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Abstract

Acoustical experiments have been performed at low frequencies on perforated tubes with a back cavity
by means of the 2 sources method” and are compared to classical models. The four elements of the
transfer matrix of the device are measured with flow. The classical lumped model relates the sound pressure
and the axial velocity on both sides of the lined region. Since this model fails, a new empirical model has
been proposed to take into account the experimental data. The new transfer matrix of the measured device
is calculated and the results fit surprisingly well with the experiments. It is therefore possible to make a
segmentation model of the acroacoustical behaviour of a perforated tube with a partitioned chamber.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Perforated plates or tubes with back cavities are widely used to attenuate sound. Two different
approaches can be used to model the perforations. In the continuous approach, the perforated
plate is seen as a continuous media, and the local pressure difference on both sides of the plate is
linearly dependent on the local transverse velocity passing through the plate. This approach can
be found at low frequencies in engine exhaust systems (see for example Refs. [1-3]), but also at
higher frequencies in aircraft engine liners (see for example Ref. [4]). Another approach is the
discrete approach, known as the segmentation model [5]. In this approach each row of
perforations is considered separately. This kind of modelling has proved to be useful when no flow
is present [6,7]. The segmentation model has also been used with flow [5,8,9], but there is no
experimental evidence of the accuracy of the model in this case.
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This paper examines experimentally the underlying assumptions of the segmentation model
with flow. The comparison between the experimental and theoretical results shows that the
current model does not correctly describe the effect of mean flow.

The experimental apparatus is described in Section 2. The devices investigated are perforated
tubes surrounded by a partitioned chamber. In the low frequencies limit (the reduced frequency
range ka is 0.08-0.3, with « the radius of the tube and k the wavenumber), this lined duct is
described by a 2 x 2 transfer matrix, connecting two acoustical variables at the inlet to two
acoustical variables at the outlet. Measurements of the four elements of this matrix are performed
with the experimental apparatus.

The duct investigated reacts locally. Thus, using the segmentation model, the four matrix
elements as a function of the perforation impedance are known. Therefore, three compatibility
relations exist independently of the value of the perforation impedance. Section 3 shows that these
three relations are not experimentally verified and an empirically modified segmentation model is
given.

2. Experiments
2.1. Measuring technique

The aim of the experimental apparatus is to measure the transfer matrix or the scattering matrix
of an element in the presence of a mean flow. The scattering matrix [S] relates the scattered
pressure amplitudes p; and pj to the incident pressure amplitudes p; and p; as follows:
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where T7 and 7~ are the anechoic transmission coefficients, R™ and R~ are the anechoic
reflection coefficients, and the subscripts i = 1,2 indicate the inlet and the outlet, respectively (see
Fig. 1). Abom [10] reviews the ways of measuring these matrices.
The transfer matrix [T] is defined by
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Fig. 1. General view of the experimental apparatus.
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where p; = p/ + p; and w; = p; — p; (i = 1 at the inlet and i = 2 at the outlet). The transfer
matrix elements are found by

A=(TTT +(0 - R")(1+R))/2T",
B=(T"T" —(1+R"(1+R))/2T",
C=(T"T" —(1—RH(1 —R))/2T",
D=(T"T 4+ (1+R"H(1—-R))/2T" .

The method of measurement used in this paper is referred to as the “2 sources method™.
Experiments are carried out for two different states of the system. The first state is obtained by
switching on the upstream source, while the downstream source is switched off, and the second
state by switching on the downstream source, while the upstream source is switched off.

The scattering matrix is calculated from the two measurements using the following relation:

[@T/pl*)‘ Py /P2 )“] 1 /,;2—)“]
wi /D" @3 /p)" 129/20% T

where the superscripts indicate the measurement. This calculation is meaningful only if the two
measurements are independent, i.e., if the determinant of the second right side matrix does not

vanish: (p; /p{)' # () /py)".
The coefficients of the matrix in Eq. (3) are found from the transfer functions between the

different microphones as follows:

3)

H! kX _ e—jk*.‘ruj
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where H I ~is the transfer function between the microphones u; and u; obtained in the
measurement I, k* and k— are the wavenumbers in the pipe in the direction of the flow and in the
reverse direction, respectively, and x,, is the position of the microphone u; relative to the inlet of
the measured element. All the other matrix elements can be deduced the same way (see Ref. [11]
for details). The key point here is that the wavenumbers k* and £~ have to be known in order to
calculate the scattering matrix. The wavenumbers in the tube on both sides of the measured device
are given by the quasilaminar theory of Ronneberger [12] corrected by the turbulence-acoustic
boundary layer interaction at low frequency [13—15].

2.2. Experimental set-up

Two measuring pipes are fitted to the inlet and the outlet of the device being measured. The
inner diameter of these steel pipes is ¢ = 30 mm and their wall thickness is 4 mm. The pipes have a
smooth inner wall with a roughness of less than 0.1 pm.

Four microphones (B&K 4136 and 2670 with Nexus 2690 amplifier) are used on each side of the
measured device. The method of transfer functions is known [10] to give poor results when the
wavelength 4 is close to twice the distance between the microphones. The use of four microphones
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Fig. 2. Schematic view of the microphone setting. (1) Pipe, (2) microphone support, (3) B&K microphone, (4)
calibration cap, (5) PCB pressure gauge, (6) to the analyzer.

avoids this problem. The distances between the microphones are x,, — x,, = x4, — X4, = 0.1 m,
Xy, — Xy, = X4y — Xg, = 0.475 m, and x,, — x,, = x4, — x4, = 1.0715 m. Calibration of the operat-
ing microphones involves a reference pressure gauge (PCB 116B) mounted flush in a cap (see
Fig. 2).

The signal from the microphones is transferred to an HP 3565 data acquisition system. This
system is used in the sine sweep mode and an average over 300 cycles is used at each frequency
step. The HP 3565 system provides the output signal to drive the sources. Each source is
composed of four loudspeakers specially chosen to generate a sound pressure level reaching
140 dB in the pipe over the frequency range 30-1000 Hz. To avoid standing waves, weakly
reflective terminations are used on both sides of the measuring pipes.

The mean flow in the pipe comes from a compressor (Aerzen Delta blower GM10S) which
can supply a flow rate up to 0.15 m? s~!. The air flow is cooled before measurement in an ITT
Barton 7445 flowmeter. The temperature in the pipe is evaluated by means of two temperature
sensors located on the wall, one on each side of the measured device the transfer matrix of which is
to be determined. The use of four microphones gives rise to an overestimation of the data. A
correction of the effects of the temperature on the wavenumbers is then applied.

2.3. Measured devices

Experiments were carried out on a partitioned chamber with a perforated tube (Fig. 3a). To
obtain as local a reaction as possible, the back cavity (inner radius = 16 mm, outer radius
b = 50 mm) is divided into N, cells by N. — 1 separating discs. These discs have a thickness of
0.5 mm and the distance between two discs is 7 mm.

The wall of the lined section consists of a copper tube of inner radius ¢ = 15 mm and of
thickness = 1 mm. The characteristics of the different devices used for the measurements are given
in Table 1: N, is the number of cells, L. is the length of one cell, L, is the distance between two
rows of perforations, 7, is the number of perforations per row, and D is the diameter of the
perforations (Figs. 3b and c¢).
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Fig. 3. (a) Schematic view of the partitioned chamber with perforated tube. (1) Perforated tube, (2) back cavity, (3)
dividing disc, (4) row of perforations, (b) perforations for devices 1 and 2, (c) perforations for devices 3 and 4.

Table 1

Characteristics of the four devices used for the measurements

Device N, L. L, np D
1 10 7.5 7.5 12 3
2 6 7.5 7.5 12 3
3 10 7.5 3.25 24 1.5
4 6 7.5 3.25 24 1.5

The distances are in mm.

Thus, each cell is composed of a tube of length L. coupled by one or two rows of perforations
to a back cavity. The resonance frequency (~ 1100 Hz) of the cells is chosen to be outside of the
frequency range being tested (30-1000 Hz) to avoid nonlinearities in the perforations.

The measured reflection and transmission coefficients of device 1 are plotted as a function of the
frequency in Fig. 4. Without flow (dashed line), the chamber is exactly symmetric: Rt = R~ and
reciprocal: T7 = T—. With flow (solid line), symmetry and reciprocity are broken. Similar
observations are made for the other devices described in Table 1.

3. Segmentation model
3.1. Discrete model for perforation with flow

The segmentation model was developed by Sullivan [5] to analyze perforated mufflers. This
model has been generalized by Kergomard et al. [6] without flow, and recently used by Dokumaci
[9]. In this paper, the perforated tube is divided into segments containing only one cell.

In the tube the convected equations for mass and momentum are used. A lumped model is
deduced from integrated mass and momentum equations for a perfect fluid in the perforations
region. This lumped model relates the acoustical pressure and the axial velocity on both sides of
the perforations. To our knowledge, this lumped model for perforation with flow has never been
validated experimentally.
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Fig. 4. Device 1: Reflection and transmission coefficients of the partitioned chamber with a perforated tube. — — —,
M =0; —— M = 0.143.

From the experimental data on the partitioned chamber with a perforated tube, it is easy to find
the transfer matrix of one cell because the system is assumed to be periodic. Then, the transfer
matrix of one cell [T,], relating pressure and velocity in section « and b (see Fig. 5), is deduced
from the transfer matrix of the chamber [T] by

[T] = [T]'/*, (5)
where N, is the number of cells. The transfer matrix of one cell may be written as follows:
[Tc] = [TATH]T], (6)

where [T,] is the classical transfer matrix of a tube of length L./2 with a uniform flow of Mach
number M, and [T,] is the transfer matrix of the perforations relating pressure and velocity in
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Fig. 5. Schematic view of one cell.

section ¢ and d (see Fig. 5):
A, B,
G Dy

(pd) _my (m) _ <pc)‘ -
[7F] U, Ue

According to the lumped model of Sullivan [5,9], the reduced pressure and the reduced velocity
(made dimensionless by pycj and co, respectively) on both sides of the perforations are related by

pa + Mug = p. + Mu, (8)

Ug + Mpd = Uc + MPL + Ys(pc + Muc); (9)

where Y, is the reduced admittance of the perforations plus the back cavity. This is equivalent to

(pd) =My -y —vim? /(- mP) ] (p)
Ug '

Y, /(1 — M?) 1+ Y, M/(1— M|\ u

Comparing Egs. (7) and (10), the admittance used in the lumped model can be deduced from
the measured coefficient C, by Y = (1 — M?)C,. Introducing this value in Eq. (10), the theoretical
value of the transfer matrix is calculated using Egs. (5) and (6).

Without flow, the agreement is perfect between the theoretical value of the transfer matrix
obtained in this way and the experimental value.

With flow, this theoretical value of the scattering coefficients is compared in Fig. 6 to the
experimental results for device 1. The agreement is poor. The most striking point is that the model

(10)
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Fig. 6. Device 1: Comparison between the reflection and transmission coefficients measured for M = 0.143 (——) and

predicted with the lumped model defined by equation (10) (— —-).

predicts the same absolute value of the transmission coefficient with and against the flow. In the
experimental results, they are quite different: for example, the transmission coefficient with the
flow T is about 20 times as great as the transmission coefficient against the flow 7~ at 1000 Hz
for a Mach number M = 0.143. In the same way, the curves giving the angle of 7 are much
farther apart in the experimental results than in the theory, in which only the effects of the
convection along the chamber are taken into account. Similar results are observed for all devices
described in Table 1.

There are two main assumptions in the segmentation model used. The first assumption states
that the system can be considered as periodic; some couplings between the cells with flow can
break the periodicity. The second assumption states that the lumped model is given by Egs. (8)
and (9). This model oversimplifies the complex interactions between the sound and the flow in the
shear layer over the perforations. These assumptions are tested in the following sections.
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Fig. 7. Comparison of T measured for devices with 10 cells (——) and of T deduced from devices with 6 cells (- —-)

(M = 0.143). (a), devices 1 and 2; (b), devices 3 and 4.

3.2. Independence of cell

The independence of the cells can be tested by computing the transfer matrix of one cell from
two devices which only differ by the number of cells. If the system is periodic the two results are
identical.

In Table 1, it can be seen that devices 1 and 2, and devices 3 and 4 only differ by the number of
cells. Thus,

1/10
device 1

1/6
device 2

1/10
device 3

= [T1}¢ (11)

[Ta] = [T] =[T] and  [T] = [T] device 4°

Fig. 7 shows the Transmission coefficients 7, and T, of devices 1 and 3 measured for M =
0.143, and deduced from the transfer matrices of one cell of devices 2 and 4, respectively. The
results for devices 1 and 2, and for devices 3 and 4 are, respectively, very close. Similar results can
be found for the other coefficients whatever the Mach number. Thus the assumption of
independence of the cells is realistic.

3.3. Momentum conservation

In the perforation region, one could assume that there is no dissipation inside the region D
(Fig. 5). This assumption leads to the conservation of the acoustical exergy p + Mu [16] across the
row of perforations. This assumption is the basis of Sullivan’s theory [5] and leads to Eq. (8). One
could as an alternative assume that there is no transfer of axial momentum through the
perforations. This assumption leads to the conservation of p+ 2Mu across the row of
perforations.

To determine which of the two assumptions is the most realistic, the scattering coefficients of
the perforations row deduced from the matrix [T,] are used. The value (T’ ; -1/ R;)L is equal to
(1 — M)/(1 + M) if the conservation of the exergy is applied and is equal to (1 — 2M)/(1 + 2M) if
the conservation of the axial momentum is applied. In the same way, (T}, — 1) / R, can be equal to
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(1 + M)/(1 — M) (conservation of the exergy) or to (1 + 2M)/(1 — 2M) (conservation of the axial
momentum). The value (T pi — 1)/Rpi is experimentally found to be a real number. Fig. 8a
(devices 1 and 3) shows that this value is independent of the frequency at a given Mach number.
Fig. 8b depicts the variation of this value as a function of the Mach number. The best fit of the
experimental value is obtained by considering that
Tr -1 1F15M
RE  1+1.5M

This means that none of the above assumptions can be considered as valid.
Then equation (8) has to be replaced by

pd+ 1.5Muy; = p. + 1.5Mu,. (12)

3.4. Mass conservation

A close examination of the experimental data shows that the coefficient D, is equal to 1,
whatever the device and the Mach number. Thus, relating velocity on both sides of the
perforations row leads to:

Ug = e + Cype. (13)

It is surprising that this empirical equation is the same as the equation without flow. Together
with Eq. (12), this equation implies that the best fit of the transfer matrix of a perforations

row is
Ug Ue

1 - 1.5MC, 0
C, 1
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Fig. 9. Device 1: comparison between the reflection and transmission coefficients measured for M = 0.143 (——), and
predicted with the lumped model defined by equation (14) (— —-).

The coefficient C, is linked to the admittance of the perforations plus the back cavity. By mass
conservation in the region D (Fig. 5), the velocity v, going through the perforations is equal to

—S;Cy(1 — 1.5M?)
5 Des
4

S
Up = S_t(uc + Mpc - (ud + Mpd)) = (15)
P

where S; and S, are the areas of the perforated tube and of the row of perforations. Then, the
coefficient C, is proportional to the admittance of the perforations plus the back cavity defined by
Y. =v,/p.. It could be noted that this definition of the admittance is not the only one. The
admittance can also be defined by Y. = v,/p; which leads to a different value.

In the same way as in Section 3.1, the scattering coefficients of the partitioned chamber with a
perforated tube are calculated using Egs. (14), (5) and (6). These coefficients are compared in
Fig. 9 to the measured value for device 1. The agreement is good. Thus a segmentation method
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can be used to make a model of the acoustical behaviour of a perforated tube if a correct lumped
model is used.

4. Conclusion

Experiments were performed at low frequencies on a perforated tube with a partitioned
chamber. Four different configurations were studied and the results lead to a revision of the
classical segmentation model. The assumption of independence of the cells is validated by the
experimental results. The classical lumped model of Sullivan [5] based on the conservation of
exergy of the flow through the perforations does not agree with the experimental data. The
assumption that there is no axial momentum transfer to the wall, as a result of the flow through
the perforations, also fails to explain the experimental results. An empirical model which fits the
data is proposed.

The assumptions of exergy conservation and axial momentum conservation fail to explain the
experimental results. Some momentum is transferred into the perforations and some energy is
lost. A similar behaviour was found in the continuous description of lined wall with flow. The
classical condition is the continuity of the acoustic radial displacement at the wall [17]. It was
experimentally demonstrated that a more realistic condition is between displacement and velocity
continuities [18]. This new condition can be explained by considering the effect of the viscosity in
the acoustic and hydrodynamic boundary layers [19]. One of the effects of viscosity is to transfer
some momentum from the main flow to the wall. The same type of effect seems to appear here.
Thus, it could be worthwhile to analyze the effect of flow on the acoustical behaviour of a
perforation in a viscous fluid.
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