208, 8 dy
-1 /A A, Foy B, 2,8 dy
]

- / A By, o, 1,1)E & dy =0,
Ae

iwsy /A ACh, wi, wi, 1, 1)EE dx + 2wl /A A(h, wi,w1,0,0)E & dx
_F /A Ak, Fro w1, 0,0)E &4 dx — FY, /A Alky, oy, 2,008 dx

— wzw‘ik/ A(h, wi, wy, 0,0)525% dx =0,
Ae

27wy /AeA(h,ng(Pla 1,0)ELES dx + 5 2 Ao /Ae AU, 01, 01,1, DEE, dx
+ 11_2A1212(/)§k /Ae A(h3= ®1, 91,0, O)i/i,xéfr,l,x dx + %/Tl(p;k /Ae A(h, @1, 01,0, 0)6252; dx
A, /A G101, 1.0 Ay
A, /A A1, 90,0.DE& dx

0 [ A0 01 01,0.0, dx =0

2w, /A Ah, wi,r1,0,0) £ dx + S A11005 /A AR, @y, 1,0)EE, | dax
+%A1212¢§k/A A(h37 (pla wlaoz l)éz,xéf;; dx

L Al /A AP 1, 0,00 2 dx

(D.8)

(D.9)

(D.10)
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+ %AIZIngk/A A(h39 lpl’ lp]a 15 l)é;éf;, d-x + %ZZw;k/A A(h9 lpla wla Oa O)éiéi’ dX

— by 0, /A AU 11,0, 0)E &5, dx =0, (D.11)

W, /A Ak, w1, F1,0,00&&5, o dox + w5, /A Alky, w1, F1,0,2)5&;, dx
. ]
A FE, /A e A(h™" F, Fi,2,2)E8 8 dx + anmFS, /A eA(h‘l,Fl,Fl,O, )& Eo dx
e [ AT RFL0.08, () d
— alzlezek/A A(h™' Fi, FL L, l)éi,xéfr/z,x dx
;

+ﬂ@nﬁg/ aﬁﬂFUmﬁmx@g;Mdx:& (D.12)
Ae

During considerations of Egs. (D.5)—(D.12) a summation with repeated symbols has been used.
In addition, the k,m = 1,2,3..., e = e, e, ..., ey, are the numbers of those finite elements, which
touch the m node of the ¢ finite element. Let us introduce a vector of the unknown local variables
on the e finite element

= { Wi, Wh, Wis, 051 9%, @ Wi Wi Wis, Fiyu Fip, Fi -
Then, Egs. (D.5)—(D.12) can be presented in the form
Coué — o’ Dl =0 (i=1, 2). (D.13)

For i =1 Eq. (D.13) ‘models’ Egs. (D.5)—(D.8), whereas for i = 2 it models Egs. (D.9)—(D.12).
The matrices C{ and D¢ may be presented as the blocks

Cww§  Cwof Cwy; CwF?
Cow; Cogi Coy; 0

C/ = ! , (D.14)
Cywi Cyoi Cyy; 0
CFw¢ 0 0 CFF?
Dww¢ 0 0 0
0 D¢ 0 0
D= PP . . (D.15)
0 0 Dynjr; 0

0 0 0  DFF¢
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The sub-matrices of C{ and Df are defined below (j =1if i =2, and j =2 if i = 1):
Cww$,, = wwli/AeA(h, wi, Wy, 1, l)i,‘;x/é;; dx; + ww2i/AeA(h,wj,wj, 0, O)é,‘;éf;;’xi dx;,
Cwos,, = wqoli/Ae A(h, ;. w;,0, 0)62&2;xj dx; + we2i /Ae A(h, @;,w;,0, 1)525;; dx;,
Conbiy =11 [ AGhh 0,058 o g2 [ Ao, 0,008, dy
W, = /A Al Fyow 2,085 dy + /A

Cowy,, = q)wli/ A(h, wj, ¢, 0, 0)£i,x/_éf,; dx;
Ae

e A(kj, Fj,w;,0,0) & £, dx;,
+ ow2i /A A(h,wj, 05, 1,005, dx,
CoOPijn = ‘P‘Pli/AeA(h’ 900,088, dx;
+ po2i /AeA(h3,<pj, ¢, 1,1 &, dx;
+ @@3i /A BA(h3,</>j, 0;,0,0)¢ &, d,
Colly = W11 [ A 000100585, A
+ QY2i /A A 07,0, DEL &5, Ao, (D.16)
Cyws, =ywli /A A(h,wiwi, 1,0) 80, dox; + Y2 /A A w5, 0,008, &, d,
OVl =011 [ A 000,005 &5 0021 | 4G 0100, 100385, i,
CUli =011 [ A0, 0065, d
+ Y2i /A eA(h3,¢j,¢j, 1, DEE dx; + yap3i /A eA(h%lp,-,wj, 0,00, &,y

CFwi, = /A A(kiy wy, F,0,2) & &5, dog + / A(ky, wy, F,0,0) &85, A,

Ae

ikm

CFF;, :FFli/ A7, Fy, Fy,2,2) 808 dx;
Ae

+ FF2i / A(h™" F, F,0,2)& & dx; + FF3i / A(h™ F, F,2,0)&8  dx;
Ae A E A E SN A)

e

+ FF4i / A F Ly 1L0)& & dog+ FFSE | (R, FL F,0,0)¢0 & dxg,
Ae Ae ’ ’
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Dww$, = /A A (h,wi,w;,0,0) &80 dx;,
e
Dooty, =i [ 4w 0,0)&¢% d
PPitem _E 1 ( ’(pj’q)j’ > ) kSm 9Xjs
Ae
1

DUty = 575”0000

The coefficients used (wwli, ww2i and others) are defined by

A,

. 2 4, i=1,
wwli =29

owli =weli,

i =

ow2i = w@2i,

2{ 4, i=1
ww2i = =< _
2’ 3 )'27 i = 25

b

. 2 /T'l: lzla . 2 O’ 1:1’
weli =3) 0. we2i = =49 _

1=z 3 )'27 = 25
U A, i=1, )y 1 A, =1,
z_ _ i=—
ve 3| Ay i=2, oP 12124, i=2,
1 )52141111, = 1, 1 A1122: i= 1,
3i=— li =
e 12{ A, I= 2, (Pl// 12 A1212, i = 2,
1] A, =1, 2 Za, i=1,
2 —— li=2
PY2 12{,4“22, =g WM 3{ 0, i=2,
210, i=1, 1| A, i=1,
2 =< _ 1i = —
ywai 3{ )y =2, Vel 12{ A, =2,
1] A, =1, 2 4 i=1,
20 =— li==< _
Ve 12{141122, i=2, idd 3{/11, =2,
i — 1] 4, i=1, i = 1| XAy, i=1,
121 22420, i=2, 12 Ay, =2,

Payy, i=1, anm, Q=
FRli—] 2022 FEoi = ) Az
A anm, 1=2, ain, 1—2

373



374 J. Awrejcewicz, V.A. Krysko | Journal of Sound and Vibration 264 (2003) 343-376

Thus, in order to get C{ and D{ matrices for different i = 1,2 it is sufficient to change the
coefficients according to blocks (D.16).

Appendix E. Nomenclature

X, V, Z
o B,y

t

Q

o

Ap, Ap, ag, ap, hy, hp
Co, Cy

G(-). G7'(+)

Ao, p), B(a, p)
Kl (OC, ﬂ)v KZ(OC, ﬂ)

V={VeL*Q)|VeP}

€

—
=

Llh], M{h], A[h), BA]

[']> x Or ()7 X
0(h*)

Cav

T dr

!

F
w

Vx> yy

h(x.y) or 2h(x.y)
a, b or 2a, 2b
K=1/R., K=1/R,
P

Ela E2

m = ph
g

V12, V21

Descartes co-ordinates

curvilinear orthogonal co-ordinates

time

set of points in R* (of shallow shell)

boundary of 2

below (H) and upper (B) bounds

constants

differential and integral operators, respectively
coefficient of first square forms related to a surface
main curvatures of a surface

set of functions from the space L*(Q), possessing P property
belonging

tends to

equivalently

differential operators depending on 4

quantity conjugate to V'

for any V belonging to A4

vector with components (U, Vy, U, Vs, ...,U,V,) in RY
set of functions for i=1, 2,....N

matrix determinant

function value on a boundary

derivative with respect to x

rest of order /i*

stress function

normal displacement of the middle of the surface in Z direction

angles of rotation of a normal to the middle of the surface in the planes
xz and yz, respectively

shell thickness in the point (x,y)

shell (plate) dimensions

curvatures

shell material weight density

Young’s modulus in directions x and y (E; = E, = E for an isotropic material)
mass of a unit surface

acceleration due to gravity

The Poisson coefficients of an orthotropic material (for isotropic
material Vi = V21 = V)
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GlZa Gl37 G23

&j

T, T, T

01, O»

My, Mo, My

q

o, (n=1,2...)

ER

C12(1 —2)

Rn

Cm(.Q)

L7(Q)

(U, V)= [, UV dQ
an(+5+)s bi(+ )
(U,V)=[UV dQ
H'(Q)

™

I V”m,Q: <Zo¢|§m fQ

0

ox™1 Qy*

shear moduli in planes xy, xz, yz

E; 1 = Eyvy
A = ———, ann = (1,2), Ay =+—-—",
1 —vipvoy E; 1 —vipvy
V21 —1 =
ann =7, A =G, anpn=G, (1, 2,3),
>

tensor deformation components for a middle of the shell surface
stresses in the middle of the surface

lateral forces

moments

lateral loads

frequencies of vibrations measured in H.

bending stiffness of isotropic plate

Euclidean space of n dimension

375

space of functions m times continuously differentiable into subset € in

Rl’l

space of functions integrable with power p
scalar product in L*Q

bilinear forms depending on /

scalar product in (L*(Q))"

closure C*(Q2) with a compact carrier in H™(£2)
norm in space Vj

1/2
7 2
dQ> , oo=o0oq + oo

N 1/2 N n
P lhna = (SicllVillsg)  for ¥ = (11, Vo, ... V) e(H (@)

lal
L*(0,T; H™(Q))
oV orV
2
Vk V - KyW + xa—yz
Usi
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